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Preface — Volume 2

In this second volume we continue our textbook PARTIAL DIFFERENTIAL
EQUATIONS OF GEOMETRY AND PHYSICS. Originating from both disciplines,
we shall treat central questions such as eigenvalue problems, curvature es-
timates, and boundary value problems, for instance. With the title of our
textbook we want to emphasize both the pure and applied aspects of partial
differential equations. It turns out that the concepts of solutions are per-
manently extended in the theory of partial differential equations. Here the
classical methods do not lose their significance. Besides the n-dimensional
theory, we want to present the two-dimensional theory — so important to our
geometric intuition.

We shall solve the differential equations by the continuity method, the vari-
ational method or the topological method. The continuity method may be
preferred from a geometric point of view, since the stability of the solution is
investigated there. The variational method is very attractive from the point
of view in physics; however, difficult regularity questions for the weak solution
appear with this method. The topological method controls the whole set of
solutions during the deformation of the problem, and it does not depend on
uniqueness as does the variational method.

The original version of this textbook, Friedrich Sauvigny: Partielle Differ-
entialgleichungen der Geometrie und der Physik 2 — Funktionalanalytische
Lésungsmethoden — Unter Berticksichtigung der Vorlesungen von FE. Heinz,
appeared in 2005 from Springer- Verlag. A translated and expanded version of
this monograph followed in 2006 as Springer- Universitext, namely Friedrich
Sauvigny: Partial Differential Equations 2, and we are now presenting a sec-
ond edition of this textbook. We have carefully revised the original Volume 2
and added the Chapter 13 on Boundary Value Problems from Differential Ge-
ometry. The topics of this new Chapter 13 are listed in the table of contents,
and we include a table of contents for our revised Volume 1 for the convenience
of the reader.
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In Chapter 7 we consider, in general, nonlinear operators in Banach spaces.
With the aid of Brouwer’s degree of mapping from Chapter 3 we prove
Schauder’s fixed point theorem in Section 1, and we supplement Banach’s fixed
point theorem. In Section 2 we define the Leray-Schauder degree for mappings
in Banach spaces by a suitable approximation, and we prove its fundamen-
tal properties in Section 3. In this section we refer to the lecture [H4] by my
academic teacher, Professor Dr. E. Heinz in Gottingen.

By transition to linear operators in Banach spaces, we prove the fundamental
solution-theorem of F. Riesz via the Leray-Schauder degree. At the end of this
chapter we derive the Hahn-Banach continuation theorem by Zorn’s lemma
(compare [HS]).

In Chapter 8 on Linear Operators in Hilbert Spaces, we transform the eigen-
value problems of Sturm-Liouville and of H. Weyl for differential operators
into integral equations in Section 1. Then we consider weakly singular inte-
gral operators in Section2 and prove a theorem of I. Schur on iterated ker-
nels. In Section 3 we further develop the results from Chapter 2, Section 6 on
the Hilbert space and present the abstract completion of pre-Hilbert-spaces.
Bounded linear operators in Hilbert spaces are treated in Section4: The con-
tinuation theorem, Adjoint and Hermitian operators, Hilbert-Schmidt opera-
tors, Inverse operators, Bilinear forms and the theorem of Lax-Milgram are
presented. In Section 5 we study the transformation of Fourier-Plancherel as
a unitary operator on the Hilbert space L?(R™).

Completely continuous, respectively compact operators are studied in Sec-
tion 6 together with weak convergence. The operators with finite square norms
represent an important example. The solution-theorem of Fredholm on oper-
ator equations in Hilbert spaces is deduced from the corresponding result
of F.Riesz in Banach spaces. We apply these results particularly to weakly
singular integral operators.

In Section7 we prove the spectral theorem of F.Rellich on completely con-
tinuous and Hermitian operators by variational methods. Then we address
the Sturm-Liouville eigenvalue problem in Section 8 and expand the relevant
integral kernels into their eigenfunctions. Following ideas of H. Weyl, we treat
the eigenvalue problem for the Laplacian on domains in R™ by the integral
equation method in Section9. In this chapter as well, we take a lecture of
Professor Dr.E.Heinz into consideration (compare [H3]). For the study of
eigenvalue problems we recommend the classical treatise [CH] of R. Courant
and D. Hilbert.

We have been guided into functional analysis with the aid of problems con-
cerning differential operators in mathematical physics (compare [Hel] and
[He2]). The usual contents of functional analysis can be taken from Chap-
ter 2, Sections 6-8, Chapter 7, and Chapter 8. Additionally, we investigated
the solvability of nonlinear operator equations in Banach spaces. For the spec-
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tral theorem of unbounded, self-adjoint operators we refer the reader to the
literature.

In our compendium we shall directly construct classical solutions of boundary
and initial value problems for linear and nonlinear partial differential equa-
tions with the aid of functional analytic methods. The appropriate a priori
estimates with respect to the Holder norm allow us to establish the existence
of solutions in classical function spaces.

In Chapter 9, Sections 1-3, we essentially follow the book of I. N. Vekua [V] and
solve the Riemann-Hilbert boundary value problem by the integral-equation
method. Using the lecture [H6], we present Schauder’s continuity method in
the Sections 4-7 in order to solve boundary value problems for linear elliptic
differential equations with n independent variables. Therefore, we completely
prove the Schauder estimates.

In Chapter 10 on Weak Solutions of Elliptic Differential Equations, we
profit from the Grundlehren [GT] Chapters 7 and 8 of D.Gilbarg and
N.S. Trudinger. Here, we additionally recommend the textbook [Jo] of J. Jost
and the compendium [E] by L. C. Evans.

We introduce Sobolev spaces in Section 1 and prove the embedding theorems
in Section 2. Having established the existence of weak solutions in Section 3,
we show the boundedness of weak solutions by Moser’s iteration method in
Section 4. Then we investigate the Holder continuity of weak solutions in the
interior and at the boundary; see the Sections 5-7. Restricting ourselves to
interesting classes of equations, we can illustrate the methods of proof in a
transparent way. Finally, we apply the results to equations in divergence form;
see the Sections 8, 9, and 10.

In Chapter 11, Sections 1-2, we concisely lay the foundations of differential
geometry (compare [BL]) and of the calculus of variations. Then we discuss the
theory of characteristics for nonlinear hyperbolic differential equations in two
variables (compare [CH], [G], [H5]) in Section3 and Section4. In particular,
we solve the Cauchy initial value problem via Banach’s fixed point theorem.
In Section 6 we present H. Lewy’s ingenious proof for the analyticity theorem
of S.Bernstein. Here we would like to refer the reader to the textbook by
P. Garabedian [G] as well.

On the basis of Chapter 4 from Volume 1, Generalized Analytic Functions,
we treat Nonlinear Elliptic Systems in Chapter 12. Having presented Jager’s
maximum principle in Section 1, we develop the general theory in the Sec-
tions 2-5 from the fundamental treatise of E. Heinz [H7] on nonlinear elliptic
systems. An existence theorem for nonlinear elliptic systems is situated in the
center, which is attained via the Leray-Schauder degree. In Section 6 we derive
a well-known curvature estimate for minimal surfaces and obtain a Bernstein
theorem. Within Section 8 we introduce conformal parameters into a nonana-
lytic Riemannian metric by a nonlinear continuity method. We establish the
necessary a priori estimates in Section 7 which extend to the boundary.
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In Chapter 13 we apply the theory of the nonlinear elliptic systems to Bound-
ary Value Problems from Differential Geometry. At first, we solve the Dirichlet
problem for nonparametric equations of prescribed mean curvature by the uni-
formization method in Section 1. Then we present in Section 2 and Section 3
a mathematical model for winding staircases: We solve a mixed boundary
value problem for minimal graphs over a Riemannian surface, the so-called
etale plane, via a nonlinear continuity method. In Section 4 we solve Plateau’s
problem for surfaces of constant mean curvature by the variational method.

Then we present various answers to the following central question: In which
class of closed surfaces is the sphere the only one with constant mean curva-
ture? In Section 5 we give an alternative proof for H. Hopf’s celebrated answer
to this question.

In the final Section7, we also study the elliptic Monge-Ampere differential
equation with the aid of nonlinear elliptic systems. For this fully nonlinear,
elliptic p.d.e., H. Lewy and E. Heinz provided a transparent approach by con-
trolling the associate uniformizing mapping in Section 6. We speak of Lewy-
Heinz systems on account of their stupendous investigations; however, a spe-
cial case of these systems already appear within the Darboux lectures [D] for
the hyperbolic case. Our results on the Monge-Ampere equation will enable
us to solve Weyl’s embedding problem for C3-metrics of positive Gaussian
curvature on the sphere.

For further studies on the Monge-Ampere equation we would like to recom-
mend the book [Sc] by F. Schulz. If our readers would like to study the theory
of minimal surfaces more intensively, we recommend the three new volumes
[DHS], [DHT1], and [DHT?2] by U. Dierkes, S. Hildebrandt, A. Tromba and the
present author within the Springer-Grundlehren.

We follow the Total Order Code of the Universitext series, however, adapt
this to the present extensive contents. Since we see our books as an entity,
we count the chapters throughout our two volumes from 1-13. In each section
individually, we count the equations and refer to them by a single number;
when we refer to an equation in another section of the same chapter, say the
m-~th section, we have to add Section m; when we refer to an equation in the
m-th section of another chapter, say the [-th chapter, we have to add Section
m in Chapter [.

We assemble definitions, theorems, propositions, examples to the expression
environment, which is borrowed from the underlying TEX-file. Individually in
each section, we count these environments consecutively by the number n, and
denote the n-th environment within the m-th section by Environment m.n.
Thus we have attributed a pair of integers m.n to all definitions, theorems,
propositions, and examples, which is unique within each chapter and easy to
find. Referring to these environments throughout both books, we proceed as
described above for the equations.
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We add Figure 1.1 — Figure 1.9 to our Volume 1 and Figure 2.1 — Figure 2.11
to our Volume 2, which mostly represent portraits of mathematicians. This
small photo collection of some scientists, who have contributed to the theory
of partial differential equations, already shows that our area is situated in
the center of modern mathematics and possesses profound interrelations with
geometry and physics.

This textbook PARTIAL DIFFERENTIAL EQUATIONS has been developed from
lectures that I have been giving in the Brandenburgische Technische Univer-
sitat at Cottbus from the winter semester 1992/93 to the present semester. The
monograph builds, in part, upon the lectures (see [H1] — [H6]) of Professor Dr.
Dr.h.c. E. Heinz, whom I was fortunate to know as his student in Gottingen
from 1971 to 1978 and as postdoctoral researcher in his Oberseminar from 1983
to 1989. As an assistant in Aachen from 1978 to 1983, I very much appreci-
ated the elegant lecture cycles of Professor Dr. G. Hellwig (see [Hel] — [He3]).
Since my research fellowship at the University of Bonn in 1989/90, an inten-
sive scientific collaboration with Professor Dr. Dr.h.c.mult. S. Hildebrandt has
developed and continues to this day (see [DHS|] and [DHT?2] with the list of
references therein). All three of these excellent representatives of mathematics
will forever have my sincere gratitude and my deep respect!

Here I gratefully acknowledge the valuable and profound advice of Priv.-Doz.
Dr. Frank Miiller (Universitét Duisburg-Essen) for the original edition Par-
tielle Differentialgleichungen as well as the indispensable and excellent assis-
tance of Dipl.-Math. Michael Hilschenz (BTU Cottbus) for the present edition
Partial Differential Equations 2. Furthermore, my sincere thanks are devoted
to Mrs. C. Prescott (Berlin) improving the English style of this second edition.
Moreover, I would like to thank cordially Herr Clemens Heine (Heidelberg)
and Mr. Jorg Sixt (London) as well as Mrs. Lauren Stoney (London) and
all the other members of Springer for their helpful collaboration and great
confidence.

Cottbus, February 2012 Friedrich Sauvigny
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Chapter 7

Operators in Banach Spaces

We shall now present some methods from the nonlinear functional analysis.
In this volume we refer to our presentation of Lebesgue’s integral and the
associate Lebesgue spaces from Chapter 2, especially the Sections 6-8. Fur-
thermore, we utilize the Brouwer degree of mapping from Chapter 3 in the way
E. Heinz has introduced this topological theory. The fixed point theorems of
S.Banach and J. Schauder are central for the modern existence theory of par-
tial differential equations. A detailed account of the contents for this chapter
is given in the Introduction to Volume 2 above.

1 Fixed Point Theorems

Definition 1.1. The Banach space B is a linear normed complete (infinite-
dimensional) vector space above the field of real numbers R.

Ezample 1.2. Let the set 2 C R™ be open, 1 < p < 400, B := LP(£2). We
have f € LP(£2) if and only if f : 2 — R is measurable and

/|f(x)\pd9: < 400
(%}

holds true. For the element f € B we define the norm

1= [ [f (@) de %,
(Jrere)

and we obtain the Lebesgue space with B. The case p = 2 reduces to the
Hilbert space L?(§2) using the inner product

(f,9) iz/f(x)g(a:) dz.
2

F. Sauvigny, Partial Differential Equations 2, Universitext, 1
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Ezample 1.3. (Hilbert’s sequence space £P)
For the sequence x = (z1,x2,3,...) we have z € ¢P with 1 < p < +o0 if and
only if

o0
Z |zk|P < 400
k=1

is fulfilled. By the norm

o 1
ol i= (3 leur)
k=1
the set ¢7 becomes a Banach space. From the following diagram we compre-
hend the relation 2 C LP((0, +00)).

Ezample 1.4. (Sobolev spaces) Let the numbers £ € N and 1 < p < +o0 be
given, whereas {2 C R™ denotes an open set. The space

B=WFkr(Q) = {f QS R: DfelP() foral |a| < k}
with the norm
1l = ( >/ D“f(x)l”dm> . Jes
la|<k

represents a Banach space. Here, the vector a = (ay,...,a,) € N§ indicates
a multi-index, and we set

n
laf == Zai € Ny :=NU{0}.
i=1
In this context, we refer the reader to the Sections 1 and 2 of Chapter 10.

Ezample 1.5. Finally, we consider the classical Banach spaces C*(92) for k =
0,1,2,3,... on bounded domains 2 C R™. We have f € C¥(§2) if and only if

sup { 3 1D (@)|} < +o0

e | <K

holds true, where a € N denote multi-indices. The vector space B := C*(£2)
equipped with the norm

1floe == S sup|D*f(a)]

lal<k e

is complete and represents a Banach space. Here we abbreviate

||
D f(a) = o

1 - n
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Let us start our considerations with the following

Definition 1.6. A subset K C B of the Banach space B is named convex, if
we have the inclusion Az + (1 — Ny € K for each two points x,y € K and
each parameter X € [0, 1].

Remarks:

1. When K is closed, this set is convex if and only if the implication

1
z,ye K = §(x+y)€K

holds true.
2. For a convex set K we have the following property: Choosing the points
Z1,...,%, € K and the parameters Ay > 0 for £ = 1,...,n satisfying

A1+ ...+ A, =1, we have the inclusion Y, _, Az € K.

Definition 1.7. A subset E C B is called precompact, if each sequence

{wn}nzl,Q,... CE

contains a Cauchy sequence as a subsequence. If the set E is additionally
closed, which means {xn}neny C E with x, — x for n — oo in B implies
x € E, we call the set E compact.

Ezxample 1.8. Let E C B be a closed and bounded subset of a finite-dimensional
subspace of B. Then the Weierstrafl selection theorem yields that F is com-
pact.

Ezxample 1.9. For infinite-dimensional Banach spaces, bounded and closed
subsets are not necessarily compact: Choosing k € N, we consider the set
of sequences xj := (0k;j)j=1,2,.. in the space 22, with the Kronecker symbol
8. Obviously, we have ||z;|| = 1 for all k& € N, however, ||z — 2;|| = V2 for
all k,1 € N with k # [. Therefore, the set {zj}x=1.2, . C ¢? is not precompact.

Ezample 1.10. A bounded set in C*(§2) is compact, if we additionally require
a modulus of continuity for the k-th partial derivatives: Consider the set

1fller @y < M;
E:=1feCQ) : |D*f(z) - D*f(y)| < M|z —y[’
forall z,y € 2, |a| =k

with & € No, M, M’ € (0,4+00) and ¢ € (0,1]. By the Theorem of Arzela-
Ascoli we easily deduce that the set

EcB:=C"0)

is compact.
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Definition 1.11. On the subset E C B in the Banach space B we have defined
the mapping F : E — B. We call F' continuous, if

T, > x for n—oo in FE
implies
F(z,) — F(x) for n—o0 in B.
We name F' completely continuous (or compact as well), if additionally the set
F(E) C B is precompact; this means all sequences {ty}n=1,2,.. C E contain a

subsequence {xn, tk C {Zn}n, such that {F(zn, ) }k=1,2... represents a Cauchy
sequence in B.

Proposition 1.12. Let K be a precompact subset of the Banach space B. For
all e > 0 we have finitely many elements wy, ..., wy € K with N = N(e) € N,
such that the covering property

N(e) c
K c | {xeB: |\x—wj||g§}

j=1
is fulfilled.

Proof: We choose w; € K and the covering property is already valid if

€
K C {JCGB sl —wn] < 5}
holds true. When this is not the case, there exists a further point wy, € K
with [|wy —w1]| > 5 and we consider the balls

5
{meB: ||a:—wj|\§§} for j=1,2.
If they do not yet cover the set K, there would exist a third point ws € K
with ||wz —w;|| > § for j = 1,2. In case the procedure did not stop, we could
find a sequence {w;},=12.. C K of points satisfying

€ ) )
lwj —wil| >3 for i=1,....j—1
This yields a contradiction to the precompactness of the set K. q.e.d.

Proposition 1.13. Let K be a precompact set in B, and € > 0 is arbitrarily
given. Then we have finitely many elements wy, ..., wy € K with N = N(¢) €
N continuous functions

satisfying
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N
t;(x) >0 and th(x) =1 in K,
i=1

such that the following inequality holds true:

N
Z ti(x)w; —x
i=1

Proof: We choose the points {ws, ..., wx} C K according to Proposition 1.12.
We define the continuous function (1) : [0, +00) — [0, +00) via

<eg for all reK.

o(r) =

e—r1, for0<7<e¢
0, fore <7< +o00

and obtain
N

Zga(”x—ij)zg for all = € K.
j=1

Consequently, the functions
e(llz —wil) 7=

ti(x) == ~ , reK, i=1,...,N
>~ e(llz —wj;l)
j=1

are well-defined, and we note that
N
t; € C°(K,[0,1]) and th(x) =1 forall z € K.
i=1
Now we can estimate as follows:

N
i=1

N
Z ti(z)(z — w;)

N
< Zti(as)s =€ forall =€ K.

This yields the stated inequality. q.e.d.

Proposition 1.14. Let the set E C B be closed and the function F : E — B
be completely continuous. To each number € > 0 we then have N = N(g) € N
elements wi,...,wy € F(E) and N continuous functions F; : E - R, j =
1,..., N satisfying
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such that the following inequality is valid:

<e forall x € E.

|7 - i:;Fj (o),

Proof: The set K := F(F) C B is precompact and we apply Proposition 1.13.
Then we have the elements

Wiy...,WN GF(E)
and the nonnegative continuous functions
t; = tz(x),x S F

satisfying ¢1(x) + ... +ty(2) = 1 in K for each £ > 0, such that

N
Tr — Z tz(z)wz
i=1

Setting F;(z) :=t;(F(x)), © € E, we comprehend the statement above.
q.e.d.

<e forall zeK.

We now consider the unit simplex
n
Y1 = {xER" cx; >0 for i=1,...,n, Zazz :1}
i=1
and its projection onto the plane R"~! x {0} C R"
n—1
Oy = {xeR”_l pap >0 for i=1,...n—1, Y x; < 1}.
i=1

Figure 2.1 Tllustration of a Simplex

n=3

Y
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We note that
n—1

Y1 = {(a:l,...,xn) eR”: z, = 1—2@ with (z1,...,2,-1) € an_l}.
i=1

Proposition 1.15. (Brouwer’s fixed point theorem for the unit sim-
plex)
Each continuous mapping [ : Xp_1 — X, _1 possesses a fized point.

Proof:

1. The function f = (f1,..., fn) : Xn—1 — Xn_1 being given, we define the
mapping g(z) = (91(2), ..., gn—1(2)) : On—1 = 0n_1 by

n—1
gl(l‘) = gi(l‘l,. .. ,Z‘n_l) = fz (.2?1,. ey Tp—1, 1-— ZJ?])
j=1

with ¢ = 1,...,n — 1. Now the point 7 = (91,...,9n—1) € 0p—1 is a fixed
point of the mapping ¢ : 0,1 — on_1 if and only if the point

n—1
(Th, N R Z 77i> € X1
i=1

is a fixed point of the mapping f: X, 1 — X, _1.
2. We consider the following mapping defined in part 1., namely

9=(91,-+,9n-1) : On—1 = On_1.
The adjoint functions
hi = hi(x1, ..., Tp_1) = /gi(a?, ..., 22 _1), i=1,...,n—1
are defined on the ball
K := {(xl,...,xn,l) eR" 224 422 < 1}.
Due to Brouwer’s fixed point theorem for the ball from Section 3 in Chapter
3, the continuous mapping h = (hy,...,h,—1) : K — K has a fixed point

E=(&,...,&—1) € K, more precisely h(£) = £. This implies

g€l &) =& for 1=1,...,n—1.

With the point 1 := (£2,...,£2_,) € 0,1 we finally obtain a fixed point

of the mapping ¢ : 0,,_1 — o1 satisfying g(n) = n. qed
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Theorem 1.16. (Schauder’s fixed point theorem)

Let A C B be a closed and convez subset of the Banach space B. Then each
completely continuous mapping F : A — A possesses a fized point £ € A,
more precisely F(§) = &.

Proof:

1. We apply Proposition 1.14 to the completely continuous mapping F': For
each € > 0 there exist N = N(¢) € N elements {ws,...,wny} C F(4) C
A and N nonnegative continuous functions F; : A = R, j = 1,...,N
satisfying Fy(z) + ...+ Fn(z) = 1 in A, such that

<eg for all z € A.

We now consider the continuous function
g(A) = (91( A1, s AN g (A AN)) SN = v
with

N
g, AN) = Fj(ZAiwi) j=1,...,N.
i=1

Due to Proposition 1.15, we have a point A € Xy _; satisfying g(A) = A.
This implies

N
Fj<Z/\iwi>:)\j for jZl,...7N.
i=1

2. On account of part 1. the mapping

possesses the fixed point

N
fa = Z )\Zwl
i=1

We note that ||F(z) — F.(z)| < € for all z € A holds true and obtain
|IF(&) — & || < e. Taking the zero sequence £ = %, n =1,2,... as our
parameter €, we obtain a sequence of points {fn}nzl,gw satisfying

1
”F(gn)_gn”SE, n:1,2,...

Since F'(A) is precompact, we can select a subsequence with F(&,,) — ¢
for £ — oco. We obtain £ € A because the set A is closed. Therefore, we
deduce
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1€ = Enicll < NIE(Eni) = Enil + 1€ = F(&np)ll = 0 for k= o0.

Together with the continuity of F', we conclude

¢ = lim F(&,) = F(lim &,) = F(©).

We now provide an application of Theorem 1.16, namely

Theorem 1.17. (Leray’s eigenvalue problem)
Let K(s,t) : [a,b] x [a,b] — (0,400) be a continuous and positive integral-
kernel. Then the integral equation

/K(s,t)x(t) dt = Mx(s), a<s<b,

possesses at least one positive eigenvalue A with the adjoint nonnegative con-
tinuous eigenfunction x(s) # 0.

Proof: We choose the Banach space B := C%([a,b]) with the norm
ol = mas [2(s)].

Then we consider the convex subset

b

A= {m =z(s) € C°([a,b]) : z(s) >0 in [a,b], /a:(s) ds = 1},

which is closed in B. Furthermore, we study the mapping F': A — A defined

by
/Kst

F(x):= z €A

J(freooae

Via the Arzela-Ascoli theorem one shows that the mapping F' : A — A is
completely continuous. Because of Schauder’s fixed point theorem there exists
a point £ € A with F(§) = £. Consequently, we see

b

/bK(s,t)f(t) dt = l/b </K(s,t)§(t) dt)ds] &(s), s € [a, b].

a
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Therefore, the element £ represents the desired eigenfunction for the eigen-

value
b

)\:/b(/K(s,t)f(t) dt)ds € (0,+00).

a a

q.e.d.

In Brouwer’s as well as Schauder’s fixed point theorem, only the existence of
a fixed point is established which is, in general, not uniquely determined. The
subsequent fixed point theorem of S. Banach supplies both the existence and
uniqueness of the fixed point. Furthermore, we shall show the continuous de-
pendence of the fixed point from the parameter. The Picard iteration scheme,
proving the existence of initial value problems with ordinary differential equa-
tions, already contains the essence of the Banach fixed point theorem within
the classical spaces of continuous functions.

Definition 1.18. The family of operators Ty : B — B, 0 < A < 1, is called
contracting, if we have a constant 6 € [0, 1) satisfying

(1T (x) — T(w)] < 0lx — | forall z,yeB und Xe€]|0,1].

For each fized x € B let the curve {T\(x)}o<r<1 in B be continuous. If the
family T :=Ty : B = B for 0 < A\ < 1 is constant, we call the operator T
contracting.

Theorem 1.19. (Banach’s fixed point theorem)
Let the family of operators

T\:B—B, 0<X<1

be contracting on the Banach space B. Then there exists exactly one point
x) € B satisfying Th(zy) = xx for each A € [0,1], namely a fized point of Ty.
Furthermore, the curve

0,1]]5A—zx€B

18 continuous.
Proof:
1. We define yy :=T(0), 0 < A <1, and set

0= Jmax lyall € (0, +00).

On the ball B, := {z € B : ||z|| <} of radius r := %5 € (0,+00) in the

Banach space B we consider the family of mappings

Ty:B, =B, 0<\A<1.
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Taking = € B,., we have
[T (@)]| < I Tx(z) = TA(0)] + 1A (0)]]
< Ollzfl + llyall < Or + o

0
<02 4+, = 1
=frgte T 7

. Forn=0,1,2,... we consider the iterated points
(n) n
zy =Ty(0) =T\ o...0T)\(0).
A A (0) =1, 2(0)
n—times

Evidently, we have xE\O) =0 and xf\l) =y for 0 < A < 1. Furthermore, we
observe

x&n+1) (n+1 Z ( (k+1) k)) Z (T)/\CH(O) _ Tf(O)).

k=0 k=0

Now we can estimate
T3+ (0) — TX (0)]] < 0| TX(0) — TX(0)]]
< .. 08T (0) — TX(0)]|

= 0%y,  0<A<1, k=0,1,2,...

Therefore, the series

S (1 0) - 7H0)
k=0

possesses the convergent majorizing function Z 6%y ||, and the following
k=0
limit exists:

oo

n—oo
k=0
. The contracting operator T) : B — B is continuous. Consequently, we see

zy = lim xg\m_l) = lim T)\(mgn)) TA( lim xg\ )> =Tx(zx)

n— oo n— oo

for 0 < A < 1. The fixed points x) depend continuously on the parameters
A € ]0,1]: We choose the parameters A1, Ay € [a,b] and infer

HI'AI - xAz” = ||T)\1 (mAI) - T)\2 (mk2)”
< ||T/\1 (x/\1) - T/\l (x/\z)H + HT)\l (x)\z) - T)\z ('7»\2)“
< 0”.%)\1 - 'T)\QH + ||T>\1 (xk2) - T)\2 (xkfz)”
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as well as

1
||£C)\1 - x>\2|| < m”TA1 (x)@) - T)\2 (mA2)”

4. Finally, we show the uniqueness of the fixed point. Therefore, we consider
two elements xy, Ty € B satisfying

xx = Th(xy), Ty = Th(Zy).
Then the contraction inequality implies
[zx = Zxll = [|Th () = Ta(@A)[| < Ollax — 2|l
and ||zy — Za|| =0 or xx = &, for A € [0,1]. q.e.d.

Remark: If the family of operators T) depends even differentiably on the
parameter A € [0, 1], we can additionally deduce the differentiable dependence
of the fixed point from the parameter as in part 3. of the proof above.

2 The Leray-Schauder Degree of Mapping

In the sequel we denote mappings between Banach spaces B by
f:B—=B, z~— f(z).

Let B be a finite-dimensional Banach space with 1 < dimB = n < +oc.
Furthermore, we have the bounded open set 2 C B and g : £2 — B denotes
a continuous mapping with the property 0 ¢ g(942). At first, we shall define
the degree of mapping dg(g, 2).

Let {w1,...,wy,} C B constitute a basis of the linear space B. Consider the
coordinate mapping

=Yy, (T) = 2101 + ... + Tpwy, x=(x1,...,2,) € R™

Evidently, ¢ : R" — B holds true and the inverse mapping vl B = R
exists. We pull back the mapping g : {2 — B onto the space R™. Therefore,
we set

Qn =y N2), 02, =v N0R), Q,=¢"1N)
and consider the mapping
gn 1= 11/}71 ogo 1/} |§n with 0 ¢ gn(aﬂn)

Parallel to Chapter 3, Section2 we can attribute the degree of mapping
d(gn, {2,,) to the continuous mapping g, : £2, — R™.
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Definition 2.1. Let the finite-dimensional Banach space B be given with
n =dimB € N, and 2 C B denotes a bounded open set. Furthermore, the
continuous mapping g : 2 — B with 0 ¢ g(012) is prescribed. Then we define
the degree of mapping

05(g, £2) = d(gn, $2,).

Here we have set g, ;=19 logow |§n with 2, == ¢Y~1(2), and ¢ : R* — B
denotes an arbitrary coordinate mapping.

We still have to show the independence of the definition above from the basis
chosen: Let {w7, ..., w}} be a further basis of B with the coordinate mapping

V") = P e (21, 2n) =2jw] + .. Hapw, ¢ R B
and its inverse ¥*~! : B — R™. On 27 := ¢*~(£2) we define the mapping
gn=0"logoy g, 0 ¢ gn(002).
Definition 2.1 makes sense on account of
Proposition 2.2. We have d(g}, £2%) = d(gn, 2n).

Proof: The mapping
x:=¢ loy* :R* - R"

is linear and nonsingular, and we note that ¢¥* = 1 o x. Furthermore, the
identity x(£2%) = £2,, holds true and we calculate

gn=v"logoy* = (Yox)logo(vox)
=x'o(W logoy)ox = xlogaox on .
Now we have a sequence of mappings
gn : R" = R™ € CH(R",R")
with the following properties (compare Chapter 3, Section 4):

(a) The convergence g, ,(z) — gn(x) for v — oo is uniformly on £2,,;
(b) For all numbers v > v, the equation

gnw(x) =0, x e,

possesses only finitely many solutions {x,(f‘)}uzlw_’p" with the Jacobian

Jgn,l/(xl(/#)) #0 for p=1,...,p,.
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1

The mapping gy, , = X~ © gn,» © X then satisfies

g (T) = gn(z) for v — oo uniformly on 2.
The zeroes g;, ,(y) =0,y € ﬁ; are evidently represented in the form

x YWy = yW for p=1,...,p,,

v

and we evaluate

Jo: (YY) = (detx ™) - J,

In,v

() - detx = Jy,., (@) for p=1,....p,.

Theorem 4.7 from Section 4 in Chapter 3 reveals the following identity for all
v > Vp:

Pv
d(gn,m Qn) = Z sgn J, v (1‘5“))
p=1

Dv
= sendg (1)
p=1

= d(gn: $2)-
Passing to the limit v — oo, we have proved the statement above. q.e.d.

Via the pull-back onto the space R™, we immediately obtain the subsequent
Propositions 2.3-2.6 from the corresponding results in Chapter 3.

Proposition 2.3. Let gy : 2 — B with a < X\ < b denote a family of continu-
ous mappings, which satisfy the relation gx(x) — gx,(x) for X = Ao uniformly
on the set £2. Furthermore, gx(x) # 0 for all x € 312 and \ € [a, b] holds true.
Then we conclude

dg(gn, £2) = const on [a,b].

Proposition 2.4. Let the mapping g : 2 — B be continuous and g(x) # 0 for
all x € 902. Furthermore, 05(g,{2) # 0 is valid. Then we have a point z € {2
with g(z) = 0.

Proposition 2.5. Let 21 and {25 be bounded open disjoint subsets of B, and
we define their union 2 := (1 U (2. Furthermore, let g : 2 — B denote
a continuous mapping satisfying 0 ¢ g(942;) for i = 1,2. Then we have the
following identity

55(97 ‘Q) = 66(97 Ql) + 68(9, 92)

Proposition 2.6. On the open bounded subset 2 C B we have defined the
continuous function g : §2 — B. Furthermore, let {29 C {2 be an open set with
the property g(x) # 0 for all x € 2\ 2y. Then we have

05(g,92) = d5(g, ).
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In the Banach space B we consider an open bounded subset (2 C B. Further-
more, B’ denotes a finite-dimensional subspace of B with 2z := 2N B" £ ().
The set 25 is open and bounded in B’, and we have

0N CcoNnp, Qp Cc02NB.
With the continuous mapping f : 2 — B’ we associate the mapping
or(x) =z — f(z), z €.
For all Banach spaces B” D B’ we have the inclusion
pr(2nB") c B
Proposition 2.7. Let the Banach spaces B C B"” C B be given with
0 < dimB < dimB” < +oo.

The open bounded set 2 C B fulfills Q5 = 20 B" # (. With the continuous
mapping f: 2 — B’ we associate ps(x) =z — f(x), x € 2 satisfying

or(z) #0 for all x € 01.
Then we have the equality
op (pg, 28) = 0 (py, 28).

Proof: On account of 082z C 92 and 025+ C OS2 the degrees of mapping
above are well-defined. Without loss of generality we can assume

dim B” > dim B'.
We choose a basis {w1,...,w,} C B’ of B’ and extend the vectors to a basis
{wla sy Why Wogdy .- ey wn+p} c B”

of B”; with an integer p € N. When we represent the mapping ¢ : B” — B” in
the coordinates belonging to the basis {w1, ..., wn+p}, we obtain the mapping
o =5 |pr: B” — B’ via

(1‘1 —f1<.’L‘1,...,xn,$n+1,...7xn+p),...
<$1>~--,$n7$n+1,---79€n+p) = Ty — fo(@1, o Ty Bty Totp)s
Tn41y--- 7xn+p)-

The restricted mapping ¢’ := ¢ |p: B’ — B’ appears with respect to the
coordinates x1, ..., x, as follows:

(ﬂfl,...,l'n) = (xlifl(xlv"',x’nao,"'70)7'"awn*fn(l'lv"'axnaoa"'?0))'
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Now the function ¢” has a zero z”/ = (5:1, ... ,%mO, ...,0) if and only if ¢
has a zero @’ = (Z1, ... ,2,). Consequently, we see Jor(x") = J(x') and

sgn J,r (2'") = sgn Jo ().
Summing up over all zeroes, we finally obtain

Spr (@, $251) = 0p: (0y, 257).

q.e.d.

Definition 2.8. Let {2 be a bounded open set in B, and B’ denotes a linear
subspace of B with 1 < dim B’ < 400 and 25 := 2N B # (). Furthermore,
let the function f: 2 — B’ be continuous, and we assume

or(@)=a— f(x)#0  forall x€dN.

Then we define
53(90fa Q) = dpr (Lpfv -QB’)'

We establish the independence from the choice of the finite-dimensional sub-
space B’ as follows: Let B” C B with 1 < dimB"” < +oco and 2N B" # () be
an additional subspace of B. We set B* := B’ ® B”, such that B’ C B* and
B’ C B* holds true. Then Proposition 2.7 yields

o/ (@, 281) = 0B+ (pr, 28+) = 0 (0, 2p7).
We present the transition to completely continuous mappings f : B — B in
the sequel.

Proposition 2.9. Let the set A C B be closed and the function f: A — B be
completely continuous satisfying

orx)=az—f(z)#0 forall = ¢ A.

Then we have a number € > 0, such that ||pf(x)|| > € for all x € A holds
true.

Proof: If the statement were violated, we would have a sequence
{xn}n:I,Q,... cA

satisfying
of(zn) =xn — f(zn) =0 for n — .

Since the set f(A) is precompact, there exists a subsequence {zp, }r=12, .
with f(zn,) — 2* € B for kK — oco. This implies
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[en, — 2% < llwny, = F@n )l +[1f (@n) — 27 =0

and z,, — z* € A for k — oo, because A is closed. Finally, we obtain

@f($*> =z - f(x*) = i)n;o(‘rnk - f(xnk)) =0

k

contradicting the assumption ¢ # 0 in A. q.e.d.

Proposition 1.14 from Section 1 implies the following

Proposition 2.10. Let 2 C B be a bounded open set and f : 2 — B a
completely continuous function. To each number € > 0 we then have a linear
subspace B. with 0 < dim B, < +o00 and 2N B. # 0 as well as a continuous
mapping f. : 2 — B. with the property

| fe(z) — f(2)]| < e for all =€ 0.

Proof: With the functions Fj(z), € 2 for j = 1,..., N, defined in Propo-
sition 1.14 of Section1, and the elements wq,...,wy € B, we choose the

following function
N

fe(z) = Z Fj(z)w;.
q.e.d.

Definition 2.11. Let the set 2 C B be bounded and open. Moreover, the
function f : 2 — B may be completely continuous and its associate function
of(z) = x — f(x) satisfies 0 & ©;(092). Then the function g : 2 — By C B
is called an admissible approximation of f, if the following conditions are

fulfilled:

(a) The function g is continuous;
(b) The linear subspace B, satisfies 1 < dim By < +o0o and 2N By # 0;
(c) We have the following inequality

sup lg(z) = f(2) < inf llog(@)ll.

Proposition 2.12. The mapping f : 2 —B fulfills the assumptions of Def-
inition 2.11, and g : £2 — By as well as h : 2 — By}, are two admissible
approximations of f. Then we have

08(pg, 2) = dp(n, 12).
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Proof: We set B* := By ® By,. This implies

05(g, 2) =08, (pg, 28,) = 05~ (vg, 25+ ),
and furthermore
05(n, $2) = 6B (¢n, 25+).
We now consider the family of mappings

(@) =z — (Ag(z) + (1 = Nh(z)), reR, Aelo1].

Setting 7 := i%fg llof(z)|| > 0 we can estimate as follows:
zTE

Ixa(@) — ep (@)l = [A(g(@) = f(2)) + (L= A)(h(z) — f(2))]
< Alg(z) = f(@) + (1 = A)[h(z) — f(=)]
<n for all z € 02

Consequently, the estimate ||[xa(z)| > 0 for all z € 92 and all A € [0,1]
holds true, and Proposition 2.3 yields g« (xx, {25+) = const on [0, 1]. We then
obtain

68(pg, £2) = 05+ (x1, 28+) = 05+ (X0, 28+) = 0B(Pn, 12). q.e.d.

Definition 2.13. The set {2 C B is bounded and open, and we assume the
function f : £2 — B to be completely continuous such that p¢(x) = x—f(z) # 0

for all x € 02 holds true. Furthermore, let g : {2 — By be an admissible
approximation of f. Then we call

68(30f7 ‘Q) = 6B(<pga Q)

the Leray-Schauder degree of mapping for (¢, £2) with respect to = 0.

3 Fundamental Properties for the Degree of Mapping

At first, we collect our previous results: Let {2 C B denote a bounded open
set and f : {2 — B a completely continuous function, such that

or()=2— f(x)#0  forall zean.

Then we have defined our degree of mapping for ¢ by the following chain of
equations:

5B(<Pfa )= 58(‘:%7 2)= 589 (‘Pga 2N Bg) = d(pn, ).

Here g denotes an admissible approximation, n = dim B, {2, is the image
of £2 N B, with respect to an arbitrary coordinate mapping ¢!, and ¢, =
Pt opg0ilg, -
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Theorem 3.1. (Homotopy)
Let 2 C B be a bounded open set, and let

f)\lﬁ—>8,)\€[a,b]

denote a family of mappings with the following properties:

(a) For all \ € [a,b] the mapping fx : 2 — B is completely continuous;
(b) To each number € > 0 we have a quantity 6 = 6(¢) > 0, such that

[Fa (@) = (@) <& forall A, As €[ab] with |A —Xo| <6

holds true for all x € 2;
(c) For all x € 9012 and all X € [a,b] we have ¢y, () = x — fa(z) # 0.

Then we have the identity dp(py,, 2) = const, X € [a,b].

Proof: Let A\g € [a,b] be chosen arbitrarily. Then we have a number € > 0
satisfying ||, (z)[ > € for all z € 912. We construct an admissible approxi-

mation g : 2 — B, C B of fy,, such that

for all z € 0.

lg(x) = fro (@) <

= M

Therefore, we have a number § = §(¢) with the following property: All pa-
rameters A € [a, b] with |\ — X\g| < § fulfill

, x € (.

lg(x) = @)l < llg(@) = fao (@) + [[fa0 (2) = A(@)] <

On the other hand, we have

N ™

3e
lesn @I 2 s @ = llos (@) = s, @I 2 5, €082

for |A — X\g| < 4. Consequently, the function g is an admissible approximation
for all parameters A € [a,b] with |A — Ag| < ¢, and we see

(53((,0)0)\, Q) = 55(9, Q) forall M: |)\ — )\0‘ < é.

A continuation argument finally yields dg(yy, , £2) = const on [a, b].
q.e.d.

Theorem 3.2. (Existence result) -
Let the set 2 C B be bounded and open. The mapping f : 2 — B may be
completely continuous and satisfies

or(x)=x—f(x)#£0  forall z€IN.

Finally, let the assumption dg(pyr,§2) # 0 hold true. Then the equation
or(x) = 0 possesses a solution x € (2, which means the mapping x — f(z)
has a fixed point in the set §2.
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Proof: We consider a sequence of admissible approximations g,, : 2 — By, for
f satisfying

S|

sup [|gn(2) — f(2)]| <
zEeS?
We then obtain
0 # 5wy, 12) =08, (¢g,,2NBy,) forall n >ng.

Because of Proposition 2.4 from Section2 we have a sequence z,, € 2N B,,
for n = ng,ng + 1, ... with

This implies

[2n = f(@n)ll = 120 = gn(@n)ll + lgn(zn) = f(zn)] < — forall n>mn,

S|

and therefore
inf [[pg(2z)|| = inf ||z — f(z)]| = 0.
zef? e

Due to Proposition 2.9 in Section 2, there exists a point xg € {2 satisfying
¢f(z0) =m0 — f(20) = 0.
q.e.d.

Definition 3.3. Let 2 C B denote a bounded open set and f : 2 — B a
completely continuous mapping with the associate mapping

op(x) =z — f(x), z€N.
Furthermore, let the domain G C B\ ¢¢(012) be given. Then we define
(53(30167 Q, Z) = 55((pf, Q, G) = 66(@1‘727 Q)

for arbitrary points z € G.

When we consider the family of mappings f;(z) = f(x) — 2(¢) with the con-
tinuous curve z(t) : [0,1] — G, our Theorem 3.1 guarantees the independence
from the choice of the point z € G. Now we could derive a product theorem as
in the space R™, which we do not elaborate here. However, we shall generalize
the index-sum formula (compare Theorem 4.4 from Chapter 3, Section4) to
completely continuous mappings between Banach spaces.

Proposition 3.4. Let 2 C B be a bounded open set, and the mapping f :
2 — B 1s completely continuous. Furthermore, let {2y C {2 denote an open
subset satisfying pr(x) # 0 for all x € 2\ 2. Then we have

58(()0fa Q) = 55(@)% QO)
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Proof: We observe 02 C 2\ 2y and 982y C 2\ 2y, which implies
wr(x) #0 for all z € 02U 0.
Proposition 2.9 from Section 2 yields
llof(z)|| >e>0 for all z € 2\ 2,

because 2\ §2y is closed. Take with g : 2 — By C B an admissible approx-

imation satisfying 20 N By # ) and [|g(z) — f(z)|| < § for all € £2. This
implies

for all =€ 2\ 2.

| ™

leg (@)l = s (@) = Nl (x) = wq(x)] =
Together with Proposition 2.6 from Section 2 we obtain

66(901"7 “Q) = 6Bg (Saga n Bg) = 5Bg (5097 2N Bg) = 53(901"7 QO)
q.e.d.

Proposition 3.5. Let the sets (21,25 C B be bounded, open and disjoint.
Furthermore, we define 2 := (2, U £25. Then we have

o8(ps, 2) = 05(py, 1) + 0(py, 22).

Proof: Take with g : 2 — B, C B an admissible approximation of f satisfying
2;NBy # 0 for i =1,2. Then glg, are admissible approximations of f|g ,
and Proposition 2.5 from Section 2 yields

58(@f, 2) = 639(3095 2N Bg)
= 5Bg(¢g’ N BQ) + 5Bg(50g7 25N Bg)

= 05(py, 1) + 05(pys, $22). qed

Definition 3.6. Let U = U(z) C B denote an open neighborhood of the point
z and f : U(z) = B a completely continuous mapping. The associate mapping

may fulfill
pr(@)#0 in U)\{z}  and  ¢f(2) =0.

Then we define the index

(e, 2) = 0(er, K)
with the ball of sufficiently small radius € > 0 in

K:={xeB:||v—z| <e} satisfying K CU(z).
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Theorem 3.7. (Index-sum formula)
Let the mapping f : 2 — B be completely continuous. Furthermore, the equa-
tion @¢(x) = 0 admits exactly p different solutions z1,...,z, € £2. Then we

have the identity
P

(pf, ZZ <Pf7ZV

v=1

Proof: Taking € > 0 sufficiently small, we consider the mutually disjoint balls
K, ={ze:|z—-=z| <e}, v=1,...,p.

P
We apply Proposition 3.4 and Proposition 3.5 to {2y := U K, C (2 asfollows:
v=1

p p
08(ps, 92) = 08(ps, 20) =Y 06(ps, K) =Y ils, %)
=t v=t q.e.d.

We collect our arguments to the following

Theorem 3.8. (J. Leray and J. Schauder)
Let £2 C B be a bounded open set in the Banach space B, and

2B, a<A<b

denotes a family of mappings with the following properties:

(a) For all \ € [a,b] the functions fy : 2 — B are completely continuous;
(b) To each number € > 0 we have a quantity 6 = () > 0, such that

[[fx, (@) = fan(2)|| <€ forall A, A € [a,b] with |A\ — X2 <06

holds true for all x € 2;
(¢) For all x € 012 and all X € [a,b] we have ¢y, () =z — fa(x) # 0;
(d) With a special Ao € [a,b] the equation

‘Pfxo(x) =z — fo,(x)=0, zef?

has finitely many solutions z1,...,z,, p € N satisfying

P
ZZ @fxo 7 0.
v=1
Then the equation g, (x) =0, x € 2 possesses at least one solution
for each A € [a, b].

Remark: In Chapter 12 we shall prove the existence of solutions for nonlinear
elliptic systems with the aid of Theorem 3.8.
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4 Linear Operators in Banach Spaces

Let us consider two Banach spaces {B;, || ||;} for j = 1,2. Then we can define
open sets in B;, j = 1,2 with the aid of the respective norm || ||,;. In the sequel
we study linear continuous operators

T:By — Bs.
We call the operator T linear if
T(azx + py) = oT(z) + BT (y) forall z,yeB; andall o,BeR (1)

is valid. The operator T is continuous if and only if T' is bounded, or equiva-
lently

T
T = sup 122 2)
vy ||zl
z#0

At first, we note the following

Theorem 4.1. (Open mapping principle)
The linear continuous operator T : By — Bs is assumed surjective. Then T is
an open mapping, which means the image of each open set is open.

Proof: This is achieved by methods from the set-theoretical topology. We refer
the reader to [HS], pp. 39-41 (Satz9.1) and pp. 21-22 (Lemma 4.1 and Satz4.3).

Theorem 4.1 immediately implies

Theorem 4.2. (Inverse operator)
Let the linear continuous operator T : By — By be bijective. Then the inverse
operator T : By — By is continuous.

We endow the set B = B; x By with the norm

I, )l =/ ll=llF + llyl3,  (2,y) € B=Byx By

and obtain a Banach space. Thus open sets are defined in B. We now define
the graph of T : By — By by

graph (T') := {(x,Tz:)EBl X By : 93681}. (3)

Theorem 4.3. (Closed graph)
For a linear operator T : B — By we have the equivalence: The operator T is
continuous if and only if graph(T) in By x Ba is closed.

Proof:
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‘=’ We consider a sequence {zp }n=12,. C By with z,, = z € B; for n — oc.
Since the operator T is continuous, we infer

lim Tz, =T(lim z,) =Tz

n— oo n—oo

and consequently

lim (z,,Tx,) = (z,Tx) € graph (T).

n— oo

Therefore, the graph (T') is closed.
‘<" Let the graph (T') C By x By now be closed. Then this graph represents
a Banach space. The projection

m:graph (T) — By, (z,Tx)— 2

is bijective, linear and continuous. Theorem 4.2 implies that the mapping
71 : By — graph (T) is continuous as well. The projection

0:B1x By — By, (2,9)—y
is evidently continuous, and we finally obtain the continuity of
T=opon ':B; — Bs.
q.e.d.
We now choose By = By = B and then consider linear continuous operators
T : B — B. These are injective if and only if ker T := T~1(0) consists only
of {0}. With the aid of the Leray-Schauder degree of mapping we now shall

prove a criterion for the surjectivity of T. In the sequel we denote the open
balls in B by

BT:={$€BZ||SC||<T}, 0<7r < +o0.

Their boundaries are described by 0B, = {z € B : |z|| =r}.

Definition 4.4. The linear operator K : B — B is called compact or alterna-
tively completely continuous, if the condition that K(9B,.) is precompact holds
true for a number r € (0,+00).

Remarks:

1. This definition is independent of the number r € (0, +00).
2. A compact operator is bounded and consequently continuous. Therefore,
this definition is equivalent to the Definition 1.11 from Section 1.

Definition 4.5. With the completely continuous operator K : B — B we
associate the Fredholm operator

Tr =2 — Ko = (Idg — K)(z), x € B. (4)
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Fundamentally important for the solution of linear operator equations in
Banach spaces is the subsequent

Theorem 4.6. (F. Riesz)
Let K : B — B be a completely continuous operator on the Banach space B
with the associate Fredholm operator

Tx:=(Idg — K)(z) =2 — Kz, z€B.
Furthermore, the implication
Txr=0, ze€B = =0

holds true, which means the kernel of T consists only of the zero element.
Then the mapping T : B — B is bijective; the inverse operator T™' : B — B
for T exists and is bounded on B. Especially, the operator equation

Tx =y, x € B,

possesses exactly one solution for all right-hand sides y € B.

Proof: Choosing r € (0, +00) arbitrarily, we study the operator
Te=xz— Kz, =x¢€B,.
Because of the assumptions above, we have
Tx #0 for all « € 0B,.
Proposition 2.9 from Section 2 yields a number € > 0, such that
| Tz|| > er for all z € 9B, (5)

is correct. We prescribe y € B and consider the family of operators

Thr:=Tx — \y, zeB, 0<A<1 (6)
Choosing r sufficiently large, we obtain

[Tox]| = | Tx|| = [|Ayll = er — lyll >0

for all x € 0B, and all A € [0,1]. At the initial value A = 0 the equation
Ty = 0, x € B, admits exactly one solution, namely the element x = 0
with the index i(T,0) # 0. Due to the Leray-Schauder theorem, our equation
Thx = 0, x € B, possesses at least one solution for each A € [0,1]. For the
value A = 1 especially, we find a solution = € B, satisfying

Tx=y.
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Since the point y has been chosen arbitrarily, the mapping 7" : B — B is
surjective. The injectivity of 7' immediately follows from ker T' = {0}. Finally,
the inequality

ITz| > ||z forall ze€B

implies the boundedness of the operator 7!, namely
1 1
IT < 2l forall yeB.

q.e.d.

We call the linear operator F :B — R  a linear functional on the Banach
space B. Concluding this chapter we prove the well-known

Theorem 4.7. (Extension theorem of Hahn-Banach)
Let L be a subspace of the Banach space B, and f : L — R denotes a linear
continuous mapping with

|f (@)

]~

If]] := sup
zeLl
z#£0

Then we have a continuous linear functional F : B — R satisfying
F(z)= f(z) forall z€Ll

and ||F|| = |[f]]-

Definition 4.8. Let £ C B denote a subspace of the Banach space B. We call
the function p = p(x) : L — R superlinear (on L) if

p(Az) = Ap(z) forall ze L andall X€[0,+00) (7)

and
plr+y) <pl@)+ply)  foral z,yel (8)

holds true.

Proposition 4.9. With the assumptions of Theorem 4.7 the function

p(@)i= it {Iflle ~yl + fw)},  z€B, ©)

yeL

is superlinear in B, and we have

p@) < fIllzll, zeB;  plx) < fz), zel (10)
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Proof: At first, we note that

ing {171 lle = yll + F) |

p(x)

> inf {£() + /1ol = 171 =] §
> —|fll e > —c0, z€B.

We now deduce (7): For A = 0, we have
pO0x) = int {If | Iyl + /() } =0=0p(@) ~ forall weB.
yeL

For A € (0,400), we calculate

pO) = it {II7] 2 — ol + £ () }

= inf {IF1IAz =l + FOw) |
=it {If1le — vl + £}

= \p(x) forall z e B.

We then deduce (8): Let the elements x,z € B be chosen arbitrarily. The
number € > 0 given, there exist elements y,y2 € L satisfying

p(@) = [flllz = vl + fyr) —
p(2) Z [1f |z = wall + f(y2) — &

Therefore, we can estimate as follows

inf {171 [}z + = =yl + 7))

||f|| |z +2 = (y1 + y2)ll + f(y1 +y2)

< A1l = wall + U2 = wall } + /(91 + 2)

= {11z = wall + £ } + {711z = wall + S (92) }
< p(z) +p(z) + 2e.

p(x +2)

IN

The transition to the limit € — 0 yields the superlinearity of p(z).
We additionally show (10): Choosing y = 0 in the definition of p(z), we obtain

p(a) = it {171 le =yl + F@} < I/ el + F© = IS I, = €B.

Correspondingly, the choice y = x € L implies the inequality
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pl@) = inf {7l = vl + f@)} < f2).  zeL.

This completes the proof. q.e.d.

We now consider the set of functions which are superlinear in £, namely
F:=8(L):= {p : L — R : pis superlinear in E}.
With respect to the relation
p, D€ S(L): p<p < plz)<px) forall ze L (11)
this set is partially ordered in the following sense:
p<p;  p<p, PSP = p<pP  p<p p<p = p=p (12

A subset £ C F is called totally ordered, if each two elements p, p € £ satisfy
at least one of the alternatives p < p or p < p. The element p, € F is called
a lower bound of & if

pe <p forall peé& (13)

is correct.
Proposition 4.10. Fach totally ordered subset & C S(L) possesses a lower
bound p. = p.(€) € S(L).
Proof: Let £ = {p;}ic1 C S(L) be a totally ordered subset. We choose
px(x) := %gpi(x), xreL

as a lower bound and show that p, represents a superlinear function. Here
it suffices to prove the inequality (8). Let ,y € £ be chosen arbitrarily. For
each number € > 0 we then find an index j € I such that

p(x) 2 pj(z) =&
Similarly, we find an index k € I satisfying

p«(y) > pr(y) —e.

Since we have alternatively the inequalities p; > py or p;, > p; in £, both are
even valid with the same index - say j € I. Therefore, we obtain

pi(a+y) = nfpi(z +y) < pj(z+y)
< p;i(@) 4+ pj(y) < pi(@) + puly) + 2e.

The transition to the limit ¢ — 0 yields the statement above. q.e.d.
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Definition 4.11. In a partially ordered set F we call p € F a minimal ele-
ment of F if the implication

peF with p<p = p=p (14)

is correct. Therefore, strictly smaller elements for p do not exist!

Proposition 4.12. The function p € S(L) is a minimal element of S(L) if
and only if p: L — R is linear.

Proof:

‘<’ Let p(z) : L — R be linear. Furthermore, we choose p(z) € S(L) with
p < p, which implies p(z) < p(x) for all z € L. We then infer p = p
immediately. If there existed a point y € £ with p(y) < p(y), we could
deduce

0=p(y—y) <ply) +p(~y) <ply) +p(-y) =ply —y) =0.

‘=" The point a € L being fixed, we consider the function
palT) := %gg {p(w +ta) — tp(a)}, zeL. (15)
We easily see p,(x) < p(z), z € L. Furthermore, we calculate

pa(Az) =

I\/S

f(; {p(/\x +ta) — tp(a)}
o1

p(Ar + Ata) — /\tp(a)}

for A > 0. In the case A = 0 this identity is trivially fulfilled.

We now show that p,(x) also is subject to the inequality (8): Let the
points x,y € L be chosen. As in the proof of Proposition 4.9 we select
values ¢; > 0 and to > 0, where the respective infima p,(z) and p,(y) can
be approximated up to the quantity € > 0. This implies

po(T+y) = mf { (x+y+ta)— tp(a)}
< p(ﬂf +y+ (t1 +t2)a) — (t1 + t2)p(a)

{pla+t0) — (@)} + {ply + 120) — t2p(a) |
< Pa() + paly) + 22

IA
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and the passage to the limit € — 0 yields (8). Consequently, the function
pa(x), x € L, is superlinear. Since p(x) is a minimal element in S(£) we
infer

p(@) < pu(2) = inf {p(a + ta) ~ tp(a) | < pla +a) ~ p(a)
or equivalently

p(z) + pla) < p(z + a) < p(z) + p(a) for all z,a € L.

Therefore, the function p : £ — R is linear. q.e.d.

From the set theory we need the following

Proposition 4.13. (Lemma of Zorn)
In the partially ordered set F we assume that each totally ordered subset € C F
possesses a lower bound. Then a minimal element exists in F.

We now arrive at the

Proof of Theorem /4.7: With the assumptions of Theorem 4.7 we consider
the super linear function p(z) from Proposition 4.9 and define the partially
ordered set

}'::{f)GS(B) : ﬁgp}.

On account of Proposition 4.10 each totally ordered subset & C F possesses
a lower bound. From Proposition 4.13 we infer the existence of a minimal
element in F, namely F' : B — R. Due to Proposition 4.12 the latter represents
a linear function. We note (10) and obtain the following inequalities

F(x) <plx) <[ fl[zll, =B

and

—F(z) = F(=z) < fll| = =ll = [/ ][], «€B.
This implies |F'(z)| < || f|| ||z| for all z € B and consequently ||F'|| = || f]l-

All z € L satisfy the inequality F(z) < p(z) < f(x) and f: £ — R is linear.
Therefore, we infer

F(z) = f(x) forall zefl

from Proposition 4.12. q.e.d.

5 Some Historical Notices to the Chapters 3 and 7

By L. Kronecker, H. Poincaré, and L. Brouwer about 1900, the degree of map-
ping in Euclidean spaces has been developed in the framework of combinatorial
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topology. Here we refer the reader to the textbook Topologie by P. Alexandroff
and H. Hopf from 1935.

The analytical definition for the degree of mapping was invented by E. Heinz in
1959, utilizing A.Sard’s lemma on the critical values of differentiable mappings
from 1942. Our representation in Chapter 3 contains the Jordan-Brouwer the-
orem in R™, whose proof was given by L. Bers via the product formula. A beau-
tiful approach to Jordan’s curve theorem was already invented by E. Schmidst.
We would like to recommend B. von Kérékjart6’s monograph Flachentopologie
from 1923 in this context.

The first definition for the degree of mapping in Banach spaces was given
by J.Leray and J.Schauder in their joint paper on functional equations from
1934. They discovered that the existence question is independent of the an-
swer to the uniqueness problem. Finally, we would like to mention S.Banach’s
influential book Théorie des Opérations Linéaires from 1932 in connection
with Section 4 of Chapter 7.

Figure 2.2 PORTRAIT OF D. HILBERT (1862-1943)
taken from page 244 of the biography by C. Reid: Hilbert, Springer-Verlag,
Berlin... (1970).




Chapter 8

Linear Operators in Hilbert Spaces

Motivated by the eigenvalue problems for ordinary and partial differential
operators, we shall develop the spectral theory for linear operators in Hilbert
spaces. Here we transform the unbounded differential operators into singular
integral operators which are completely continuous. With his study of integral
equations D. Hilbert, together with his students E.Schmidt, I.Schur, and
H. Weyl, opened a new era for the analysis.

1 Various Eigenvalue Problems

At first, we consider the resolution of linear systems of equations: For the
given matrix A = (a;;)i j=1,..n € R"*™ we associate the mapping

z— Az : R" — R"

and the system of equations
n
Z Ty =y, 1=1,...,n, or equivalently Axr =y
k=1

with the right-hand side y = (y1,...,y»)". The system Az = y has a solution
for all y € R™ if and only if the homogeneous equation Az = 0 possesses only
the trivial solution z = 0 and we have z = A~!y. We remark that the concept
of determinants is not necessary in this context.

In Theorem 4.6 from Chapter 7, Section4 by F.Riesz, we have transferred
this solvability theory to linear operators in Banach spaces: Let B be a real
Banach space and K : B — B a linear completely continuous operator with
the associate operator Tz := x — Kz, x € B. If the implication

Te=0 = x=0

F. Sauvigny, Partial Differential Equations 2, Universitext, 33
DOI 10.1007/978-1-4471-2984-4 2, (C) Springer-Verlag London 2012
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holds true, the equation
Tx =y, xeB

possesses exactly one solution for all y € B.

We now consider the principal axes transformation of Hermitian matrices:
Let A = (aik)ik=1,...n € C™*™ denote a Hermitian matrix, which means a;;, =

ay; for alli,k =1,...,n. Then A possesses a complete orthonormal system of
eigenvectors 1, ..., p, € C™ with the real eigenvalues A1,...,\, € R, more
precisely

Api = Nigi, i=1,...,n,
and we have
(@i, 1) = dir, L,k=1,...,n.

Here we have used the inner product (z,y) := T -y. By & := (i, *) we denote
the i-th component of x € C™ with respect to (¢1, ..., ¢,) which implies

z= L
i=1
Then we note that . .
Ax = Z&A% = Z Ai&ipi.
i=1

i=1

We define the diagonal matrix

MO0
P N I
oo . 0
0...0 A

and the unitary matrix U~! := (¢1,...,0,) € C™ ", Now we obtain the
representation z = U~!¢ with € = (&,...,&,)! and consequently ¢ = Uu.
This implies the equation

UoAoU lot=UocAocx=UoU toAot=A0¢
and consequently the unitary transformation
A=UoAoU™ L

Now we observe U™! = U* = Ut, and we calculate the transformation of the
associate Hermitian form
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Y anTiay = (v, Azx) = (Z i, 2)pis ) (9@ J%‘)
i=1 7j=1

ik=1

= Z (pis @) (0, T)Aj0ij

4,j=1

Zl@m |)‘ _Z)‘|§z|2
=1

In the present chapter we intend to deduce the corresponding theorems for
operators in Hilbert spaces. Specializing them to integral operators we shall
treat eigenvalue problems for ordinary and partial differential equations.

Example 1.1. Let the domain of definition

D= {u =u(z) € C?[0,7] : u(0)=0= u(w)}
and the differential operator

Lu(z) = —u"(z), x€][0,7], for weD

be given. Which numbers A € R admit a nontrivial solution of the eigenvalue
problem
Lu(z) = Au(z), 0<z<m, ueD, (1)

satisfying u € D and u # 07

A = 0: We have v’ (z) = 0 for 2 € [0, 7] and consequently u(z) = ax + b with
the constants a,b € R. The boundary conditions for u yield 0 = u(0) = b
and 0 = u(m) = am + b = an, and we obtain

u(z) =0, x € [0,7].

Therefore, A = 0 is not an eigenvalue of (1).
A < 0: Setting A = —k? with k € (0, +00), we rewrite (1) into the form

u”(z) — k*u(z) =0, x € [0,7].

Evidently, the functions {e** e=**} constitute a fundamental system of
the differential equation. Taking u(0) = 0 into account, we infer

u(z) = Ae*® + Be % = A(e"* — e7*) = 2Asinh(kx).
Noting u(r) = 0, we finally obtain
u(z) =0, x € [0, 7.

Therefore, negative eigenvalues A < 0 of (1) do not exist.
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A > 0: We now consider A\ = k? with a number k& € (0,+00). Then (1) is
written in the form

u”(x) + k*u(z) = 0, x € [0, 7).

The fundamental system is given by {cos(kx),sin(kz)} and the general
solution by

u(z) = Acos(kx) + Bsin(kx), x € [0, 7).
From 0 = u(0) = A we infer u(z) = Bsin(kz) for x € [0,7], and the
boundary condition 0 = u(w) = Bsin(kn) implies k¥ € N. In this way we
obtain the eigenvalues A = k2 of (1) with the eigenfunctions
ug(z) = sin(kx), « €[0,7], E=1,2,...
Ezxample 1.2. Let the domain
G = {x: (X1,...,2n) ER" 1 z; € (0,7), i = 1,...,n} =(0,m)" CR"
be given. On the domain of definition

D= {u e CAG)NCO@) : ulpe = o}

we define the differential operator

n_o92
Lu(z) := —Au(x) = — Z 8(?102 u(z), z € G.
i=1
We consider the eigenvalue problem
Lu(z) = Mu(x), z € G, (2)

for uw € D and X € R. In order to solve this problem we propose the ansatz of
separation

u(x) = u(xy, ..., xn) = ur(x1) - uo(x2) ... - Up(xy), z€Q@G.

The differential equation (2) becomes

— Zm(%)w cotti1 (o) uf () ui (i) - cun(@n) = Mg (1) (T5)
i=1

and consequently

_iui(m):)\’ z €G.

o walw

~—

We now choose u;(x;) := sin(k;z;) with k; € Nfori=1,...,n, and we obtain
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Zzﬁ((j)) =Y k=X € (0.00).

i=1

The solutions of the eigenvalue problem (2) appear as follows:
w(xy, ..., x,) i=sin(kizy) - ... - sin(k,2,) and A=k +.. . +K

for k1, ...,k, € N. Normalizing

2\ 2
Uy oo ko (T15 ey @) 1= (—) : sin(kyzy) - ... - sin(kpay), xeG (3)

™

and using the inner product

(u,v) := /u(zl, e xp)u(xr, . xy) dey L. dey, u,v € D,
G

we obtain the orthonormal system of functions

(ukl.__kn,ull__,ln) = 516111 e §k 1 for ]{31, .. .,kn,ll, .. .,ln e N. (4)

nin

On account of
Lug, g, = (k3 4.+ k2 up, ok,
and
[k, 7200y = (Wks ks Uy k) = 1
for all k1...k, € N we infer

sup  |[Lu| > sup |Lug, g, || = sup (kf+...+k}) = +oo. (5)
u€eD, ||lul=1 Ey..kn€N Ey..kn€N

Consequently L = —A : L?(G) — L?(G) represents an unbounded operator
on the Hilbert space L?(G).

The following question is of central interest: Do the given functions
{ukl...kn}kl...kn:1,2,...

constitute a complete system? Can we expand an arbitrary function into such
a series of functions?

We now consider the Sturm-Liouville eigenvalue problem:
Let the numbers c1, ¢, dy, dy € R satisfying ¢ + ¢3 > 0 and d? + d3 > 0 be
prescribed. We choose the linear space

D= {f € CX([abR) : c1f(a) +caf'(a) =0 =dif(b) +dof (b) |

as our domain of definition, where the numbers —co < a < b < 400 are fixed.
With the functions p = p(z) € C*([a,b], (0, +00)) and ¢ = q(z) € C°([a, V], R)
we define the Sturm-Liouville operator

Lu(z) == — (p(a)u/(x)) + q(z)u(z), € [a,b], for weD.
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Proposition 1.3. The operator L : D — C°([a, b], R) is linear and symmetric
satisfying

L(au + pv) = aLu+ SLv forall w,veD, o pfeR

and

b b

/u(a:) (Lv(m)) dx = / <Lu(m))v(x) dx for all u,veD.

a a

Proof: The linearity is evident, and we calculate for u,v € D as follows:

vLu —ulv =v(=(pu')" + qu) — u(=(pv')" + qv)

This implies
b

/ (vLu = uLv)dz = | = p(a)(u(@),w () - (' (@), v(@))'] =0,

a

since the vectors (u(z),u (x)) and (v(z),v’'(x)) are parallel for z = a and
x = b, respectively; here we take u,v € D into account.

q.e.d.
We now investigate the eigenvalue problem
Lu = Mu, u € D. (7)
Setting
b
(u,v) := /u(m)v(m) dx for w,veD,
we obtain an orthonormal system of eigenfunctions
ug(z) € D with  (ug, u;) = O, k.,leN
in Section 8 satisfying
Lui = A\pug, k=1,2,...
According to the Example 1.1 we expect the asymptotic behavior
—0 <A <A< A< o 40 (8)

for the eigenvalues. Consequently, the operator L is unbounded. We shall
derive the expansion into the series
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o0
flx) = chuk(x) with ¢, = (ug, f)
k=1

for all functions f € D. At first, we require the

Assumption 0: The equation Lu = 0 with v € D admits only the trivial
solution u = 0.

The domain D is not complete with respect to the norm |lu|| := \/(u,u) for
u € D, and the operator L is unbounded in general. Therefore, we cannot
prove the existence of the inverse L' by the Theorem of F. Riesz. With the
Assumption 0, however, we shall construct the inverse with the aid of Green’s
function for the Sturm-Liouville operator K = K (z,y). Having achieved this,
we shall transform (7) equivalently into an eigenvalue problem for the bounded
operator L~!, namely

1
Lty = N u€eD. (9)

For the construction of the inverse we consider the ordinary differential equa-
tion

Lu(z) = — (p(a)u/ ()" + g(x)u(z)
= —p(@)u” () — p'(2)u' (z) + g(x)u(z) (10)
= f(x), a<xz<hb.

The homogeneous equation Lu = 0 possesses a fundamental system o = a(z),
B = p(z) satistying

La(z) =0= LB(x) in [a,b].
We construct a solution of (10) by the method wariation of the constants
u(z) = A(z)o(z) + B(x)B(z),  a<z<b, (11)
under the subsidiary condition
A'(z)a(z) + B'(z)p(z) = 0. (12)
With the aid of (12) we calculate
u'(z) = A(z)a () + B(z)8'(x)

and
u'(z) = A(z)a’ (z) + B(2)B" (z) + A'(z)d/ (2) + B'(x)5'(2).

Together with the formula (11) we obtain

Lu(x) = A@)La(@) + B(x)LA(x) - p(a){ A'(@)o/(z) + B'(2)8' (@) } = f(2),
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and therefore

—p(@) {4 (@) (2) + B @)8 (@)} = f(2), a<z<b (13)
By the ansatz

A(z) = B(x)k(z), B'(z) = —a(z)k(x), a<xz<hb, (14)

with a continuous function k = k(z), = € [a,b], the relation (12) is fulfilled
and (13) becomes

—p@){B(@)d () — a(x)B'(x)} k(z) = f(z), a<wz<b (1)

Proposition 1.4. The relation p(x){a(z)5 (x) — o' (z)B(x)} =const in [a, b
holds true.

Proof: Applying (6) to u = a(z) and v = S(z) we infer
0= %{P(x) (a(x)B' (z) — a'(m)ﬁ(x))} in [a,b).
q.e.d.

We now choose o« = a(z) and 8 = S(x) to solve the homogeneous equation
Lu = 0 satisfying

p@){a@f (@) - @B} =1 in [o (16)

and
c18(a) + cof8'(a) = 0 = dya(b) + da2c/ (b). (17)

Here we solve the initial value problems
La=0 in [a,b], a(b) = da, o' (b) = —dy

and
LB =0 in [CLbL B(CL) = 7 ,C2, 6/(G) = ——C3.

Thereby, we determine M # 0 such that

is fulfilled choosing

M = fp(a){cla(a) + czo/(a)}.
The statement M # 0 is contained in the following

Proposition 1.5. The functions {«, B} constitute a fundamental system.
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Proof: If the statement were violated, we have a number p # 0 with the
property
alz) = pb(x), a<z<b.

We deduce o € D from (17), and the Assumption 0 yields a contradiction

with o = 0. qed.

The relations (15) and (16) imply
k(z) = f(z)  in [a,b], (18)

and (14) yields

/ﬁ y) dy + const, B(x) :/a(y)f(y) dy + const.  (19)

x
We summarize our considerations to the following

Theorem 1.6. The Sturm-Liowville equation Lu = f for u € D with the
right-hand side f € C°([a,b]) is solved by the function

/ﬁ @+M)/ @—/ny y)dy. (20)

With the aid of the fundamental system {«, B} of Lu = 0 satisfying (16) and
(17), we here define the Green’s function of the Sturm-Liouville operator as

follows:
_Ja@)By), a<y
K“”){mmmw,xSy

Proof: The derivation above implies that the function u(x) from (20) satisfies
the differential equation Lu = f. Furthermore, we see

b b
/a y) dy, u'( /a y) dy,

(21)

and (17) gives us

b
qw@+@wwr4qm@+@3w»/a@ﬁ@My:a

In the same way we determine
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b b

u(b) = a(b) / B dy, (b)) =a'(b) / B)f () dy

a a

and
b

dyu(b) + dord (b) = (dra(b) + do' (5)) / B)f(y) dy = 0.

a

q.e.d.
Theorem 1.6 directly implies the following

Theorem 1.7. With the Assumption 0, the subsequent statements are equiv-
alent:

1. The function u € D with v #Z 0 satisfies Lu = A\u.
b
1
II. The function uw € D with u # 0 satisfies /K(a;y)u(y) dy = Xu(x) for
a

a<z<hb.

We shall now address the eigenvalue problem of the n-dimensional oscillation
equation considered by H. von Helmholtz : Let G C R™ be a bounded Dirichlet
domain, which means that all continuous functions g = g(z) : 9G — R possess
a solution of the Dirichlet problem

u=u(z) € C3G)NCQG),
Au(z) =0 in G, (22)
u(z) = g(x) on 0G
(compare Chapter 5, Section3). The further assumption will be eliminated
by Proposition 9.1 in Section 9, namely that G satisfies the conditions of the

Gaussian integral theorem from Section 5 in Chapter 1. Then we can specify
the Green’s function of the Laplace operator for the domain G as follows:

1
27

1 1
(n = 2)wn [y — "2

H(z,y) = (23)

+ h(z,y), n>3

for (z,y) e G® G :={({,n) € G x G : £ # n}. Here we have Ayh(z,y) =0
in G and 1

L togly — a1, n=2

21

h(x7 y) = 1 1 (24)
n>3

(= 2wy Jy — 22
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for x € G and y € OG. Furthermore, w,, denotes the area of the unit sphere
in R™. Due to Chapter 5, Sections 1 and 2, we can represent a solution of the

problem -
u=u(z) € C*(G)NC°QG),

—Au(x) = f(z) in G, (25)
u(z) =0 on I0G

in the following form

ulz) = / H(xy)f(y)dy, x€G. (26)
G

For the deduction of (26) we consider the domain G, :={y € G : |y —z| > ¢}
with a small £ > 0. The Gaussian integral theorem implies

[ (1.9 2u0) - u)A, Hzv)) dy
Ge
— [ (#)5e) ~ u) G, (0) doty)
oG
- [ (B 5w - ) G ) do).
y:ly—w|=e
Observing ¢ | 0 we obtain

_/H(x,y)f(y) dy = lim / u(y) (ﬁg _ n)rln) do(y)
G

r=|ly—x|=¢

in the case n > 3, and similarly in the case n = 2.
We now derive the symmetry of Green’s function, namely

H(z,y) = H(y,x) for all (z,y) e G®G. (27)
Here we choose the points z,y € G satisfying « # y, and on the domain

G, = {zEG i |z —x| >¢eand |z —y| >5}

we consider the functions p(z) := H(x,z) and ¢(z) := H(y, 2), z € G.. For
€ J 0 the Gaussian integral theorem implies
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dq
O—hm/ (¢Ap — pAq)dz—hm/ — pa) do(z)
OG.
o op Jq iy Op 0q
= —lim (ay Pou )d(’(’z) . / (au LY )d (2)
lz—z|=e lz—y|=e

=q(x)—ply) = H(y,z) — H(x,y) forall z,ye G with z#y.

We now show a growth condition for Green’s function H(x,y) as follows: With
€ > 0 given we define the harmonic function

ly — |
d )
1+e¢ o9 n

(n— Q)wn| 2

1
—5-(1+¢)log
Yis
We(z,y) =
, n>3

setting d :=diam G. We consider the function &, (z,y) := We(z,y) — H(z,y)
and choose ¢ > 0 so small that

b (x,y) >0 forall y:|ly—z|=¢ andall yedG

is satisfied. Applying the maximum principle to the harmonic function @, (z, .)
on the domain Gs := {y € G : |z —y| > §} we infer .(z,y) > 0 in Gs and
consequently

H(z,y) < W.(z,y) for all &> 0.

Therefore, we obtain

ly — |
27 & d ’
_r
(n —2)wy,

n=2

0< H(z,y) <
|y_x|2*n7 77,23

for all (x,y) € G ® G and finally the growth condition

const

|H (z,y) forall (z,y) e G®G (28)

‘ < -
[z =yl

with a:=n —2 < n.

Definition 1.8. Let G C R" denote a bounded domain where n € N holds

true, and let the number a € [0,n) be chosen arbitrarily. A function K =

K(x,y) € C°(G ® G,C) is called a singular kernel of the order a - briefly
K € 8,(G,C) - if we have a constant ¢ € [0,400) satisfying

C
K,y < —g
| | |z —y|*

forall (z,y) € G®G. (29)

We name the kernel K € S, (G, C) Hermitian, if
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K(z,y) = K(y,x) forall (z,y) e GRG (30)

is valid. The real kernels belong to the class So(G) = So(G,R), and these
kernels K € S,(G) are Hermitian if and only if they are symmetric in the
following sense:

K(z,y) = K(y,x) for all (z,y) € G®G. (31)

We summarize our considerations about the n-dimensional oscillation equation
to the following

Theorem 1.9. Let G C R", n = 2,3,... denote a Dirichlet domain satisfying
the assumptions for the Gaussian integral theorem. Furthermore, we fix the
domain of definition

D .= {u =u(z) € C}G)NCYG) : u(z) =0 forallz € GG}.

Then the following two statements are equivalent:
1. The function u € D with u # 0 solves the differential equation
—Au(z) = Au(z) in G
for a number X € R.
II. The function u € D with u Z 0 solves the integral equation

/ H(z,yuy) dy = sule) i G
G

for a number X € R\ {0}.
Here Green’s function H(x,y) of the Laplace operator for the domain G
represents a symmetric real singular kernel of the regularity class S,,—2(G).

We finally consider singular integral operators: On the bounded domain G C
R™ with n € N, the singular kernel K = K(z,y) € Suo(G,C) of the order
a € [0,n) is defined. On the domain of definition

0 There exists a number ¢ € [0, +00)
D:=<u(x):G—-CeC”G,C) :

satisfying |u(z)| < cfor all x € G
= CY(G,C) =C%G,C)N L>®(G,C)

we consider the integral operator K : D — C°(G, C) given by

Ku(z) := /K(x,y)u(y) dy, z¢€G, with w € D.
G

Evidently, we obtain with K : D — C'%(@, C) a linear operator.
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Theorem 1.10. Let the kernel K = K(z,y) € So(G,C) with a € [0,n) be
Hermitian. Then we have the following statements:

a) If u € D is an eigenfunction of the associate integral operator, more pre-
cisely u £ 0 and Ku = Au  with X € C, we then infer A € R.

b) Given the two eigenfunctions u; € D with Ku; = \ju; and i = 1,2 for the
eigenvalues A1 # Ao, we infer (uq,us) = 0. Here we used the inner product

(u,v) := /@U(l‘) dx for w,veD.

G
Proof:

a) Let uw € D\{0} be a solution of the problem Ku = Au with a number
A € C. This implies

Au(z) = | K(z,y)u(y) dy, z € G.
/

We multiply the equation by u(z) and afterwards integrate over the domain
G with respect to z, and we obtain

A(u,u)z//K(m,y)Mu(y)dmdy € R
G G

Since the inner product (u,u) is a real expression, the number A has to be
real.

b) Let the eigenfunctions u; € D satisfying Ku; = \;u; with ¢ = 1,2 and the
eigenvalues \; # Ao be given. On account of A1, A2 € R we infer

A (ur, ug) = (Mur, ug) = (Kug, ug) = (ur, Kug) = (u1, Aaug) = Aa(ur, uz)

or (A1 — A2)(u1,u2) = 0 and consequently (u1,u2) = 0. We namely deduce
for all u,v € D:

q.e.d.
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2 Singular Integral Equations

In Section 1 we have equivalently transformed eigenvalue problems for differ-
ential equations into so-called integral equations of the first kind

/Kwy y) dy = pu(x), z €@, (1)

with the singular kernels K = K(z,y). Parallel to the swinging equation we
take a bounded Dirichlet domain G C R" satisfying the assumptions of the
Gaussian integral theorem with the associate Green’s function H = H(z,y) €
Sn—2(G) for the Laplace operator. Especially for the unit ball B := {x € R™ :
|z| < 1} we obtain as Green’s function in the case n = 2:

1 1—-z
G(¢.2) = olog| 0|, () eBoB, )
27 (—=z
and in the case n > 3:
1 1 1
G(zx,y) == — — 7, z,y) € BRB.
) <n—2>wn{|y—x|n2 T } 9
|x‘ Y~

We now consider the Dirichlet problem
u=u(r) € C3G)NCG),
)+ Zb )y, () + c(x)u(z) = f(z), z€G, (4)
u(z) =0, x € 0G.

Here we assume the functions b;(x), i =1,...,n, ¢(z) and f(x) to be Holder
continuous in G. We transfer the equation (4) into an integral equation as
follows: With the representation

— Au(z Z bi(@)uz, (x) + c(z)u(z) — f(z) = g(x), zeG, (5
we deduce (similarly to the oscillation equation)

@) = [ e {3 bi)un o) + clwyuts) - 1)} dy
bel =1

and
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u(e) = [ { (Hp)ew) uw) + 3 (H )b ) s, )} dy
¢ - (6)
zf/H(x,y)f(y)dy forall zeG.
G

We differentiate (6) with respect to x; for j = 1,...,n and obtain the addi-
tional n equations

U, (1) —/{ (Ha, (z,y)c +Z 2, (2, 9)bi(y)) umi(y)}dy
o ™
:—/ij(x,y)f(y)dy, xeG, j=1,...,n

Koo(z,y) := H(z,y)e(y),  Koilz,y) := H(z,y)bi(y),
KjO(xvy) = H:Cj (x,y)c(y), Kji(xa y) = Ha:j ("E,y)bl(y)

h@%=—/H@wV@M% ﬂ@%z—/&d%wﬂw@
G

G

for j =1,...,n, we arrive at the following

Theorem 2.1. The solution u = u(x) of (4) is transferred into the system of
Fredholm’s integral equations

/Z i(z,y)ui(y) dy = f(x), xe€G, j=0,....n (8)

with the functions ug(z) := u(zx) and u;(x) = uy,(x) fori =1,...,n. Here
the singular kernels Kj;(x,y) € S,—1(G) are real for i,5 =0,...,n. However,
they are not symmetric in general.

Remark: In the special case n = 2, G = B, bi(z) = 0 = by(z) in B we can
transfer the problem

u=u(z) € C*(B)NC°B),
Au(z) + c(2)u(z) = f(2), z € B, (9)
u(z) =0, z € 0B,

into Fredholm’s integral equation
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u(z)—/%lo ‘I_ZC Q)d¢ = — /%log‘lg__ic‘f(g)dg, 2 €eB.
B B

(10)
Sometimes (10) is called an integral equation of the second kind. We remark
that the integral kernel which appears is not symmetric in general.

For the LP-spaces used in the following we refer the reader to Chapter 2,
Section 7. On the bounded domain G C R™ we choose a singular kernel K =
K(z,y) € So(G,C) with « € [0,n). On the domain of definition

D :{f:G—)(CECO(G) : sup|f(m)|<+oo}

zeG

we consider the associate integral operator

/Kwy y)dy, x¢€Gq, for feD. (11)

Choosing an exponent p € (1, %), we obtain a constant C' = C(c,a,n,p) €
(0, +00) with the following property

/ |K (z,y)|Pdy < C for all z € G, (12)

because of Section 1, Definition 1.8. When ¢ € (2=

gate exponent to p satisfying £ + 1 = 1, Hélder’s inequality from Theorem
7.4 in Chapter 2, Section 7 yields the following estimate:

) denotes the conju-

Kf(@)] < / 1K (2, 9) 1 ()] dy
G

< ([ ira) ([1rwra)’ (1
G G

< C?|[fllzaa red
for all f € D. Here the symbol

190 = s = ([ 1f@Pdz)”, 1<p<toc
G

denotes the LP-norm on the Banach space
L*(G) = {f : G — C measurable : || f||Lr(a) < +oo}

(compare Chapter 2, Sections 6 and 7). Furthermore, we introduce the C°-
norm
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[fllcoy :==sup [f(z)],  feD,
zeG
and (13) yields the estimate

IKfllcoay < Cllfllzaa forall feD (14)

with a constant C' € (0,+o0). Therefore, K : D — C°%G) represents a
bounded linear operator, where D is endowed with the L?(G)-norm (see Chap-
ter 2, Section 6). Parallel to Theorem 8.1 from Section 8 in Chapter 2, we can
now continue K to the operator

K:LYG) — C°G) (15)
on the Banach space LY(G). The set C§°(G) C D is dense in the space L1(G),
and for each f € LI(G) we have a sequence

{fiti=12... CCg°(G)  satistying [|f = fillLe(e) = 0 (j = 00).

We then define
Kf:= lim Kf; in C%G). (16)
J—00

We summarize our considerations to the following

Theorem 2.2. The integral operator K : D — C°(G) with the singular kernel
K € 8,(G) and a € [0,n) can be uniquely continued to the bounded linear
operator K : LY(G) — C°(Q) satisfying

IKfllcoey < C@llfllzo, — feLiG) (17)

for each q € (", +00), according to (16). Here we have chosen the constant

C =C(q) € (0,400) appropriately.

Remark: In the case n > 3, Green’s function of the Laplace operator H =
H(z,y) belongs to the class S,—2(G) which means @ = n—2 and ¢ € (%, 400).
Therefore, the associate singular integral operator

H: LY(G) = C°G)

is even defined on the Hilbert space L*(G) for n = 3. In the case n > 3,
Green’s function H cannot be continued onto the Hilbert space L*(G).

For the orders @ € [0,n) and 8 € [0,n) let K = K(z,y) € S4(G,C) and
L = L(y, z) € Sg(G,C) denote two singular kernels with the associate integral
operators

Kf(x) = / K(,)f(y)dy, ¢€G: feD,
G

(18)
Lf(y) := /L(y,Z)f(Z) dz, yeG;  feD.

G
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With the aid of Fubini’s theorem from Chapter 2, Section 5 we now calculate
for all f € D and all z € G as follows:

KoLf(z) = K(/L(y,z)f(z) dz)

x

G
= /K(x,y)(/L(y,z)f(z) dz)dy
G G

~ [ [ K@yt azay (19)
G G
— [([ KL d) 1) a:

G G
_ /M(:c,z)f(z) dz = Mf(z), wecG.
G

Here we have as the product kernel

M(z,z) = /K(m,y)L(y,z) dy, (z,2) e GRQG. (20)
G

Proposition 2.3. We have the regularity result M = M(z,z) € C°(G ®
G,C).

Proof: We take the point (z°,2°) € G ® G such that 2,2 € G and 2° # 2°
holds true. Then we choose the number 0 < § < i|x0 — 29 sufficiently small
and define the sets

By={yeG: ly—a"| <2or|y—2| <2},

Gs :=G\Bs = {y €G: |y—2° >26and |y — 20 > 25}.
Given the quantity e > 0, we find a number 6§ = §(¢) > 0 with the property
[ 1K@ L)y <= (21)
Bs

for all 2,2 € G with |z — 2% < § and |z — 20| < 4, taking K € S, and L € S
into account. Furthermore, we have a number 1 € (0, d] such that

K (,y)L(y. 2) — K (2, y)L(y, )| < = (22)

holds true for all y € Gs and z,z € G with |z — 2% < 5 and |z — 2% < n.
Finally, we obtain the following estimate
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M(z,2) = MG < [ |K@L.2) - K6 o)Li,2)]| dy

+/’K(x,y)L(y,Z) - K(xovy)L(y,zo)) dy

< e|G| + 2¢

for all 2,2 € G with |z — 2% < and |z — 2°| < 7. Therefore, the regularity

result M = M(z,2) € C°%(G ® G) is correct. qed

Proposition 2.4. If a + 8 < n holds true, we have M € Sy(G, C).

Proof: We have to prove only that the kernel M is bounded. Without loss
of generality, we can assume o > 0 and 8 > 0. Taking (z,2) € G ® G, we
estimate with the aid of Holder’s inequality as follows:

1
T,z </chy )| L(y, dy<cc/ —dy
Ml JIE Ity 2ld < ae | om, —p

aﬁﬂ
<‘*CQ<L/‘| —yorP y) (J/|yzrl+ﬁ y)

< c1eC for all (z,2) e GRG.

1
Here we observe C' := sup/idy < o0, since a + f < n holds
IGGG |$ - leH'B

true. q.e.d.

Proposition 2.5. In the case o + 3 > n, we have the reqularity result M €
SOH»Bfn(Ga C) .

Proof: We set R := diam G € (0, +00), and for the points x, z € G satisfying
x # z we define the quantity ¢ := |z — z| € (0, R). Then we calculate

1 1
Mz, z S/Kz,y L(y, z dygc/ . dy
91 2 [t v <e | o= =

/ 1 U /‘ 1 L
=c —————dy + ¢ ——dy
lz —y|* |y — 2|P lz —yl|* [y — 2|8

yeG yeG
ly—z|<16 Lo<|y—z|<26

Y
c e dy
|z —yl* |y — =2|°

yeG
ly—=z|>28
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with a constant ¢ € (0, +00).
Taking the point y € G with |y — x| < %6, we estimate as follows:

1.1
>z —lr—y|>6— =6 = =&.
ly =2l >z —2|— |z —y| > 59 =3

Taking the point y € G with |y — x| > 2§, we obtain
1 1
y—zl2ly—zl—lz—zl=ly—al -2y —2| - Jly -2l = 5ly — 2|

Consequently, we see

c 1 c 1
Mz, 2)| < / oy o+ =S / - 4
M. 2] < 155 =¥t Top PR

yily—x|< 36 yily—z|<25
+ / L
Y
(3)° |y — z[o+P
yily—z|>26
c 1 c 1
< ——  _d - -4
~ (39)° / y—a ¥ T Tope / -z "
yily—a|< 36 yily—2|<368
c 1
IECER S T
(3)° |y — z]otP
yily—z|>26
(23)
We now substitute
1
y=xz+of dy=wno"'do,  0€(0,50), £S5,
and calculate
36 15
1 - n—o—
/ y— 2] y—/g “o" lwndQan/g Ydo
yily—z|< 36 0 0 (24)
_ _Wn |: nfoc:| 20 Wn (16>”_a
Thn-all 0 n—a\2
Analogously, we get
— ! Wn n—_3

yily—z| <38

With the aid of the substitution above, we deduce
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“+ o0
1 —a—fB n—
/ Wdyzwn/@ o' ldo
y:ly—x|>26 28
1 +oo
= [g" P 26
w"n—(a—i—ﬁ)[g 26 (26)
w
= ——"—(20)" ",
Gl

Combining (23), (24), (25), and (26) we finally obtain the estimate

1\n—a=8 w 1\~ w 2%
e
[M(z,2)] < e 2 n—aJr 2 n—ﬁ+a+6—n

:% forall z,z€ G with x# z.
T —z

(27)
Therefore, the statement M € Syp45_, (G, C) follows. g.e.d.

We summarize our arguments to the subsequent

Theorem 2.6. (I. Schur)

To the given orders a € [0,n), B € [0,n) let K = K(z,y) € S.(G,C),
L = L(y,z) € Sg(G,C) denote singular kernels with the associate integral
operators K, I. Then the composition

]KO]Lf(x):/M(x,z)f(z)dz, z €Gq, feD
a

represents a singular integral operator as well, where its product kernel

M(z,z) = /K(m,y)L(y,z) dy, (r,2) e G® G
G

satisfies the following regularity properties:

SO(Ga(C)? Zf Oé+ﬁ<n

M =M(z,y) € { ; .
Sat8-n(G,C), if a+B>n

Theorem 2.7. (Iterated kernels)

Let K = K(x,y) € So(G,C) denote a singular kernel of the order 0 < o < n
with the associate integral operator K. Then we have a positive integer k =
kE(K) € N and a kernel L = L(x,y) € So(G,C) with the associate integral
operator I such that

KFf=Lf  forall feD.
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Proof: We choose 8 € (a,n) satisfying

m
n
m+1

B # for all m € N.

This implies
B+m(B—n)#0 forall meN.

With the aid of the theorem by I. Schur we now consider the iterated kernels:
KesS, CSB, KQZKOKESB+5,n=Sg+1(5_n),

K?’:KOKOKGS,@_’_Q(Q_H), ey Kk:KO...OK685+(k_1)([3_n).
k

We now determine the number k& € N such that
B+(k—-2)(B-n)>0 and B+ (k—1)(B—-n)<0
is satisfied, and we infer
(B k=B -m}+B=F+(k-1)(B-n)+n<n
Theorem 2.6 finally yields K* € Sy(G, C). q.e.d.

An outlook on the treatment of the eigenvalue problem for the n-dimensional
oscillation equation (Weyl’s eigenvalue problem): Parallel to Theorem 1.9
from Section 1 we use the domain of definition

Do = {u =u(z) € C*(G)NCG) : u(z) =0on 3G’}
and consider the eigenvalue problem for the n-dimensional oscillation equation
— Au(x) = \u(x), z€G; ueDy\ {0}, AeR. (28)

In Section 9 we show the property A > 0. Then the differential equation (28)
can be transferred into the singular integral equation

Hu(x) := /H(x, Y)uly) dy = %u(x), z € G, (29)
G

with the singular kernel H = H(x,y) € S,,—2(G) which is symmetric. Due to
Theorem 2.7 we now choose a number k € N satisfying

HFy = Ku = /K(x, y)u(y) dy, u € Dy,
G

with a kernel K = K(z,y) € So(G). The eigenvalue problem (29) is trans-
ferred into the equation
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1
Ku = Hru = Fu(x), reG. (30)

Now we can continue the operator K : LI(G) — C°(G) for each exponent
g > 1, due to Theorem 2.2. With (30) we obtain an eigenvalue problem on the
Hilbert space L?(G) C L(Q), if ¢ € (1,2] holds true. Therefore, it suffices in
the following considerations to investigate eigenvalue problems for operators
in Hilbert spaces.

3 The Abstract Hilbert Space

We now continue the considerations from Section 6 in Chapter 2.

Postulate (A): H is a linear space. This means H is an additive Abelian
group with 0 as its neutral element:

z,2yeH = z+yeH, r=0¢eH.

Furthermore, we have a scalar multiplication in H: With the number A € C
and the element = € H the statement Ax € H is correct, and the axioms for
vector spaces are valid.

Postulate (B): In H we have defined the inner product

HxH—=C
(mvy) — (.’E, l/)?—t
with the following properties:

() (z,ay)y = alz,y)y forall z,yeH and a€C

(b) (z,y)u = (y,x)y for all x,y € H (Hermitian character)

(c) (1 + 22, y)n = (1, y)nu + (z2,y)n  for all xy, 20,y € H

(d) (z,x)y >0 forall z € H and (z,2)y =0 < z =0 (positive-
definiteness)

Postulate (C): For each positive integer n € N we have n linear independent
elements z1,...,x, € H, which means

n
ay,...an € C, Zaixizo = ar=...=a, =0.
i=1

Definition 3.1. If the set H' satisfies the Postulates (A), (B), and (C) then
H' is named a pre-Hilbert-space.

FEzxzample 3.2. Let G C R™ denote a bounded open set and define

N o= {f LG CeC%Q) : suplf(x) < +oo}.
zeG
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With the inner product

(f.9) = / F@g(x)dz,  f.ge (1)
G

the vector space H' becomes a pre-Hilbert-space.

Theorem 3.3. In pre-Hilbert-spaces H' we have the following calculus Tules
for the inner product (.,.):

a) For all x,y,y1,y2 € H', o € C we have

(ax,y) = a(z,y), (z,y1 +y2) = (z,91) + (T, y2).

Consequently, the bilinear form (.,.) is antilinear in the first and linear in
the second component.
b) The Cauchy-Schwarz inequality is satisfied:

[(z,9)| < V(x,2)\/ (y,y) for all z,ye€H.

c) Setting ||z|| := /(z,z) with x € H', the pre-Hilbert-space H' becomes a
normed space. This means

[z]| =0 & z=0,
lz+yll <zl + 1yl forall z,ye,
Az = [Al]z]| forall zeM, \eC,

e =yl = [llzll = llyll|  forall zyeH.
d) The inner product is continuous on H' in the following sense: From the
assumptions
Ty =z (N — 00) with {xp}n=12.. CH and zeH
and

Yn =y (n = 00) with {yntn=12.. CH and yeH

we infer

(@n, yn) = (2,y) (n — 00).
Here the symbol x,, — x (n — o0) indicates that ||z, — x| = 0 (n = o)
1s satisfied.

Proof:
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a) We calculate

(ax,y) = (y,ax) = a(y,z) = @(z,y)

and

(@1 +y2) = (11 +y2,2) = (y1,2) + (y2,2)

= (ylv‘r) + (yZa‘r) = (xvyl) + (x7y2)~

b) and ¢) are contained in Section 6 of Chapter 2; more precisely in Theorem
6.7 with its proof and the Remark following Definition 6.1.
d) The subsequent estimate yields this statement:

[(@ns yn) = (@, )| < (@0, yn) = (@0, )| + (@0, y) — (z,9)]
= |('Tn7yn - y)' + |($n - x,y)\
< lznlllyn = yll + llzn — 2lllyll = 0 (n = o0).
q.e.d.

Postulate (D): A is complete. This means each sequence {xy, }n=12. CH
satisfying ||z, — Zm| — 0 (n,m — c0) possesses a limit element x € H such
that

lim ||z, —z|| = 0.

n—oo
Definition 3.4. If H satifies the Postulates (A), (B), (C), and (D) we name
‘H a Hilbert space.

Remark: The Hilbert space H becomes a Banach space via the norm given in
Theorem 3.3,¢).

Definition 3.5. The Hilbert space H is separable, if the following Postulate
(E) holds true additionally:

Postulate (E): There exists a sequence {xp}n=12.. C H which is dense
in H: This means for all x € H and every € > 0 we have an index n € N
satisfying ||z — x,|| < e.

Ezxample 3.6. Hilbert’s sequential space
We endow the set of sequences

oo
lg 1= {J):(J}l,l‘g,...) eCxCx...: Z|$k‘2 <+OO}
k=1
with the inner product
oo
(€,y) =Y Tryr € C
k=1

and we obtain a separable Hilbert space.
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Example 3.7. Let G C R™ be a bounded open set, and by

L*(G) := {f : G — C measurable : /|f(x)\2 dzr < —|—oo}
G

we denote the Lebesgue space of the square-integrable functions with the inner
product

(f.9) = / F@o)de  for f.geI(G).
G

Then H = L?(G) represents a separable Hilbert space. The pre-Hilbert-space
H' described in Example 3.2 lies dense in H (compare Chapter 2, Section 7).

Parallel to the transition from rational numbers Q to real numbers R we prove
the following result using the ideas of D. Hilbert, which were presented in his
famous book on The Foundations of Geometry:

Theorem 3.8. (Hilbert’s fundamental theorem)

Each pre-Hilbert-space H' can be completed to a Hilbert space H such that H’
lies dense in H. We name H the abstract completion of H'. When H' satisfies
the Postulate (E), then the abstract completion H is a separable Hilbert space.

Proof: Let H' be a pre-Hilbert-space. We then consider the Cauchy sequences
{fl n=12,.. CH and {g),}n=1,2,.. C H'. We call them equivalent if

[ =9, — 0 (n— )
is satisfied. Now we set

[f}] is the equivalence class }

H = =[fln=10.. : "
{f Fuln=12, of the Cauchy sequences {f} }n=12,. CH’

For f =[f]n € H and g = [g,,], € H we evidently have the statement

To Postulate (A): On H we define a vector space structure as follows: For
a,feCand f=[fl]ln€H, g=Ig9,]n € H we set

af +Bg = laf, + Bnln-
The null element is the equivalence class of all zero sequences in H':

0=[faln  with {fi}nm12.. CH and [fi]l =0 (n— o).
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To Postulate (B): For the elements f = [f}], € H and g = [g)]» € H we

define the inner product

On account of

< = fallllgnll + 1 flllgn = gmll = 0 (n,m — o0),

the limit given above exists. One easily verifies that the so-defined inner
product satisfies the Postulate (B).

To the Postulates (C) and (E): Let H denote the set of all f € H satisfying

f=1f,f,...] and f' € H'. Then the vector spaces H' and H are iso-
morphic, and consequently H' is embedded into H. Now H is dense in H:
Taking f = [f1]n € H we set fo, = ([}, f1, -] € H and see

1 = Fonll = (12— frall = 0 (m — o0).

Evidently, the Postulate (C) remains valid for H. In the case that H’
additionally satisfies the Postulate (E), this holds true for H as well.

To Postulate (D): Let {fn}n=12.. CH with

Il.fn = full = 0 (n,m — 00)

be chosen. Since H lies dense in H we have a sequence {fn}nzl,gy,,. CH
satisfying

SRS

Here we have f,, = [f’, f/,...] with f, € H'. We now set f := [f/]n=1.2...
and show that f € H and ||f — fu]| = 0 (n — o0) are correct. At first,
we estimate

Ifn = fll

, n=12 ...

||fn - fm” S ”.fn - an + ”fn - fm“ + Hfm - fm”

1 1
—H o= ful+— = 0(n,m—00)
n m

IN

Now we have
~ ~ ~ 1
and note that f,, = [f’, f.,,...] and f = [f], f3,..]. Then we infer

m>Jm?

If = Foull = lim [ f7 = frll < em
n—o0
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with the numbers £,, > 0 and m € N satisfying £, — 0(m — o0). We
summarize our considerations to

1
IF = full € 2t 50 (m = o0) "

Remark: We can complete the pre-Hilbert-space H’' from the Example 3.2
abstractly to a Hilbert space H with the aid of Theorem 3.8. Alternatively,
we can concretely complete H’ to the Hilbert space

L*(G,C) := {f : G — C measurable : /|f(x)\2dx < +oo},
G

whose inner product is given in (1).
Definition 3.9. A sequence of elements {¢1,p2,...} C H' in a pre-Hilbert-
space H' is called orthonormal if and only if

(ir5) = 0ij forall i,j €N

is correct. We name the orthonormal system {¢g}r=12,. complete - briefly
we speak of a c.o.n.s. - if each element f € H' satisfies the completeness
relation

17 =D ICens I (2)
k=1

This definition is justified by the following theorem, whose proof is contained
in the Propositions 6.17, 6.18 and Theorem 6.19 at the end of Section6 in
Chapter 2.

Theorem 3.10. Let {¢k}x=1,2,.. C H' represent an orthonormal system. For
all f € H' we then have Bessel’s inequality

| (o, HI* < IFIIP. (3)

NE

~
Il

1

An element f € H' satisfies the equation

Do lew HIE =171 (4)

k=

=

if and only if

Jin 1= 3 o =0 )
k=1

holds true. The latter statement means that f € H' can be represented by the
Fourier series
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Z Saka
k=1

converging with respect to the norm || - || in the Hilbert space.

Ezxample 3.11. With the Fourier series and the spherical harmonic functions
in Section 4 and Section 5 from Chapter 5, respectively, we obtain two c.o.n.s.
in the adequate Hilbert spaces.

Theorem 3.12. An orthonormal system {@x }k=1,2,... in the pre-Hilbert-space
H' is complete if and only if the relation (¢, ) =0, k=1,2,... withx € H’
implies the identity x = 0.

Proof:
‘=’ Let x € H' and (g, ) = 0 hold true for all £ € N. Then the completeness

relation yields
oo
lz* = [(pr, @)|* =0
k=1

as well as ||z|| = 0 and consequently x =0 € H'.
‘<" Let {pr}r=1,2.. be an orthonormal system such that the statement
(pr,z) =0 for all k € N implies x = 0. For arbitrary y € H we set

=y—> (pry
k=1

and we calculate
(@h ) Solv (@laz Pk, Y ) :(@l,y)_(wl,y)zo
k=1

for all [ € N. This implies z = 0 and consequently

oo
= (er:y
k=1

Therefore, the system {py }x=1,2... C H' is complete due to Theorem 3.10.
q.e.d.

Theorem 3.13. Let H denote a separable Hilbert space.
a) Then there exists a c.o.n.s. {pgtr=12,. CH.

yees
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b) For two arbitrary elements x,y € H we have the Parseval equation

(@,9) =Y (o 2)(@r, ¥). (6)

k=1
¢) The Hilbert space H is isomorphic to the Hilbert sequential space ly via the
mapping

D H =1l = (1,29,...) with g = (@K, T).

By the prescription
o0
x:szgpk with  (z1,x2,...) €y
k=1

the mapping inverse to ® is given.

Proof:

a) Since H is separable, we have a sequence {g1, ga, ...} C H which is dense
in H. We eliminate the linear dependent functions from {g1, g2, ...}, and
construct a system of linear independent functions {fi, f2,...} in H with
the following property:

(91, ---590] C [f1s---s fo) forall p>n2>1, (7)

denoting with [g1,...,9,] and [f1,..., fp] the C-linear spaces spanned by
the elements gi,...,9n and fi,..., fp, respectively; here n,p € N holds
true. Now we apply the orthonormalizing procedure of E. Schmidt to the
system of functions { fx}x=12..

1 f2 = (o1, f2)¢1

PETE T T e el

n—1

Jn — Z (‘Pja fn)‘ﬂj
n = — L =12
‘ fn - Zl((P]ﬁfn)(pj
j=

We evidently have (¢;, pr) = 0% for j,k=1,2,... and

(91,5 9n] C 1, 0p) forall p>n>1 (8)

When f € H and € > 0 are given, we have an index n € N satisfying
|| f — gnll <e. Due to (8) we find p > n numbers ci,...,c, € C with

p
- S <
k=1
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Because of the minimal property of the Fourier coefficients (compare Chap-
ter 2, Section 6, Corollary to Proposition 6.17) we can still choose n and p
such that

P
Hf—Z(S@kaf)@kH <e for all ¢ > 0.
k=1

Observing the limit process € | 0 we deduce
F = (e Per,
k=1

and {@gtr=1,2, .. is a c.ons.
b) For two elements z,y € H with the representations

=Y (o )er, Y= (2ny)@
k=1 =1

we evaluate the inner product

n n

(z,y) = lim (Z(wkw)sﬁk,Z(%y)wz)
k=1 =1
n
= lim > (r ) (@1, 9) (k1)
k=1
= lim > (¢k,2)(or:y)
k=1
= (k) (@5, 0)-
k=1
¢) Here nothing has to be shown any more. q.e.d.

Definition 3.14. We name M C H a linear subspace of the Hilbert space H,
if for arbitrary elements f,g € M and all numbers a, 5 € C we obtain the
inclusion

af + g e M.
A linear subspace M C H is called closed, if each Cauchy sequence
{fn}n:l,Q,... (- M

fulfills
f= li_>m fn € M.

With a linear subspace M C H we denote by
There exists a Cauchy sequence { fn}n=1,2,.. C M }

M:={feH: L .
satisfying f = lim, o0 fn

the closure of M.
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Ezample 3.15. The space C¢°(G) =: M C H := L*(G) is a nonclosed linear
subspace, and we have M = H.

Definition 3.16. We call H a unitary space, if the following Postulate (C’)
is satisfied in addition to the Postulates (A) and (B).

Postulate (C’): With an integer n € N we have dimH = n.

Remarks:

1. In an n-dimensional unitary space H we have n linearly independent ele-
ments {fi,..., fn}, and each g € H can be represented in the form

n
g:z:ckf;C with ¢q,...,¢, € C.
k=1

2. A unitary space H possesses an orthonormal basis {¢1,...,@,} with n =
dim #H satisfying

F= (er: f)op  forall feH.
c=1

3. Each unitary space ‘H endowed with the inner product
n
(@,9) =Y Tryp, &= (21, 2n), Y= (Y1,---,yn) €C
k=1

is isomorphic to C™, where n =dim H holds true.
4. Each unitary space is complete.

Noticing the Definitions 3.14 and 3.16, we easily prove the following

Theorem 3.17. Let H denote a Hilbert space, and M is a closed linear sub-
space of H. Then M represents either a Hilbert space or a unitary space. In
the case that H is separable the same holds true for M.

Definition 3.18. Let M be a linear subspace of H. Then we define the or-
thogonal space of M in H setting

Ml::{gE’H: (g,f):OforalleM}.

Remark: On account of the continuity for the inner product, the orthogonal
space M+ C H is closed.

From Theorem 6.9 on the Orthogonal projection in Chapter 2, Section 6 we
take over the proof of the following
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Theorem 3.19. (Projection theorem)

Let M denote a closed linear subspace in H. Then each element x € H can
be uniquely represented in the form & = x, + xo with x1 € M and x9 € M+ .
We then obtain the decomposition

H=MaeMb

We still note the subsequent

Theorem 3.20. Let M be a linear subspace in a Hilbert space H. Then M
lies dense in H if and only if the following implication is correct:

weH: (f,p)=0 foral feM = » =0. (9)

Proof: We have the orthogonal decomposition H = M®M* via the Projection
theorem. Now the subspace M lies dense in H if the statement M = H and
consequently ML = {0} is correct. The latter statement coincides with the

implication (9). q.e.d.

4 Bounded Linear Operators in Hilbert Spaces

We begin with the fundamental

Definition 4.1. On the Hilbert space H the mapping A : H — C is a bounded
linear functional, if the following conditions are fulfilled:

a) Alaf+ Bg) = aAf+BAg  foral f,geH and «,8 €C,
b) |Af| <c||fll forall feH , with a constant ¢ € [0,400).

Due to Theorem 6.11 of Section 6 in Chapter 2, the following three statements
are equivalent for a linear functional:

(i) A is bounded,
(ii) A is continuous at one point,
(iii) A is continuous at all points of the Hilbert space.

We define the norm of the bounded linear functional A by

|All:=  sup |Az|= sup |Az| < +oc.
ze€H, [|z[<1 zeH, [lz]=1

In Chapter 2, Section 6, Theorem 6.14 we have proved the following statement:

Theorem 4.2. (Representation theorem of Fréchet and Riesz)
Each bounded linear functional A : H — C on the Hilbert space H can be
represented in the form

Af=(g,f)  Jorall feH (1)

with a uniquely determined generating element g € H.
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Definition 4.3. Let D denote a linear subspace of the Hilbert space H. A
linear operator T consists of a function T : D — H with the following property

T(crur +coug) = c1T(uy) 4+ coT (uz) for all wui,up €D and c1,c €C.

Definition 4.4. A linear operator T : D — H is called bounded, if we have
a number c € [0,400) such that

1Tul] < cfjul] forall uweD (2)

holds true. Then the norm of T is defined by

Tu
IPul = sy Jrul= s JTel. @)

17| := =
ueD,uzo |l weD, ||lul|<1 w€D, ||lul|=1

Remark: The Example 1.2 in Section 1 presents an unbounded operator with
T:=—-A.

Definition 4.5. Let Dr, Dz denote two linear subspaces of the Hilbert space
H. Then the mapping B
T: DT —H
is called the extension of the bounded linear operator T : Dr — H, if the
following properties are satisfied
a) Dr C 'Dj;,
b) Tu=Tu for all u € Dr.
We then write T C T.

For bounded operators it suffices to define them on dense subspaces of Hilbert
spaces due to the following

Theorem 4.6. (Extension theorem)

Let T : D — H denote a bounded linear operator, and the linear subspace D C
H lies dense in the Hilbert space H. Then there exists a uniquely determined
bounded extension T O T satisfying Dy = H and || T'|| = ||T|.

Proof:

1. We define T : H — H as follows: Taking f € H we have a sequence
{fntn=1,2,.. C D satisfying f, — f (n — o0) in H. Now {T fn}n=12..
gives a Cauchy sequence in H on account of

1T fr =T fonll = T (fr = Fo) | < TN S0 = Finll = 0 (0, m — 00).

Therefore the limit lim 7'f, exists, and we set
n—oo

Tf:= lim Tf,,  f€H.

n— oo
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This notion is uniquely determined: Taking namely a further sequence
{fl}n=1,2... C Dy satistying f], — f (n — o0) in H, we observe

T =Tl S NTUfn=Fall S NTHfn = 141 = S2lD) = 0 (n — 00).

Finally, we note that ff =Tf for all f € Dp.
Now the relation

1T := sup |Tf|= sup |[Tf= sup |Tf[=]|T]
fer IflI<1 feDr, £l IS N ES!

is correct. Furthermore, the operator T : H — H is linear: For two ele-
ments
f=lim f,, ¢g= lim g, from H
n—oo n—oo

with {f,}n C Dr and {g,}» C Dr, we have the equation

T(af + Bg) = T( lim (afn + Bgn)) = lim (@Tf, + BT9y)

=a lim Tf, +F lim Tgnzaff—&—ﬁfg
n—oo n— oo

for arbitrary a, 8 € C, on account of the continuity of T.

. UT,T:H — H are two extensions of Dy on H, we have

(T-T)(f)=0 forall feDr.

Since Dy C H lies dense and (T — f) : H — H is continuous, we infer

~ ~

(T-7)(f)=0 forall feH

~ ~

and consequently T'=T. q.e.d.

Theorem 4.7. Let T : H — H denote a bounded linear operator in the Hilbert
space H. Then we have a uniquely determined linear operator T* : H — H
such that

(Tf,g)=(f,T"g)  forall f,geH (4)

is correct. Furthermore, we have

=Tl and T =T,

which means that the operation % is an involution.

Definition 4.8. The operator T* is named the adjoint operator of T.

Definition 4.9. A bounded linear operator H is called Hermitian if H* =
holds true, which means

(Hz,y) = (z, Hy) for all x,y € H.
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Proof of Theorem 4.7:
-Uniqueness: Let Th and T be two adjoint operators to T: Then (4) yields

(f.Tig) = (Tf.9) = (f,Tag) forall fgeH

as well as (f, (T1 — T»2)g) = 0 for all f,g € H, and consequently 77 = T5.
-FEzistence: For a fixed g € H we consider the bounded linear functional

AQ(f) = (g7Tf)7 fEH
This functional is bounded according to

[Ag(DE< Mg TFIF< (gl TIDISI - for all - f € H.

We apply the Representation theorem of Fréchet-Riesz: For each g € H
we have an element g* € H with the property

(97Tf):14g(f)=(g*,f) fOI' all fEH

We now set T*¢g := g*, and the so-defined mapping T : H — H has the
property (4).

-Linearity: We take the elements g1, go € H and the numbers ¢y, co € C. With
the aid of (4) we then calculate

(T (cr91 + c292), f) = (c1g1 + c292, Tf)
=01(91,Tf) + (92, Tf)
=a(T"g1, ) +c(T"g, f)
= (a1T%g1 + 2T ga, f) for all f e H.
-Boundedness: At first, we note that

(Tf,9)=(f,T9) = (T"f,g) forall fgeH.

Therefore, T is an involution. With the aid of (4) we obtain the following
estimate

1T DI < ITANgl < NTNNA Mgl for all f,g € H.
Inserting f = T™g, we obtain
IT*gl* < ITIIT*glllg]

and consequently
IT*gll < [ITllgll,

which means
171 < |||

Since T is an involution, we infer
1T = [T < 1T])-
Consequently, the relation ||T'|| = || T*|| is correct. q.e.d.
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Example 4.10. Let the following cube in R™ be given, namely
Q= {x: (1,...,2n) €R™ ¢ |z §Rforj:1,...,n}

whose sides have the length 2R € (0, 400). Then we consider a Hilbert-Schmidt
integral kernel

K=K(z,y):QxQ—CcL*Q xQ,C). (5)

On account of
/ |K (2, y)2dz dy < oo
QxQ
we have a null-set N C @ with the following property: For all z € Q \ N the
function y — K (z,y) is measurable on @ and [ |K(z,y)|? dy < oo is satisfied.
Q

Furthermore, we have
[ ([ K@l dy)is= [ 1K@wPdray= K] < oo
Q Q QxQ

because of the Fubini-Tonelli theorem. Taking f € L?*(Q,C) we define the
Hilbert-Schmidt operator

/ K(z,y)f(y)dy, ©€Q\N
Kf(r)=1{ ) . (6)
0

, reN

The Holder inequality yields

K@ < ([ 1K) d)l7IP
Q

for all x € @\ N and integration with respect to z € Q gives

[s@Pdr< ([ 1K) dzdy)if = KPS
Q QxQ

and finally
KA < IKNIfII forall fe L*(Q,C). (7)

Therefore, we obtain the following

Theorem 4.11. The Hilbert-Schmidt operator K : H — H from (6) with the
integral kernel (5) represents a bounded linear operator on the Hilbert space
H = L?(Q,C), and we have the estimate

K< (1
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Remarks:

1. The singular kernels
K = K(z,y) € S4(G,C) with « €[0,n)

generate special Hilbert-Schmidt operators. The statements from Sec-
tion 2, Theorem 2.6 and Theorem 2.7, valid for these special operators,
will later be utilized to obtain regularity results concerning the solutions
of the integral equation.

2. The kernel

K*(x,y) = K(y,z) € L*(Q x Q,C)
generates the adjoint operator K* belonging to the Hilbert-Schmidt oper-

ator K.
3. The operator K is Hermitian if and only if the following identity is satisfied:

K(z,y) = K(y,z) a.e.in @ xQ.

We now shall investigate the inverse of a linear operator.

Definition 4.12. Let T : Dy — H denote a linear operator on the subset
Dr C H of the Hilbert space H with the range Wy := T(Dr) C H. Further-
more, let the mapping

r— Tx, x € Dp

be injective. Setting f = T 'qg the inverse T~' : Wpr — Dy C H of the
operator T is then defined if T'f = g holds true. We note that

Dy =Wrp, Wy =Dr.

We immediately obtain the following

Theorem 4.13. The operator T~ : Wy — Dr is linear and does exist if and
only if the equation
Tr =0, x € Dp

possesses only the trivial solution x = 0.

Theorem 4.14. (O. Toeplitz)

Let T : H — H denote a bounded linear operator in the Hilbert space H. Then
the operator T possesses a bounded inverse in H - namely T=1 : H — H - if
and only if the following conditions are satisfied:

a) For all x € H we have ||Tz|| > d||z|| with a bound d € (0,+00).
b) The homogeneous equation T*x = 0 admits only the trivial solution x = 0.

Proof:



72 Chapter 8 Linear Operators in Hilbert Spaces

‘=’ We assume that the bounded inverse 7! : H — H exists. Then we have
a number ¢ > 0 satisfying

1T x| < =] forall zeH.
With z := T f we infer
1
IT£1F = Z £

Therefore, the condition a) is fulfilled with d := %
If z € H is a solution of T*z = 0, we deduce

(Tz,z) = (2, T"2) = (,0) =0 for all = € H.

Inserting the element = T~ 'z, we obtain z = 0.

‘<=’ At first, we show that Wy C H is closed: Let {yn }n=1,2,.. C Wy denote
an arbitrary sequence with y, — y (n — o0) in H. We set y,, = Ty,
n=1,2,..., and with the aid of a) we get the inequality

1
0 = 2l < Slm = gnll 50 (2, = 00).

This implies x,, = = (n — o0), and the continuity of T yields

Ter=T(lim z,)= lim Tz, = lim y, =y € Wr.
n—oo n—oo n—00
Consequently, Wr is closed in ‘H, and we have the orthogonal decompo-
sition
H=WraW;.

Now we take z € Wz and obtain
0=(z,Tx)=(T"z,x) forall zeH

and finally 7*z = 0. The condition b) therefore yields z = 0 and conse-

quently H = Wy, which means T is surjective. The injectivity of T follows

immediately from a). Consequently, 7! exists and is bounded due to a)
with 1

I < =

q.e.d.

Remark: If H : H — H is a bounded Hermitian operator satisfying
|Hz| > d|x|| forall zeH

with the number d € (0,400), Theorem 4.14 implies the existence of the
bounded inverse H~! : H — H.
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Theorem 4.15. Let T : H — H denote a bounded linear operator in the
Hilbert space H. Furthermore, let the bounded inverse T~' : H — H be de-
fined. Then the operator T* possesses an inverse (T*)~t, which is defined and
bounded in H. Furthermore, we have (T~1)* = (T*)~1.

Proof: Because of the assumptions we see
1T || < cf|z|| forall zeH.
When we insert the element # = T~1y into the relation
(Tz,y) = (z,T"y) forall yeH

we obtain
lyll? < IT~ Tyl < cllylllI Ty

and consequently
. 1
1Tyl = llyl - forall y €3

Theorem 4.7 and the relation
() f =T =Tf

imply, with (7%)*f = 0 then f = 0 holds true. Theorem 4.14 shows that the
inverse

(T L H—>H

exists, and we have
T~ < 11T~

Let the elements f,g € H be chosen arbitrarily. With x = T'f and y =
(T*)~'g we then obtain the relation

(f:(T*) " g) = (Tz,y) = (&, T*y) = (T~ f,9) = (f/,(T"1)"g).
Consequently, the identity (7*)~! = (T~1)* is correct. q.e.d.

In the Hilbert space H we consider a closed linear nonvoid subspace M C H,
and the Projection theorem yields the decomposition H = M & M. Noting
that

f=fH+f eH with fleM,f2€MJ'

holds true, the following definition for a projector P is sensible:
P:H—>M via f:f1+f2HPf:f1

We consider
IPFIZ=1Al7<|fI? forall feH
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and

IPFl =/l forall feM.
The norm of the projector consequently satisfies
IP]| =1.
Furthermore, we observe
P’f=PoPf=Pf and P’=P in H,
and we conclude

(Pf,9) = (fi.91 +92) = (fr1.01)
= (fi+ fo,q1) = (f,Pg) forall fgeH,
which means P = P*.

Definition 4.16. A bounded linear operator P : H — H is a projection op-
erator or a projector if the following holds true:

a) P is Hermitian, which means P = P*;
b) P2=P.

Theorem 4.17. Let P : H — H denote a projector. Then the set
M= {ge?—t :g=Pf witthH}
is a closed linear subspace in H. Furthermore, we have
f=Pf+(f-Pf) € MoM"

Proof:

1. We show that M = P(H) is closed: Let {gy, }n=1,2... C M be a sequence
with g, — ¢ (n — o0) in H. On account of g, = Pf, with f,, € H we
infer

Pg, = P*f, = Pfy = gn.

Since P is continuous, Pg = g follows and consequently g € M.
2. We take f € H, set f1 := Pf and fy := f — Pf, and observe f; € M.
Furthermore, all h € M satisfy

(fo,h) = (f = Pf,h) = (f = Pf,Ph) = (Pf — P*f,h) = 0.

Consequently, fo = f — Pf € M+ is correct. q.e.d.
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Remark: In the Hilbert space H let the linear subspace M C H be given. The
sequence {goj }jzl,gw is assumed to constitute a c.o.n.s. in M. Then we have

PMf:Z(@jvf)ijv fEH

j=1
with jo € NU {co}.

In physics the energy of a system is measured with the aid of bilinear forms.
Linear operators are then attributed to the latter.

Definition 4.18. A complez-valued function
B(.,.):HxH—=C
is named a bilinear form if
B(f,cig1 + c292) = ec1B(f, 1) + c2B(f,92)  forall f.g1,92 € H
B(eifi +caf2,9) =a1B(f1,9) + ©2B(f2,9)  forall fi,f2,9€™H

and all ¢1,c9 € C holds true. The bilinear form is Hermitian if

B(f,9)=B(g,f)  forall fgeH (9)
is correct, and we name B symmetric if
B(f.g9)=B(g,f)  foral fgeH (10)

holds true. For real-valued bilinear forms the conditions (9) and (10) are equiv-
alent. The bilinear form B is bounded if we have a constant ¢ € [0, 400) with
the property

IB(f, )l <cllflllgll forall f,g€H. (11)

A Hermitian bilinear form is strictly positive-definite if we have a constant
¢ € (0,+00) such that

B(f.f) = cllfI*  forall feH (12)
is satisfied.
Remarks:

1. Alternatively, one calls (12) the coercivity condition.
2. For a given bounded linear operator T : H — H, we obtain with

B(f,g) ::(Tfag)v fLgeH

a bilinear form. This is bounded on account of

[B(f )l < ITflgll < NTAMNgll, fog €.

If T is Hermitian, the bilinear form is Hermitian as well since we have

B(f,g9)=(Tf,9) = (f,Tg) = (Tg, f)=B(g,f), f,geH.
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We now address the inverse question.

Theorem 4.19. (Representation theorem for bilinear forms)
For each bounded bilinear form B = B(f,g) with f,g € H, there exists a
uniquely determined bounded linear operator T : H — H satisfying

B(f,9) = (Tf,g)  fordll f,geH. (13)

If B is Hermitian then T is Hermitian as well.

Proof: For a fixed element f € ‘H we obtain with

Ly(g) .= B(f,9), g€H

a bounded linear functional on H. Due to the representation theorem of
Fréchet-Riesz, we have an element f* € H with the property

(f*,9)=B(f,9) = Ls(g)  forall geH. (14)
Now f* is uniquely determined by f, and we set
Tf :=f", feH.
1. The operator T': H — H is linear: We calculate
(T(c1f1 + caf2),9) = Bleifi + caf2, 9) = €1 B(f1,9) +2B(f2,9)
=0 (Tf1,9) +e(Tf2,9) = (T fr + c2T'f2,9)

for all fy, fo,g € H and all ¢;,co € C.
2. Since the bilinear form B(f,g) = (Tf,g) is bounded, we have

(Tf. 9l <cllflllgll forall f,g€H.
With g = % we easily comprehend the inequality
ITfI[ <clfll forall feH,

and we conclude
1T < e < +4o0.

3. If B is Hermitian, we see

(Tf.9) =B(f,9) = Blg, f) = (Tg, f) = (f,Tg)  forall fgeH.

Therefore, the operator T' is Hermitian. q.e.d.
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Theorem 4.20. (Lax, Milgram)
Let B : H x H — C denote a Hermitian bilinear form, which is bounded due
to

IB(f.9)l <l flllgll forall fgeH (15)

and satisfies the following coercivity condition

B(f.f)=c|IfI?  forall feH. (16)

Here the constants 0 < ¢~ < ¢ < +00 have been chosen adequately. Then we
have a bounded Hermitian operator T : H — H satisfying |T|| < ¢* and

B(f,9) = (Tf,g)  forall f,geH. (17)

This operator possesses a bounded inverse T~1 : H — H which is Hermitian
and subject to
_ 1
1T < —.
c
Proof: From Theorem 4.19 we obtain a Hermitian operator T' : H — H with
IT|| < ¢t and the property (17). Together with (8) we arrive at

AP < BN = (THH <ITFINf forall feH

and consequently
ITfI = cllfl forall fe#. (18)

Due to the Theorem of Toeplitz, the operator T possesses a bounded inverse
T-!' : H — H, which is Hermitian because of Theorem 4.15. Finally, the
relation (18) implies

1

7= < ' q.e.d.

Remarks:

1. The Theorems 4.19 and 4.20 remain valid for real bilinear forms, if we
replace Hermitian with symmetric.

2. Theorem 4.20 provides the basic result for the weak solvability of elliptic
differential equations, as we shall see in Section 3 of Chapter 10.

3. In its full strength, the Theorem of Lax-Milgram even holds true for real,
not necessarily symmetric, bilinear forms. However, we only need the sym-
metric situation, when we apply our Theorem 4.20 to elliptic p.d.e.s —
without first order terms.
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5 Unitary Operators

Definition 5.1. Let H and H' denote two Hilbert spaces with the inner prod-
ucts (z,y) and (z,y)". Then the linear operator V : H — H’ is called isometric
if the following holds true:

(V£ Vg) =(fg)  foral fgecH. (1)

Remarks:

1. With the isometric operator V : H — H’ we calculate

IVE=Velr? = V(S =9l = (V(/ =),V - 9))
=(f-gf-9=If—gll® forall fgeh.

Therefore, the relation f # ¢ implies Vf # Vg, and consequently the
operator V' is injective.
2. The operator V is bounded. Noting that

WV =VVEVE =) =|fl  forall feH,

(2)

we infer
VI =1. (3)
3. We have Dy = H for the domain of definition of an isometric opera-
tor V, and the range Wy C H' is closed. We take a sequence g, =
Vin € Wy, n = 1,2,... satisfying g, — g (n — o0) and observe

that {f}n=1,2,.. C H is a Cauchy sequence due to (2), namely
1 fo = fll? = g0 — gml"? = 0 (n,m — o0).
This implies f, — f € H (n — o0) and furthermore
g= nan;Ogn = nh_)n;o V= V(nli_)rréC )=V € Wy,

since V' is continuous. Consequently, Wy C H is closed.

4. In the case dimH = dim H' < +oo, the injectivity implies the surjectiv-
ity. For infinite-dimensional Hilbert spaces H and #H’ this is not true, as
illustrated by the following example:

Example 5.2. We consider the so-called shift-operator in Hilbert’s sequential
space H =1l =: H':

V:H->H,

(i[l,l'g,...) — (0,...,0,$17£L'2,...).

The operator V is evidently isometric, however, V' is not surjective.
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Definition 5.3. An isometric operator V : H — H’ is called unitary if
V :H — H is surjective, more precisely V(H) =H'.

Remark: For a unitary operator U : H — H’ there exists its inverse
U=':H — H, and we have the identity

U ,U g =(UoU fUcU 1 g) = (f,9) forall fgeH (4)
on account of (1). Therefore, the inverse U~! is unitary as well.

Definition 5.4. Let H and H' denote two Hilbert spaces with the inner prod-
ucts (x,y) and (z,y)'. Furthermore, T and T' are two linear operators in H
and H', respectively. Then the operators T and T’ are named unitary equiva-
lent, if there exists a unitary operator U : H — H' satisfying

T =UoToU L (5)

Theorem 5.5. A bounded linear operator V : H — H is unitary if and only

if
V*oV=VoV*=E (6)

is correct. Here the symbol E : H — H denotes the identity operator.
Proof:

‘=’ At first, we remark that V : H — H is isometric if and only if

(V*oVf,g)=VfVg) =(fg)=Efg) forall fgeH

or equivalently
V¥oV =E

is valid.
If V is unitary, we have the existence of V! : H — . From the last
relation we infer V* = V! and therefore V o V* = E.

‘<’ Now let the identity (6) be satisfied for V' : H — H. Then we infer
V~! = V*. In particular, the operator V is surjective and isometric as
well according to the following relation:

(f,9)=(V*oVf g =(VfVg) for all f,geH.

q.e.d.

Now we shall prove the Theorem of Fourier-Plancherel (see Theorem 3.1 in
Section3 of Chapter 6), which we have already applied there. At first, we
present the transition from Fourier series to the Fourier integral: Taking ¢ > 0
arbitrarily, the functions
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{ 1 o~ Zika }
V2c¢ kEZ
constitute a complete orthonormal system of functions on the interval [—c, +¢].

For all
f € L*([—¢,+c,R) N CY((—c, +c),R)

the completeness relation yields the following identity:

/|f e = 3 3 ‘/c—evmf (@) o]
_k 20’/ i) dy‘

We set

+c
1 .
o) = = / V() dy, wER,

and zy = Tk for k € Z. Then we obtain x}, — xx—1 = % and

+c
1 x; 2 1 2 7
2ol [eF i@ | = oo VERg@n)| = Zlgn) = loten) Po - ox)

for all k € Z. For all ¢ > 0, the following identity holds true:

The transition to the limit ¢ — +o00 yields

“+o0o “+o0
/ (@) de = / l9(2)[? d. (7)

We expect the operator

Tf(x):= e f(y) dy, z€R (8)

=/

to be unitary on the space L?(R).
More generally, we define Fourier’s integral operator on the Euclidean space
R™ as follows:
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Tf(x)= \/_ / WY () dy, x € R™ (9)

We shall prove that T : L?(R™) — L?(R") is unitary.
At first, we determine T from (8) explicitly for the characteristic function

(0) = plasba) = 0 O=T=0 (10)
wb(2) = p(a,b,x) = )
peb 4 0, z<aorxz>b

We calculate
b—a (11)

T(IO lOya d_ b
Payb \/ﬁ/ @b)y\/ﬁ

and for x # 0 we evaluate

1 )
T u z:ry Y — 'Y d
©ab() \/ﬂ/ Pap( m/ y )

1 [e”y]y:l’_ 1 et —¢

V2r y=a /27 1T

Proposition 5.6. For Cauchy’s principal values

1 et 1 1 [ ethe 1 1 [ ethr _q
ethz _ ) ethe _ ethz _
Y(h) = — ][ — dz = 161113{; / e dx + = / = dx}

™ x
—o00 +e

— 00

we have
w(h) = —|nl,  heR.

Proof: Taking an arbitrary h > 0, we consider the holomorphic function

ethz 1  14idhz+ 3(ih2)?2+... -1
f(Z):: 2 = 2 2

- : (13)
=24 .., zec\{o}.

For 0 < ¢ < R < 400 we utilize the domain
GE,R::{zEC 1 e <|z| <R, Rez>0}

with the positive-oriented boundary
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[-R, —¢| UK. U[+e,+R]U Kr = 0G¢ g.
Here we have defined the semicircle
Kr: z=Re"¥, 0<p<m,
and the following semicircle
—K.: z=¢ce%, 0<p<m

negatively traversed. Since f is a holomorphic function in G¢ g, Cauchy’s
integral theorem yields the following identity:

+R
1 ehr 1
f(z)dz = 7dx+ o

8G. r R +e (14)

ihz ihz

-1 -1

+/e s— dz — / ¢ s— dz
z z

Kr —Ke

for all 0 < e < R < 4o00. With the aid of (13), let us calculate

ithz __ .
lim [ S 1dz:lim/ (@+ = hm/ PR
eJ0 z el0 z 0
K. _K.
. (15)
ih
—1 i0dp = —hm
Elw/ —giee’ dy T
0

Futhermore, we deduce

cihz _ 1 T exp {ih(cosgo—i—isingo)R} -1
/ dz = / iRe' dy

R2e2ip

= |

/ thcos Lpethsingp o 1} d(p,
0

and we estimate for all R > 0 as follows:

‘ eihz -1
22
Kr

IN

17 .

2
Eﬂ—w (R — +00).

IN

This implies
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eihz -1
lim 5
R—+00 z
Kr

dz=0 for all h>0. (16)

In (14) we observe the transition € | 0 and R 1 +o00. With the aid of (15) and
(16), we obtain the identity

ihx __ 1
x
and consequently
Y(h) =—h for all h>0. (17)
Via the substitution y = —x, we evaluate
—€ +oo
1 eih(fa:) -1 1 6ih(fz) -1
—h) =1 — —d — —d
P(=h) slfg{w/ 22 93+7T/ 22 x}
— 00 €
+oo | —£ .
i J / e"“v’—ld L1 / e”“/—ld
=lim< — —
clo | 7 y? YT y? Y
£ —0o0

=(h) forall heR.
Finally, we obtain the following identity from (17):

P(h) = —|h] forall heR. qed.

Proposition 5.7. With respect to the inner product in L?(R,C), we see

0, if —o<a<b<c<d<4oo

Teap, Tpc,a) = . (18)
( ) {b—a, if —co<a=c<b=d< 40

Proof: We utilize (12) and calculate

1 (e - emia)(eide — giew)

e~ T _ p—iax)(pide _ icw
Toap, Tpe = — d
(Tap, Tec,a) o e T

— 00

1 +Ooei(d—b)x _ ei(c—b)w _ ei(d—a);v + ei(c—a)w
= — dx.
27 x?
—o0

If —oo<a<b<c<d< +oo is fulfilled, Proposition 5.6 implies
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1
(Tas, Tea) = 3{1bd = b) = (= b) = (d — a) + ¥(c — a) |
1
= i{bfd+c—b+dfa+a—c} =0.

If —o00o <a=c<b=d < +o0 holds true, we obtain

1 +ool _ ei(c—b)a: _ ei(d—a)a: +1
][ z?

Toab, Toedq) = — d
(T'Pap, Toe,d) o T
—0o0
1 1

- fi{w(cfb) +1/)(dfa)} = —3{e—b+a—d}

_ 1 2a —2b} =10

__5{ a—2b}=b-a q.e.d.
Let the rectangle

Q= {z: (1,...,2n) ER™ ¢ ay < x4 < b, for a= 1,...,n}
in R” be given. We decompose the interval [aq, b,] into the parts
ae =20 <2 < ... < z(m) =p, for a=1,...,n
and set
k) = [glha=1) g(ka)]
for 1 < ks, <mg, and a = 1,...,n. Finally, we define the following rectangles
for k = (k1,...,k,) € N* with 1 <k, < mg:
10 = 1™ o) c R
We define the characteristic function of the set I*) by
1, zeI®
Pro@ =00 L g \ 100
and similarly
() 1, z € I(gka) ‘ 1
@ ka) (T) = or a=1,...,n.
fa 0, z e R\ I
Then we see
©Ork) (]J) = (plikl) (J,‘l) el gplslkn)(l‘n), r € R"™. (19)

Now we calculate
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1 :
Torm(r) = oz /el(w'y)%(k)(y) dy
RTL
oo o
elT1y1 etTnYn
= < ﬁ@ﬁh) (y1) dy1) el < ﬁ(plfﬁ”) (Yn) dyn) (20)
= Tsalikl) (131) teee TQDIT(LJM) (In)

For the admissible multi-indices k& = (k1,...,k,) and I = (I1,...,1,) we de-
duce

(T, Tora)
= [ (Toypn @) oo Ty @) (Togn(en) - Ty a) do
i
= (Teyw0, Toyan) -+ (T, Teoyam)
S A R (NI SR A
TR

and consequently

1], k=1
(T, Torm) = 0. Rl (21)
Here we have set
10| = glke) — plea=1) and  |TW)| = (110,

We summarize our considerations to the following

Proposition 5.8. Let ¢ := @i with k = (k1,...,k,) and 1 < ko < my,
fora=1,....n be chosen. Then we have the inclusion

Ty, € L*(R™)
and furthermore the equation

(T, Tpr) = (0K, 1) holds true for all admissible k1. (22)

We now consider the linear subspace D C L?(R™) of the step functions in R™.
They consist of all those functions f satisfying the following conditions:

1. Outside of a rectangle @ C R™ the relation f(z) = 0 is correct.
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2. There exists a decomposition @ = |JI (k) of the rectangle as above, and
k

we have the representation
) =D o
k

with the coeflicients ¢ € C and the characteristic functions g := @rm).

Proposition 5.9. For all step functions f,g € D we have

(Tf,Tg)=(f9)

Proof: We choose a rectangle @ D supp (f)Usupp (g) and find a canonical
decomposition of (), such that

F= aer, 9= de.
k l

Therefore, we obtain

(Tf,Tg)= (ZCkTs%,ZdszOz) = Y @d(Tor, Tor)
k.l

— Zadl(%,w) = (f,9)
kol

q.e.d.
We now consider the integral operator
St = e [V s, feD,
V2T
R"L
and note that _
Sf=TFf, feD. (23)

Since T : D — L?(R™) represents a linear bounded operator, this is the case
for S as well. Furthermore, the operator S is isometric according to

(Sf.89) = (T'T,T9) = (TT,T9) = (}.9) = (f.9)
for all f,g € D.

Intermediate statement: We have the identity

(Tf,9)=(f,S9) forall f,geD.

Proof: We now calculate
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1.9 = [ (o= [T dy)gta) do
Q

S / e T f(y)g(x) dy da

e @Y g(x) dm) dy

I
Q—_
=l
&
~—
3 -
3
Q—_

We sum up our considerations to the following

Proposition 5.10. Let D denote the set of all step functions in R™. Then the
operators
T,S:D — L*(R")

are isometric, and S is adjoint to T which means
(Tf,Tg)=(f9)=(Sf Sg) (24)

as well as
(Tf.g)=(f.S9) (25)
forall f,g €D.

Now the linear space D C L?*(R"™) lies dense, and consequently for each f €
L?(R™) we have a sequence

{fk}kzlg’m cD with ||f;€ - f||L2(Rn) —0 (k — OO)

Therefore, we can uniquely extend the bounded operators T,S of D onto
L?(R™) as follows:

Tf:= lim T, Sf:= lim Sfx. (26)
k—o0 k—o0
The relations (24) and (25) yield
SoT=T"oT=E=5"05=ToS on D

and we infer

SoT=E=ToS on L*R"). (27)
Consequently, the operator T : L?(R") — L?(R") is unitary and satisfies

T =8=T""

From (26) we shall derive a direct representation of 7' and S as follows: We
choose
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feLiR"):= {g € L*(R") : supp (g9) C R™ is compact}.
For f € LE(R") we have a sequence {fi}r=12,.. C D such that

supp (f), supp (fx) C @, k=1,2,...

- where Q C R"™ is a fixed rectangle - and

ILf = frll2(@) — 0 (k — o0)

holds true. For all x € R™ we obtain the estimate

Th(@) - = / D f(y) dy| = ﬁ\ [ =) - fw)ay
Q

m / () — £ dy (28)
mn Q| fllz2g) = 0 (k — o0)

and consequently

1 .
Tfi(x) — — [ €Y f(y)d 0 (k— o). (29)
H ’“ NG ! y y’

L2(R")

Together with (26) we obtain

s~ e [0

<|NTf —Tfll2@ny + HTfk(x) - \/1—n /ei(m'y)f(y) dy‘

L2(R™)

2w L2(R")
Q
0 (k — o0).
For all f € L3(R") therefore the relation
Tf(x) /”W a.e.in R" 30

is correct. Taking f € L?(R") arbitrarily, we choose a sequence of rectangles

QL C@QC... with UQkZRn

n=1
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and set

fulw) = 0, zeR"\Q:

Then the relation || fx — f||z2@n) — 0 for (k — o00) is valid, and (26) yields

{f(.??), erk

Tf= lim Tf, = lim.
k—o0 271'
Qk

\/1_71 /ei(””'y)f(y) dy, (31)

1 _
= 1 = 1 _— 77'(1.?/)
Sf klgl;g S fr Lim. an/e f(y) dy. (32)
k

Here the symbol 1.i.m. denotes the limit for & — oo in the quadratic means,
more precisely in the L*(R"™)-norm.

We summarize our considerations to the following

Theorem 5.11. (Fourier, Plancherel)

The Fourier integral operator T : L?*(R™) — L?*(R™) exists according to (51)
and is unitary. Moreover, the adjoint integral operator S : L?(R"™) — L*(R"™)
from (82) is unitary as well, and we have the identities

SoT=ToS=E on L*R").

6 Completely Continuous Operators in Hilbert Spaces

We owe the following notion of convergence to David Hilbert:

Definition 6.1. In the Hilbert space H a sequence {&p}n—12,.. C H is called
weakly convergent towards an element x € H, symbolically x,, — x (n — 00),
if the relation

lim (2,,y) = (z,v) forall yeH

n—oo

is satisfied.

Ezample 6.2. Let {@;}i=12
space H, and we observe

denote an orthonormal system in the Hilbert

yoes

llpi — <Pj|| = \/(%‘ — Y Pi — ‘Pj) = \/(%,%‘) + (@ja%‘) =2

for all 4,5 € N with ¢ # j. Consequently, {¢; };=12,... does not contain a subse-
quence which represents a Cauchy sequence with respect to the Hilbert space
norm. Because of Bessel’s inequality, all f € H are subject to the estimate

o0

> i HIP < IFIP < +oo,

i=1
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and we infer

lim (¢;, f) = 0= (0, f) for all feH.

1—00

Thus we obtain ¢; — 0 (i = c0) and note

J0]| < limint [l = 1.
71— 00

Theorem 6.3. (Principle of uniform boundedness)

On the Hilbert space H let a sequence of the following bounded linear func-
tionals A, : H — C with n € N be given, such that each element f € H
possesses a constant cy € [0, +00) with the property

Afl<ery n=12,... 1)

Then we have a constant « € [0, +00) satisfying

|[An|l < forall neN. (2)

Proof:

1.

Let A : H — C denote a bounded linear functional such that
|Af] <c¢ forall feH with |f— foll <e.

Here we have chosen an element fy € H as well as a quantity € > 0 and a
constant ¢ > 0. Then we have the estimate

2c
lan <%,
Setting z := 1(f — fo), we infer [|z[| < 1 and

1 1 1 2c
o] = |2 Af = -af| < (141 +145]) < =
& £ £ 3

and finally [|A| < 2.

If the statement (2) does not hold true, part 1 of this proof together with
the continuity of the functionals { A, }, enables us to construct a sequence
of balls

Zn::{feH: ||f—fn||§5n}, neN

satisfying ¥y D X9 D ... with e, }] 0 (n — o00) and a subsequence
1 <n; <ng <...such that

| A, x| > j forall ze€X; and j=1,2,... (3)

is correct. Evidently, the relation (3) yields a contradiction to (1). qed
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Theorem 6.4. (Weak convergence criterion)
Let the sequence {Tn}n=12,.. C H be given in a Hilbert space such that all
elements y € H possess the limit

lim (z,,y).

n—oo

Then the sequence {x,}n is bounded in H and weakly convergent towards an
element x € H, which means x,, — x (n — o).

Proof: We consider the bounded linear functionals

An(y) == (zn,y), yeH

with the norms ||A,|| = ||| for n =1,2,.... Since the limits

lim A, (y) =: A(y)

n—oo

exist for all y € H by assumption, Theorem 6.3 gives us a constant ¢ €
[0,4+00) with [|z,| = ||| < ¢ for all n € N. This implies ||A| < ¢, and the
representation theorem of Fréchet-Riesz yields the existence of exactly one
element = € H satisfying

Ay) = (z,y), yeH

for the bounded linear functional A. We obtain

lim (2,,y) = lim A,(y) = A(y) = (z,y) forall yeH

n—0o0 n—0o0
which means z,, = z (n — c0). q.e.d.

Though it is not possible in general to select a subsequence convergent with
respect to the norm out of a bounded sequence in a Hilbert space (compare the
Example 6.2 above), we can prove the following fundamental result (compare
Theorem 8.9 in Chapter 2, Section 8 for the special case H = L?(X)):

Theorem 6.5. (Hilbert’s selection theorem)
FEach bounded sequence {xy}n=12,.. C H in a Hilbert space H contains a
weakly convergent subsequence {Zn, tr=12,...-

Proof:

1. The sequence {z,, }n=1,2, .. is bounded and we have a constant ¢ € [0, +c0),
such that
lzn| < ¢ n=12... (4)

is correct. On account of

[(x1,z,)| < c||lx1]] forall neN
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we find a subsequence {x%l)}n C {zn}n, such that lim (:El,xgll)) exists.
n— 00

Noting that
(22, 2] < c||za|| forall neN

we select a further subsequence {xg)}n - {xg)}n whose limit exists,

namely lim (x2, :cf)). The continuation of this procedure gives us a chain
n—oo

of subsequences
ot 2 {2 2 (2P 5 .. 5 (o),

such that the limits

i (k)
33702

exist for ¢ = 1,..., k. With the aid of Cantor’s diagonal procedure we
get the sequence z’ := x,(ck). Then the sequence {(x;, i) }k=1.2,... is con-
vergent for all ¢ € N. Denoting the linear subspace of all finite linear

combinations by M, namely
T = Zamh a; €C, N(z)eN,
i=1
the following limits exist:

lim (z,zx") for all ze M. (5)

k—o0

. Now we make the transition to the linear closed subspace M C M C H,

and the following limits exist as well:
lim (y,zx") for all y e M. (6)
k—o0
Here we note that we can extend the bounded linear functional
A(y) = lim (z/,y) = lim (y,2;/), yeM
k— o0 k— oo

continuously onto the closure M. Due to the Projection theorem each
element y € H can be represented in the form y = y; + yo with y; € M

and ys € M. This implies the existence of
lim (y,z;") = lm (y1 4 yo,22") = lim (y1,21")
k—o00 k—o00 k—o00
for all y € H. Consequently, the sequence {x}'} k=12, .. in the Hilbert space

‘H converges weakly. qed

Remarks to the weak convergence:
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1. If the sequence z,, — = (n — o0) converges strongly, which means

lim ||z, — x| =0,
n—oo

then it converges weakly =, — = (n — 00) as well. For arbitrary elements
y € ‘H we namely deduce

((@n,y) = (@,9)] = [(&n = 2,9) < 20 — 2]yl = 0 (n = o0).

2. The norm is lower-semi-continuous with respect to weak convergence. This
means

Tp —x (n—00) = liminf|z,| > ||, T, T €H
n—oo

for a real Hilbert space H. We namely observe

lzal? = 2] = (2, 20) = (2,2) = (2 2,20 +2)

= (zp —z,2y — ) + 2(x — Tp, ), n=12...,

and consequently

liminf ||z, | — ||2||* = liminf |2, — 2||* + 2lim inf(z — 2,,2) > 0,

n—o0 n—o00 n—o00

and finally
timn [l | > o],

3. From z,, = z (n = o0) and y, — y (n — o0) we infer (r,,yn) = (z,y)
(n — 00). Here we utilize the estimate
[(@n,yn) = (@, 9)] = [(@n, yn) = (@0, y) + (20, y) — (2, 9)]
< (@0, yn =y + (20 — 2, y)]
< lyn = yllllznll + (20 — 2, 9)] = 0 (n — o0).
Definition 6.6. A subset X C H of a Hilbert space is named precompact, if

each sequence {yntn=1,2... C X contains a strongly convergent subsequence
{Yni to=1,2,... C {Yn}n, which means

lim ||ynk — Yn, ” =0.

k,l—o0

Definition 6.7. A linear operator K : Hi — Ho is called completely contin-
uous or alternatively compact, if the following set

X = {y:KJ: o x € Hy with ||x|; Sr} C Ha

is precompact, with a certain radius r € (0,+00) given. This means that each
sequence {xy tn=12.. C Hi with ||z,|1 <7 forn €N contains a subsequence
{@n, Yk=1,2,.. such that {Kxy, }r=12.. C Ha converges strongly.
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Remarks:

1. It suffices to choose r = 1 in Definition 6.7.

2. A completely continuous linear operator K : H; — Ho is bounded. If this
were not the case, there would exist a sequence {z,}n=1,2,.. C H1 with
|znlli = 1 for all n € N and ||Kxy,||2 = 400 (n — o0). Therefore, we
cannot select a convergent subsequence from {Kx, },=12 .. in the Hilbert
space Hso. This yields a contradiction to Definition 6.7.

Theorem 6.8. Let K : Hi — Ho denote a linear operator between the Hilbert
spaces H1 and Ho. The operator K is completely continuous if and only if for
each weakly convergent sequence x, — x (n — 00) in Hy the statement

Kz, — Kz (n — 00) in Ha

follows. Consequently, the operator K is completely continuous if and only if
each weakly convergent sequence in H; is transferred into a strongly convergent
sequence in Hs.

Proof:
‘<" Let {zp}tn=1,2.. C M1 be a sequence with ||z,[|1 < 1, n € N. Hilbert’s
selection theorem yields a subsequence {zy, }r=12,. C {z,}n satisfying
T, — x (kK — 00) in M.
By assumption
Yn, — Kz (k — 00)

is fulfilled for the subsequence y,, = Kz,,, k = 1,2,.... Consequently,
the operator K : H; — Ha is completely continuous.

‘=’ Now let K be completely continuous, and {zp}n=12.. C H; denotes
a sequence satisfying z, — x = 0 (n — o0). We then have to prove:
Kz, - Kx =0 (n — 00) in Hz. If the latter statement were false, there
would exist a number d > 0 and a subsequence {z,'},, C {z,}, satisfying

|Kz,|| >d>0  forall neN.

Since the operator K is completely continuous, we have a further subse-
quence
{z, }o c{z,'} with Kuzx,” -y (n — o0).

Therefore, we obtain with the statement

0<d®<(y,9)= lim (y, Kz,”) = lim (K*y,z,") = (K*y,0) =
n—oo

n—o0

a contradiction. q.e.d.

Remarks about completely continuous operators:
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If K : H — H is a bounded linear operator with a finite-dimensional range
Wy = K(H), then K is completely continuous.

If Ty : Hqy — Ho and Ty : Ho — Hsz are two bounded linear operators, and
Ty or Ty is completely continuous, then the operator

T:=Ty0Ty : Hi — Hs

is completely continuous as well. If the operator T is completely contin-
uous for instance, then the weakly convergent sequence z,, = x (n — 00)
in H; is transferred into the strongly convergent sequence Tz, — Tiz
(n — 00) in Ha. Since Th is continuous, we infer

Tz, =TyoTix, > TooTiz =Tz (n — ) in Hs.

The operator K : H — H is completely continuous on the Hilbert space H
if and only if the adjoint operator K* : H — H is completely continuous.
Proof: Let K : H — H be completely continuous, then the operator K o K*
is completely continuous as well. From an arbitrary sequence

{Tntn=12,.. CH with ||z,]| <1, neN

we can extract a subsequence {x,, }r=12 . such that {K o K*z,, }; con-
verges strongly in . We infer

1K 2y, — K 2, || = [| K (20, — 20,12
= (K*(xnk —p,), K*(zn, —xm))
= (KoK*(mmc — T, )y Tn,, —xm)
<K o K*(xn, — n,) ||| ®n, — Tn, |l = 0 (k1 — 00).

Consequently, the sequence {K*x,, }x=1,2,.. converges in H, and the op-
erator K* is completely continuous.

The inverse direction can be seen via the identity K = (K*)*.

Let A :H — H be a completely continuous Hermitian linear operator on
the Hilbert space H. Then the associate bilinear form

oz, y) = (Az,y) = (z, Ay), (z,y) EHxH

is continuous with respect to weak convergence. This means, with x,, — =
(n — o0) and y, — y (n — o0) in H we have the limit relation

a(@n,yn) = a(z,y) (n = 00).

Proof: Remark 3 concerning the weak convergence in combination with
Theorem 6.8 yield this statement.
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Definition 6.9. Let H denote a separable Hilbert space with two c.o.n.s.
o=A{pitiz12... and VY ={Y;}i=12, .

The linear operator T : H — H has a finite square-norm if

N(T;0,9) = | Y [(Tei,vw)[? < +00

ik=1
holds true.

Proposition 6.10. Let T : H — H denote a linear operator as in Definition
6.9 with N(T;¢,1) < 400. Then we have

T < N(T;0,9) =

1T ™)

Proof: At first, we observe

Z (o) = (Y I(Teni)l) = ZIIT%IIQ
ik=1 i=1 k=1
With the series -
f=) civic H
we calculate - -
Tf= ZciTgoi
i=1

and consequently
ITf] < Z |esl |1 Tps]]-
i=1
This implies

TSI < | D leil? (| Do ITeill2 = I/IN(T;0,0)  forall fe#

i=1 i=1

and therefore ||T|| < N(T'; ¢, ). q.e.d.

Proposition 6.11. We consider with
o={piti=12,... ¢ ={¢}ti=12.... v={Uiti=1,2,..., ¥ ={¥i}iz12,.

four complete orthonormal systems in H. Then the identity
N(T;¢,1) = N(T;¢', ") =: N(T)
holds true. Furthermore, the equality N(T) = N(T*) is correct.
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Proof: We calculate as follows:

o0
N(T;0,0) = > [(Teivn))* = X:IIT%II2

ik=1 i=1

= D NWLTe)? = Y (Tl
i k=1 ik=1

=D T il® = X (T )PP
k=1 i k=1

=D WTe)l = Y ITehvp)l? = N(Ti¢, ).
i k=1 ik=1

From the identity above we also infer N(T') = N(T™*). q.e.d.

Remark: Proposition 6.11 implies that the square-norm is independent of the
chosen c.o.n.s.

Ezample 6.12. On the rectangle
Q= {z:(xl,...,xn) eER™ : a; <x; < b forizl,...,n}
let the kernel K = K(x,y): Q x Q — C € L*(Q x Q,C) with

/ |K (z,y)|* dz dy < +o0 (8)
QxQ
be given. As in the Example 4.10 from Section 4 we define the Hilbert-Schmidt

operator

)= /K(%y)f(y) dy for almost all z € Q.

On account of Theorem 4.11 from Section 4, the linear operator K : L?(Q) —
L?(Q) is bounded by ||K|| < K2 oxq)-

Statement: The Hilbert-Schmidt operator K has the finite square-norm

N(K) = / K (2, y)|? da dy < +o0. (9)
QxQ

Proof: Let {¢;(z)}i=1,2,.. constitute a c.o.n.s. in L*(Q). Then we set
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ila) = / K(z,y)ei(y)dy = Koia)  aein Q for i=12,...

We calculate

S (o)l =i\/K (& 9)pi(y) dy|
i=1 Q

2
LR
Q
and Fubini’s theorem yields

[ Py =[S wwre=3" [uwee
Q =t =19

QxQ

=D IIKgi]l* = N(K)*.
i=1

Central significance possesses the subsequent

Theorem 6.13. On the separable Hilbert space H let T : H — H denote
a linear operator with finite square-norm N(T) < +oc. Then the operator
T :H — H is completely continuous.

Proof: Let the sequence f, — f = 0 (n — o0) be weakly convergent. If
{@i}i=12,. represents a c.o.n.s. in H, we have the expansion

S

_ )

- E CnPi
i=1

with
lim ¢!, =0 for i=1,2,... (10)
n—oo
and -
Z|c;|2§M2 for n=1,2,... (11)

Due to Proposition 6.10, the operator T' : H — H is continuous. Thus we infer

Tf, = Z C%Tgpi

i=1

and
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N
175l < || T
i=1

o0
+H Z & Tp;
i=N+1

N
< H Z chTpi
i=1

With the aid of (11), we obtain

D2 IR D el
i=1

i=N+1

+M | > Teil?,  n=12... (12)

N
ITfall < || i T
i=1 i=N+1

Given the quantity € > 0, we choose an integer N = N(¢) € N so large that

is attained. Observing (10), we then can choose a number ng = ng(e) € N

such that
N(e)
H Z cnTo;
i=1

is correct. Altogether, we obtain the estimate

<eg for all n > ng

1T frnll < 2e forall n>ng
with the quantity € > 0 given. Therefore, T'f,, — 0 (n — o0) holds true. q.e.d.

Remark: Due to Theorem 6.13, the Hilbert-Schmidt operators are completely
continuous.

Definition 6.14. With the completely continuous operator K : H — H on
the Hilbert space H we associate the so-called Fredholm operator

T=E-K:H—>H wvie Te:=Ex—Kx=x—-Kzx, xz€H.

Using the theorem of F. Riesz we now prove the important

Theorem 6.15. (Fredholm)

Let K : ' H — H denote a completely continuous linear operator on the Hilbert
space H with the associate Fredholm operator T :=E — K. Then we have the
following statements:

1) The null-spaces
Np = {QCE’H : T:U:O}
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of the operator T and
Np- = {xEH : T*m:O}
of T* =K — K* fulfill the identity
w:=dimNr =dimNp- € No=NuU{0}. (13)
ii) The operator equation
x— Ko =Tz =y, reH (14)

is solvable for the right-hand side y € H if and only if y € N is correct,
which means
(y,2)=0  forall z€ Np- (15)

is satisfied.
iii) If w = 0 holds true, the bounded inverse operator T=1 : H — H. exists.

Proof:

1. At first, we show dim N7 < +oo. If this were violated, there would exist
an orthonormal system {¢; };=12, . satisfying

OZTC)OZZQleKQD“ Z:LQ,

Since the operator K is completely continuous, we can select a subsequence
{@i,}j=1,2,.. C{pi}i such that @;; — ¢ (j — oo) in H. This contradicts
the statement

lpi — il = V2 forall 4,j €N with ¢#j.

Therefore, we see dim Nty € Ny. With K the operator K* is completely
continuous as well, and we comprehend dim N7« € Nj.
We now decompose H into the closed linear subspaces

H=Ni S Nr. (16)
Furthermore, we assume
dim My < dim Np-.

If this were not the case, we could replace T' by T and T by T** = T.
Finally, we set

Wr:=T(H) and Wp« :=T"(H).
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2. We now have y € Wi if and only if
0= (y,Tx) = (T*y,x) forall zeH

is correct, and therefore T*y = 0 or equivalently y¥ € N+ holds true. This
implies

N« = Wi or equivalently Wrp = N (17)
In particular, the range of T is closed in H. Let us consider the orthonor-
mal basis

{3017"',90d} CNT

in M7 and the orthonormal basis

{wla"wwd*} CNT*

in N« satisfying 0 < d < d* < +oo. We modify the operator T' and
obtain a Fredholm operator

d
Sy :=Tx — Z(gﬂi,w)wm zeH. (18)

=1

On account of (16) and (17), the null-space of the operator S evidently
satisfies

st{zEH: Sz:O}z{O}.

Theorem 4.6 from Chapter 7, Section4 of F. Riesz implies that the map-
ping S : H — H is surjective. Consequently, d* = d and dim N7 =
dim Np+ are correct. Furthermore, the mapping 7 : J\/Tl — Nf; is invert-
ible. In the special case

w=dimNy =dimNp- =0

the theorem of F.Riesz quoted above guarantees the existence of the
bounded inverse operator on the entire Hilbert space H.

q.e.d.

Remark: Theorem 6.15 is especially valid for linear operators K : H — H on
the separable Hilbert space H with finite square-norm N(K) < +oo. We can
estimate the dimension of the null-space for the operator T according to

dim Ny < N(K)2. (19)

If {1,...,04} namely denotes an orthonormal system in AN, we enlarge it
to a c.on.s. {¢;}i=1,2,.. in H and obtain
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[e'S) d
N(K)? =Y 1Keil? =) 1 Keil®
=1 =1

d
= llpill® = d = dim Ny.

i=1

We collect our results for Hilbert-Schmidt operators in the following

Theorem 6.16. (D. Hilbert, E. Schmidt)
On the rectangle Q = [a1,b1] X ... X [an, by] let the integral kernel

K=K(z,y):QxQ—=CcL*QxQ)

be given. We consider the linear subspaces of L*(Q) satisfying

N / K(r.y)f(w)dy = f(z), feL*Q),
Q

N / K* (. y)(y) dy = v(x), ¥ € LA(Q),
Q

with K*(z,y) := K(y,x) for (z,y) € Q X Q, and the following statement

dimN = dimN* < / |K (2, y)* do dy < +o0 (20)
QxQ

holds true. The right-hand side f(z) € L?(Q) given, the integral equation

ulx) - / K(r.yuly)dy = fz),  ueL*(Q),
Q

can be solved if and only if

/mdz(x)d:czo for all ¢ e N*
Q

is satisfied.

Proof: The Hilbert-Schmidt operator

Kf(z) = / K@) dy, feL*Q)
Q

has the finite square-norm
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N(K) = / | K (z,y)|2dz dy < 4o00.
QxQ

Due to Theorem 6.13, the operator is completely continuous with the adjoint
operator

K* f(z) = / K*(e.p)f)dy, e IXQ).
Q

From Theorem 6.15 and the subsequent remark we infer the statements given.
q.e.d.

In the bounded domain G C R™ we consider the weakly singular kernels
K = K(z,y) € S.(G,C)

from Section 1, Definition 1.8 with o € [0,n) and their associate integral
operators

Kf(z) :== /K(x,y)f(y) dy, red,
G (21)

for  feD:=C%G,C)nL>®(G,C).

Proposition 6.17. Let the kernel K = K(z,y) € So(G,C) with the proper-
ties

[ K@l < sea.
¢ (22)
/mw)\dx <N, yed,
G

be given. Then the operator K : H — H can be extended from D onto the
Hilbert space H = L*(G,C), and the following estimate holds true:

IK|| < VMN.

Proof: We estimate for arbitrary functions f,g € D as follows:
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(9, Kf)] / /K x,y)f dy) dm’

< / K (2, )l @)1 £ ()] dy

GG

= [ (IE@wlHlo@)) (15 @)l )) dedy

GRG

< ([ e lowraa)’ ([ IKEoIWP )’
GRG GG

= ([@r( [iseia)e) ( [1rwe( [ikepia)a)’
G G G G

SVMN./M@PM /U@W@/=VMNMMN
G G

Consequently, the operator K : H — H is defined with |K|| < VMN. q.e.d.
We define the auxiliary function

0, 0<t<1
Oft):=t—1, 1<t<2.
1 2<t

With K = K(z,y) € So(G,C) and 6 € (0,dp), let us consider the continuous
kernels

Kswo) =Ko =), wyeoxe @
together with their associate integral operators Ks. For all 6 € (0,dy) the

operator K5 : H — H is completely continuous, due to Theorem 6.13. With
the aid of Proposition 6.17, we easily deduce the limit relation

IKs — K|| = 0 (§ — 0). (24)

The complete continuity of K is inferred from the following

Proposition 6.18. On the Hilbert space H let the sequence of completely con-
tinuous operators A; : H — H for j = 1,2,... be given, converging due to
|4, — Al = 0 (j = o0) towards the bounded linear operator A : H — H.
Then the limit operator A : H — H is completely continuous.

Proof: Taking the sequence {zg}r=12,.. C H with ||zx]] < 1 for all k € N,
we can select a subsequence {x,(;)}k C {xx}r such that {A1$;(€1)}k:1,2,_.. CH
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converges. Furthermore, we have a subsequence {:r,(f)}k C {x,(cl)}k such that

{Agzvf)}k C H converges. In this way we successively select subsequences
1 2
" o 2Py o

and go over to the diagonal sequence zj, := x,(ck) for K = 1,2,.... We then
show the sequence {Ax} }r—1,2,.. to be convergent in H as well: At first, we
estimate

Az, — Axi|| < [|Az), — A || + ([ Ay, — Ajap|| + [[Ajz; — Azy|
< 1A = Ajllllzg | + 14525, — Ajaill + (1A — Aflfl]l-

With a given quantity € > 0, we now choose an index j € N so large that
[|A — Aj|| < e is correct. Furthermore, we chose an integer N = N(¢) € N
satisfying

|Aja), — Aja)l| <e  forall k,l>N.

From the relation (25) we obtain the inequality
Az}, — Azy|| < 26+ =3¢ for all k,l > N(e).

Therefore, the sequence {Ax} }r—1,2, . converges in . q.e.d.

yeos

Theorem 6.19. (Weakly singular integral equations)

On the bounded domain G C R™ let the weakly singular kernel K = K (x,y) of
the class 8o (G, C) with o € [0,n) and the integral operator K be given. Then
the null-spaces

N /K(mvy)s@(y)dy:ﬂ(x), reG; ¢eD
G

N [ Ry de =i, yeG veD
G

satisfy the identity dim N = dim N* < +oco. The integral equation

M@*/Kmmww@:ﬂ@,xeG; weD, (26)
G

can be solved for the given right-hand side f € D if and only if the following
condition holds true:

/mf(x):() for all e N*. (27)
G
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Proof: Because of Proposition 6.18 the integral operator K : H — H is com-
pletely continuous, and Fredholm’s Theorem 6.15 can be applied in the Hilbert
space H = L?(G, C). We still have to show that (26) is solvable in D. There-
fore, let u € H be a solution of the integral equation

Eu—Ku=f (28)

with the continuous right-hand side f € D. Because of the Theorem by I. Schur
on iterated kernels (compare Section 2, Theorem 2.7) there exists an integer
k € N, such that K¥ = L with a bounded kernel L = L(x,y) € Sy(G,C) is
correct. From Theorem 2.2 in Section 2 the property Lu € D is satisfied. Via
(28) we now obtain the following identity:

Eu—Lu=Fu—-Ku=E+K+...+ K1) f=g. (29)

Due to Section2, Theorem 2.2 we have E+ K + ... + KF~1 : D — D and
consequently g € D holds true. Finally, we obtain

u=g+LuéeD.

q.e.d.

7 Spectral Theory for Completely Continuous Hermitian
Operators

At first, we consider the following

Ezample 7.1. On the Hilbert space H = L?((0,1),C) with the inner product

1
(f.9) = / F@g(e)dr,  fgeH
0

we define the linear operator

Af(@)=af(z), ze(0.1); f=fla)e.

On account of
1 1
JAf|? = / @) f () di < / (@) d = ||,
0 0

the operator A is bounded by ||A|| < 1. Furthermore, the operator A is sym-
metric according to
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1
(Af,g) = / F@g(x)de = (f,Ag)  forall f.geH.
0

We now claim that A does not possess eigenvalues. From the identity Af = Af
we namely infer
(x =N f(z)=0 a.e.in (0,1)

and consequently f(x) =0 a. e. in (0,1) which implies f =0 € H.

Theorem 7.2. Let A : H — H denote a completely continuous Hermitian
operator on the Hilbert space H. Then we have an element ¢ € H with ||| =1
and a number A € R with |A| = || Al such that

Ap = Ap.

Consequently, the numbers +||A|| or —||A|| are eigenvalues of the operator A.
Furthermore, we have the following estimate:

|(z, Az)| < |A|(z, x) forall xeH. (1)
Proof:
1. At first, we show
[Al = sup [(Az,z)l. (2)
z€H, ||z||=1

From the estimate
|(Az, 2)| < [|Az|| ||z < [ A] [l2]* = [|A]
for all © € H with ||z|| = 1 we infer

sup  |(Az, 2)| < || Al|.
z€EH, ||z||=1

In order to show the reverse inequality, we choose an arbitrary « € [0, +00)

satisfying
|(Az, 2)| < a|z|? forall zeH.

With arbitrary elements f,g € H we calculate
(A(f +9),f+9) = (A(f —9). f —9) =2{(Af.9) + (Ag, [)} = 4Re(Af, g)

and consequently

A Re(Af, )l < (A(f +9), f + DI+ (A(f —9). f = 9)
< o{lf + gl + I = glI*} = 2a{lIF1* + llgll*}-

We now replace
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||y g= eicp My
[l]] [yl

with a suitable angle ¢ € [0, 27), such that the inequality

el

). ||y||2} — dalle| ]

follows and equivalently
(Az, )| < allall gl forall @,y € M.
Inserting the element y = Ax, we obtain
| Az|]? < az|| || Az|| or equivalently |Az|| < o]

for all x € H, and therefore ||A|| < «. Finally, we see

(Az,2)| < af|z||?
> || A]-

forallz € H

sup  |(Az,x)| =inf ¢ a € [0,400) :
ceH, ||z|=1

We now consider the variational problem

Ax,x
jal= sup AT on e, 3)
z€H\{0} ||1‘|| €M, ||z]|=1

and without loss of generality we assume A # 0. Let {zp}n=12,.. C H
denote a sequence with ||z, || = 1 for all n € N satisfying

(A, 25)| = [JA]| (n = o00).

Then we have a subsequence {x] },=12.. C {Tn}n=1,2,.. and an element
x € H with ||z|| <1, such that 2/, — z (n — o0) and

(Az,,,2,) = A € {=[|All, 1A}

hold true. Since the bilinear form (y, z) — (Ay, z) is weakly continuous,
we infer

O;é/\:nli_{n (Az),,z)) = (Az,x)

n? n

and therefore x # 0. Now the condition ||z| = 1 holds true: If |jz|| < 1
were correct, we would obtain

((Az, )| _ |l
—— > —= |4
EE T = 14l

contradicting (3).
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3. Without loss of generality we now assume A = +| A|; and the element
x € H satisfying ||z|| = 1 may solve the variational problem (3) from part
2 of our proof. We therefore have

(Az,z) = )\||:40||2

Taking an arbitrary element y € H, there exists a quantity g = go(y) > 0
such that all € € (—eq, g9) fulfill

(A(z +ey), z +ey) < Mz + ey, z +ey)
and consequently
(Az, ) + e{(Az,y) + (Ay, 2)} < Mz]* + eX{(z,y) + (y,2)} + o(e).
This implies
eRe(Ax — Az, y) < o(e),

and consequently Re(Ax — Az,y) < o(1) for all y € H. Therefore, the
relation
Re(Ax — Az,y) =0 forall yeH

has to be fulfilled and especially

Ax = A\x.
q.e.d.

Theorem 7.3. (Spectral theorem of F. Rellich)

Let the completely continuous Hermitian operator A : H — H be given on the
Hilbert space H satisfying A # 0. Then we have a finite or countably infinite
system of orthonormal elements {@;}i=1,2,... in H such that

yeee

a) The elements @; are eigenfunctions to the eigenvalues \; € R ordered as
follows:
Al = M| = [A2] > |As] > ... >0,

more precisely
ASDZ:AZSO“ 1=1,2,...

If the set {p;}; is infinite, we have the asymptotic behavior

i—00

b) For all x € H we have the representations

Ar= )" X(pia)p;  and  (x,Az) = Adl (i, )]

i=1,2,... i=1,2,...
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Remark: This theorem remains true for not separable Hilbert spaces. If the
system {g;};=1,... n is finite, the series above reduce to sums.

Proof of Theorem 7.3: On account of ||A|| > 0, Theorem 7.2 yields the exis-
tence of an element ¢; € H with |¢1]| = 1 satisfying

Apr = A, A€ {—||All, +[|A]}
Furthermore, we have
|(Az, z)| < |A1|(z, 2) forall z e M.

We now assume that we have already found m > 1 orthonormal eigenelements
Y1, .-, pm with the associate eigenvalues A1, ..., A\, € R satisfying the prop-
erty a). Then we consider the completely continuous Hermitian operator

B,z = Az — Z i (@i, ) ;.
i=1
Case 1: We have B,,, = 0. Then the following representation holds true:

m

Ax = Z)\i(goi,x)goi.

i=1

Case 2: We have B,, # 0. Due to Theorem 7.2 we have an element ¢ € H
with [|¢|| = 1, such that B,,¢ = Ay and consequently

Ap =Y " Nilpi, )i = Ap
i=1
is satisfied with |A| = ||B,,|| > 0. Multiplication by ¢, with an index
ke {l,...,m}, from the left yields
Aer, 0) = (pr, Ap) — A(w, ) = (Apr, ) — Ak, ©)

= M (@r,0) — Ae(pr, ) =0, E=1,...m.
Therefore, the system {¢1,...,¢m, ¢} is orthonormal as well; we set
Om+1 := @ and A\jpq1 := A # 0. Now we deduce |Apnt1] < |Aml:
By construction the following estimate

[(x, Bmx)| < |Aml(z, z) forall zeH

holds true, and for x = ¢,,11 we obtain

Al > [(@ma1s Bm@ms1)l = [(@ma1; Amt19mr1)| = [Amta]-
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We now assume that the procedure above does not end. Since the elements
{¢i}i are orthonormal, we infer ¢; — 0 (¢ — co) and the complete continuity
of the operator A yields

il = | A@ill = 0 (i = o).

On account of || By, || = |Am+1| we obtain the statement

= [Amt1l =0 (m — o00) (4)

HA - i Ai(is )i
=1

and consequently
o0
Az = N(pi,)pi, xEH.
i=1

Therefore, all y = Az with € H can be represented in the form

Y= Z(%‘,y)%’,
i=1
and the system {;}i—1 2. is complete in W4 = A(H). q.e.d.

Theorem 7.4. The Hermitian operator A : H — H with finite square-norm
N(A) < 400 satisfying A # 0 is defined on the separable Hilbert space H. The
operator A may possess a countably infinite system of orthonormal eigenele-
ments {p;}i=1,2,.. and associate eigenvalues {\;}i=12, . with the properties

a) and b) from Theorem 7.5. We set

Anf::Af—Z)\i(ipi,f)SDi7 n=12,...

=1

Then the sequence of square-norms

NA) = > N, n=12...
1=n+1

is a zero sequence.
Proof: Noting that N(A) < +oo, the operator A : H — H is completely
continuous and Theorem 7.3 gives us the representation

o0

y=> (eiy)pi forall yeWa.
=1

We observe the decomposition H = Wa @ N4. The relation y € Ny or
equivalently Ay = 0 holds true if and only if
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0= (Ay,x) = (y, Ax) forall zeH
is satisfied, which means Ny = Wy

Let now {¢;};=1,2, .. represent a c.o.n.s. in N4. Then the set {¢;}; U {¢;};
constitutes a c.o.n.s. in H. This allows us to evaluate

N(A? = [ Agill> + 1 A4vi]* = A7 < +c
i=1 i=1 i=1

and finally

oo (oo} oo
N(AR)? =Y 1 Anpil® + Y 1Antil* = D A7 =0 (n = o).
i=1 i=1 i=n+1 qe.d.
We specialize Theorem 7.3 and Theorem 7.4 to Hilbert-Schmidt operators and
obtain the following

Theorem 7.5. (Spectral theorem of D. Hilbert and E. Schmidt)
On the rectangle Q C R™ with n € N let the integral kernel
K=K(z,9):QxQ — C e L*Q x Q) be given satisfying

/ |K (2, y)]* dedy >0
QxQ
and
K(y,z) = K(z,y) for almost all  (z,y) € Q X Q. (5)
Then we have a finite or countably infinite system of eigenfunctions

{ei(2)}iz1,2... € L*(Q,C)

with the associate eigenvalues {A;}i=12.. C R, such that the following
integral-etgenvalue-equation

/K(x, Y)pi(y) dy = \ipi(x) for almost all = € Q (6)
Q
is satisfied with i = 1,2, .... The eigenvalues have the properties
A >|A2|>...>0 and iliglc)\i:O. (7)

Furthermore, we have the eigenvalue expansions

/ |K (z,9)|? dmdy:Z)\? < 400 (8)
QxQ =t
and

[ K-S rom@lf dra= 3 %0 mow.

QxQ 1= i1=n-+1
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8 The Sturm-Liouville Eigenvalue Problem

We need the following result:

Theorem 8.1. (Eigenvalue problem for weakly singular integral
operators)

Let the weakly singular kernel K = K(x,y) € So(G,C) with a € [0,n) be
given on the bounded domain G C R"™, and we have K(x,y) £ 0 and

K(z,y) = K(y,x) for all (x,y) € G®G.

We denote the associate integral operator by K, and define as our domain of
definition

D:= {f € C°(G,C) : sup|f(z)| < —l—oo}.
zeG

Statements: Then we have a finite or countably infinite orthonormal system
of eigenfunctions {@;}icr C D with their eigenvalues \; € R\ {0} fori eI
satisfying

/K(ﬂ?,y)s@i(y)dyzAi%(fE), z €@, iel. (1)
G

If I ={1,2,...} is countably infinite, we have

lim A\; =0, (2)
1—> 00
and each function g = Kf with f € D can be approxrimated in the square-
means according to

n—oo

lim / Jo(a) f}w(z)f dz = 0. (3)
el =1

Here we have set

g9i = [ pil@)g(x)de, i€l (4)
/

for the Fourier coefficients. When we assume o € [0, &) in addition, the func-
tion g = Kf with f € D can be expanded into the following uniformly conver-

gent series:

g(x) = Zgz‘%‘(l“)v r€G. (5)

Proof: As it has been elaborated in the proof of Theorem 6.19 from Section 6,
the operator K : H — H is completely continuous on the Hilbert space H =
L?(G,C). Furthermore, we have the regularity result
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Eu—Ku=v with wue€H and veD = u € D. (6)

Due to Rellich’s spectral theorem from Section 7, Theorem 7.3 the operator K
possesses a finite or countably infinite system of orthonormal eigenfunctions
{¢i}i=12,.. C H. Then we have the identities

/K(%y)%(y) dy = \igi(x), T€G
G

forall i =1,2,... with [A;] > |[A2] > ... >0and A\; = 0 (¢ — o0), in the case
that infinitely many eigenfunctions exist. Because of the regularity result (6)
we see ¢; € D for i = 1,2,.... Furthermore, the function ¢ = Kf with an
arbitrary element f € D satisfies the following identity in the Hilbert space:

g=Kf= > XlpuDei= Y. (Kpi fpi

i=1,2,... i=1,2,...
= Y (@uKhei= Y (i 9
i=1,2,... i=1,2,...

or equivalently (3), where the Fourier coefficients g; are defined in (4). When
we assume « € [0, %) in addition, the linear operator K : L*(G) — C%(Q) is
bounded by

IKfllco@y < Cllfllze — forall feD

due to Theorem 2.2 from Section 2. The series Z (@i, f)pi , convergent in
i=1,2,...

the Hilbert space H = L?(G,C), is consequently transferred by the operator

K into the uniformly convergent series

> )\i(SDuf)SOi:K( > (@i,f)%)zg

i=1,2,... i=1,2,...

q.e.d.

Theorem 8.2. (Expansion theorem for kernels)
Let K = K(z,y) : G x G — C denote a Hermitian integral kernel of the class
So(G,C), which is continuous on G x G. For the associate integral operator
K we assume

(f,Kf)>0  forall feD. (7)

Then we have a representation by the uniformly convergent series in each
compact set I' C G as follows:

K(z,y) =Y Ngi(@)ei(y),  (xy) el x I (8)
=1
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Proof:
1. We show firstly that

K(x,z) >0 forall zeG 9)

is fulfilled. Here we utilize the function ¢ = ¢(y) : R™ — [0, +00) € C°(R")
satisfying

oy) =0, lyl>1, and /ww@:L
RTL

The quantity § > 0 given arbitrarily, we consider the approximate point
distributions about z € G, namely

1

fs(y) = %@(g(y—x)), y e R™.

We insert the function fs € D into (7) and obtain

< (fs,Kfs) = //fa fs(2) dy dz

R R

://K@mﬁ@ﬁ@@w

R” R™

+//M@w—me»mwM@@w

R R

:K@@+//Ww@—M%Mh@ﬁ@@M-

R R

Since the second term on the right-hand side vanishes for 6 — 0, we infer
the inequality (9).
2. We now show

oo
Z i|pi(2))? < K(z,7) < 400 forall ze€G. (10)
Let us define the integral kernel
N
Kn(z,y) = K(@,y) = Y _ Nigi(@)ei(y)
i=1
with the associate integral operator Ky. The latter satisfies

(f,Knf)= Z Ml(gi, IP>0  forall feD.
1=N+1
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From part 1 of our proof we obtain
Ky(z,z) >0 forall ze€@

or equivalently
N —_—
K(z,2) > > Api(x)ei(z), 1€G
for all N € N, which implies (10).

3. Let the point x € G be chosen as fixed. With an arbitrary quantity ¢ > 0,
we then can estimate

Yo Pigi@ei)l < | D0 Alei@P, | Do Aileiw)l?
i=N+1 i=N+1 i=N+1

< e/ K(y,y) < e - const, y € G,

for all N > Ny(e). Therefore, we have the following statement for each
fixed z € G-

The series  P(y) := Z Aipi(x)pi(y) converges uniformly in  G. (11)

4. Due to Theorem 7.5 from Section 7, we have the relation

=S Ngi @)y (12)
i=1

in the L?(G x G,C)-sense. Choosing the point z € G and the function
f € CJ(G) arbitrarily, we obtain the following identity via (11) and (12):

)
/ K(z dy = lim (Z/\m(fﬂ)%—(y))f(y) dy
G g =1
= [ (S natea@) s0) av
=1

G

This implies

[ (K@) - Y noeia@) s dy =0 forall f e CY(G)

G

Since K € C°(G x G) holds true, and the series in the integrand is con-
tinuous with respect to y € G, we deduce the pointwise identity

= Z Xivi(z)pi(y) forall z,y € G. (13)
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5. Especially for = y, we infer the following identity from (13):
K(z,z) =Y \lgi(@)?, z€G.
i=1

Because of Dini’s theorem, the series converges uniformly on each compact
set I' C G. Finally, we obtain the following inequality for arbitrary € > 0
and suitable N > Ny(e), namely

> de@e®)| <, | X M@l | Y Mgyl <&

i=N+1 i=N+1 i=N+1
for all (z,y) e I' x I'. q.e.d.

Theorem 8.3. (The Sturm-Liouville eigenvalue problem)
We prescribe a,b € R with a < b and the coefficient functions

p=p(z) € C'([a,8],(0,+0)),  q=q(z) € C%([a,0R),

and consider the Sturm-Liowville operator L : C*([a,b],C) — C°([a,b],C)
defined by

Lu(z) := —(p(x)u'(2))" + q(@)u(z), = € [a,b].

Furthermore, we use the real boundary operators B; : C*([a,b],C) — C for
7 =1,2 defined by

Biu := ciu(a) + cou’(a) with ¢34+ c5 >0
and

Bou := dyu(b) + dou/ ()  with d3 + d3 > 0.
Finally, we fiz the domain of definition

D= {u € C*([a,b],C) : Byu=0= Bgu}.

Statements: Then we have a sequence {\;}i=1,2,.. C R of eigenvalues satis-
fying
—co< A < A <., and lim \; = 400
1—> 00
and the associate eigenfunctions {p;}i=1,2,.. C D with the following proper-
ties:

a) We have

b
Lp; = Aiws, /%(@Sﬁj(x) dx = d;; Jorall i,j €N,
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and the identity

LS bi 9 b )
;‘a/%(x)f(x)dm’ za/f(a:)| dx forall feD

18 satisfied.
b) Each function g € D can be expanded into the uniformly convergent series
on the interval [a,b] as follows:

- b
x) = Zgigoi(a:), x € [a, b], with  g; == /api(x)g(sc) dx, ieN.

¢) If the property A\; # 0 for all i € N is satisfied, the following series

Z% ), (x,y) € [a,b] x [a,b]

converges uniformly towards the Green function K of L under the boundary
conditions B = 0 = Bs.

Proof: We continue our considerations from Section 1 concerning the Sturm-
Liouville eigenvalue problem.

1. All eigenvalues of I are real. Since the coefficient functions p and ¢ are
real, we obtain the following statement from Proposition 1.3 in Section 1
by separation into the real and imaginary parts:

b b
/Lu(w)v(x) dx = /u(m)]Lv(x) dx for all w,v e D. (14)
We calculate

b b

b
bY / i ()2 dx = / Mo @i (a) de = / Lor o de

a a

b b

- / FiLo, do = / Fihign da

Y / (@) de, =12,

This implies

N =\ for all 7€ N.
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2. We now prove that the sequence of eigenvalues is bounded from below.
Here we consider the class of admissible functions

Dy := {u =u(z) € C*([a,1],C) : u(a) =0= u(b)}
If u € Dy is a solution of Lu = Au, we infer

A>q = inf q(a). (15)

a<z<b

With the aid of partial integration, we evaluate

b

)\/b|u(m)2dx = )\/Mu(m) dx = /bLu(x)u(m) dz

b
= [ (@@ + @)} de

b
o [ lu(o) da.

We now show indirectly that the operator L on D possesses at most two
eigenvalues smaller than ¢,. On the contrary, we assume that we had three
eigenfunctions 1, v, w3 € D satisfying

]LQOZ' = )‘71%0717 i = 1a273 and )\1 < )\2 < A3 < Qx-

Then we can find numbers oy, az, a3 € C with |a1|? + |az|? + |az]? = 1

such that ;
vi= Z a0 € Dy
i=1

is correct. On account of (15) we see

b b

@ / o) de < / Lo(w) v(x) dz = / (ZAaMXi%‘%) da

a a

b
/Z)‘ i i |2d$<)‘3/2|a2 i (@)|? da

a i=1

b
:Ag/‘v(l’)‘zdlﬂ

We obtain A3 > ¢, in contradiction to A3 < g..
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We name A; € R the least eigenvalue of L on D, existing due to part 2 of
our proof. Then we obtain in

L=L-\ME+E

a Sturm-Liouville operator with the eigenvalues MNe>1,k=1,2,...
Due to Theorem 1.6 in Section 1, the operator I on D possesses a sym-
metric Green’s function

K = K(z,y), (z,y) € [a,b] x [a,b] of the class C°([a,b] x [a,b], R).

We now take Theorem 1.7 from Section1 into account and utilize The-
orem 8.1 for the given integral equation. Then we obtain a sequence of
eigenfunctions

{(pi}izl’27.,' C DS&tiSfyinng@i = \@; (Z S N) and A\ < Aoy < ... — +o0.

From Theorem 8.1 and Theorem 8.2 we immediately infer all the state-
ments above. q.e.d.

9 Weyl!’s Eigenvalue Problem for the Laplace Operator

We

need the following generalization of the Gaussian integral theorem, which

does not require regularity assumptions for the boundary of the domain with
vanishing boundary values:

Proposition 9.1. (Giesecke, E. Heinz)

L

II.

Let the bounded domain G C R"™ be given, in which N € Ny mutually
disjoint balls

Kj::{xE]R”: \x—x(j)|§rj}, i=12...,N
with their radii v; > 0 and their centers 2\9) are contained. We set
N
G =G\ {zW,. .. M and  G” ::G\UK]-.
j=1

The topological closure of the set G" is denoted by G".
For the two functions u,v € C*(G") N C%(G") we assume

ulag = 0 = vlag; / {|Au(x)\ + |Av(x)\} dx < +00.
G//
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Statement: Then the following identity

N
/(UAu+Vv-Vu) dx = —Z / Ug—yu ds2; (1)
J

e I=Y 2 |=r;

holds true. Here the symbol v; denotes the exterior normal to K; and df2; the
surface element on the spheres {x : |v —z0)| = ri} =0K; forj=1,...,N.

From Proposition 9.1 we immediately infer the subsequent

Proposition 9.2. With the assumptions from Proposition 9.1 we have Green’s
identity

/(vAu —uAv)dr = — i / (vaa—;i - u(?—jj) as;. (2)

G jzl\m_g;(m:rj

Proof of Proposition 9.1:

1. At first, we assume that v € CJ(G) is satisfied in addition to the assump-
tions above, and we consider the vector-field f = vVu. Then the Gaussian
integral theorem yields the identity

N
/(vAquVv'Vu)dx:fZ / v@ ds2;. (3)
G Jj=1 J
We approximate an arbitrary function v € C2(G’)NC°(G”) by a sequence

!
{vk }k=1,2,... as follows: Let {wy(t)}r=12,.. C C(R,[0,1])) denote a se-
quence of functions with the properties

1
wk(t) = 1 s
0, [t < —
The functions

op(t) == /wk(s) ds, teR
0

then satisfy

er(0) =0, @i(t) =wp(®), k=12,...,

and we estimate

B g Ly e

El

lon(t) —t] = ’/(wk(s)—l)ds <
0
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Now we define the sequence
vk(z) == pr(v(z)), z€G”, k=1,2,... 4)
and consider the relation

e (x) — v(2)| = [@r(v(z)) —v(z)] < % =0 (k= o0)

for all x € G”, which implies
vg(x) = v(z) (k — o0) uniformly in  G”. (5)
2. We prove that
E = {x €G" : v(z) =0, Vu(z) # 0}

represents a Lebesgue null-set: Here we choose the point z € E arbitrarily.
Taking the quantity ¢ > 0 sufficiently small, the set

Eﬁ{xGG”: |x—z|<5}

constitutes a graph, and is consequently a Lebesgue null-set due to the
theorem on implicit functions. We exhaust the set G’ with the aid of the
cube decomposition. For each point z € E we consider a sufficiently small
cube z € W C G” such that W N E is a Lebesgue null-set. Now the set E
consists of a countable union of those sets W N E, and the o-additivity of
the Lebesgue measure yields the statement above.

3. For all points z € G” \ E we deduce

Vor(z) = ph(0(@))Vo(e) = wi(v(z) Vo(z) = Volz) (k- o),

which holds true a. e. in G”, due to part 2 of our proof. We insert v = vy,
into (3) and obtain

ou

/(UkAu—l—Vvk.Vu)dx:—Z / ngdﬁj, k e N.
el le\wfr(mzrj ’

Then we observe the passage to the limit £ — oo and see
v(z)Au(z) dx + lim [ (Vog(z) - Vu(z)) dz
k—o0
GI/ G/I

u(z (6)
:—Z / v(x)a ( )de.

=1

le—2()|=r;

Inserting v(x) = u(z) into (6) and noting that
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Vog(z) = wi(u(z)) Vu(z)
holds true, we see
w(z)Au(z)dz + lim [ wy(u(z))|Vu(z)|? dz
k—o0
G// GI/
N

—

J

Fatou’s theorem yields
|Vu(z)|?> de < 400 and / |Vo(x)? de < +oc. (8)
G/I G//

On account of

[Vor(z) - Vu(z)| = [wr(v(2))] [Vo(z) - Vu(z)|

IN

1
S(Vu@)P + [Vo(@)]?),  zed”,

we have an integrable majorant for the limit in (6). The identity (1) then
follows by Lebesgue’s convergence theorem. q.e.d.

We now continue the considerations from Section 1 concerning the eigenvalue
problem of the n-dimensional oscillation equation : Let G C R™ denote a
bounded Dirichlet domain. On the linear space

&= {u =u(z) € C}(G)NCQ) : ulog = O}
we consider Weyl’s eigenvalue problem

— Au(z) = du(z), ze€G with vwe&\{0} and XeR. (9)

Proposition 9.3. All eigenvalues \ of (9) have the property A > 0.

Proof: With v € £\ {0} we consider a solution of (9) belonging to the eigen-
value A € R. Then we infer

/|Au(x)\ dx = || / |u(z)| dz < +o0.
G G
We apply Proposition 9.1 with v = u and obtain

/|Vu(z)|2dx = —/u(z)Au(l’) dr = )\/|u(x)|2das
G G G
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/ |Vu(z)|? de

> 0.

/\u )| dx

Remark: The Rayleigh quotient appears in the last formula.

or equivalently

q.e.d.

We do not mention the case n = 2 particularly, and we shall utilize Green’s
function in the dimensions n = 3,4, ... as follows:

1 1
(n = 2)wn |y — "2

H(z,y) = + h(z,y), (r,y) e GRG. (10)

A solution u of (9) evidently belongs to the space

D:={u=u(r) € C°(G) : swpfu(x)| < +oo} = C"(G)N L*(C)

and satisfies the integral-equation problem

—)\/ny y)dy, x€G with weD\{0}andXeR. (11)

We deduce the latter statements as in Section 1 (compare Theorem 1.9 there),
using the Propositions 9.1 and 9.2 above. We have already shown the symme-
try of Green’s function and controlled the growth condition:

H = H(:z:,y) € Sn_Q(G),

(12)
0< H(z,y) = H(y,z), (z,y) e G®G.

Now we shall prove that a solution u of (11) solves (9) as well.

Proposition 9.4. Let the function u = u(x) € D be given, and the parameter
integral

/sz y) dy, zeG

be defined. Then we have the properties v € C°(G) and v|ag = 0.
Proof: With the aid of the auxiliary function
0, 0<t<1
@(t)z t—1, 1<t<2
1, 2<t
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we define the continuous integral kernel

Hy(ay) = H (a0 (2 4)

-o(" 5 5 (& _12>wn A C)

For all § > 0, the parameter integral

/Haxy y)dy, ze€d

is continuous on G, and we observe the boundary condition
vslag = 0.

Furthermore, we have the following inequality

ste) — vlo)] < [ [o(52) = 1] ()] a0 ay
G

. (13)
< Wdfyﬁ’}/@)ﬁo((sio)
yily—x[<26
for all x € G. This implies
vs(x) = v(x) (64 0) uniformly in G,
and therefore v € C°(G) and v|se = 0 holds true. q.e.d.

Proposition 9.5. Each solution u of (11) satisfies u € C*(G) and fulfills the
etgenvalue equation

—Au(x) = du(z), zeG.

Proof: We take an arbitrary point z € GG, and then choose a quantity € > 0 so
small that the inclusion

K.(2) ::{xeR”: |x—z|§€}CG

is valid. From the integral equation (11) we infer

1
_)\/ = wn|y—x|”2 w(y) dy

K.(2)
1
+A / n_ )Wn |y_x|n 2 dy—i—/hx y (y)dy (14)
G\K.(z)
—/\/ L L ) dy+ (),  xeK.(2)
- (n_ 2)wn |y —$|n_2 y y z,e 9 € .

Kc(z)
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[e]
Here the function 1, .(x) is harmonic in K, (z). We can differentiate the equa-
tion (14) once (but not twice!) and obtain, via the Gaussian integral theorem,
the following identity

VU(x)A/( ! (Vm ! _)U(y)dy+Vzbz,s(x)

n — 2)wn, ly — 2
K. (z)
1 1

-/ o2y (Vo) ) d + Vel

K. (z)
= 1 u(y)
- / (an)wnv (‘y7x|n72) dy

(15)
K. z)

for all x € K.(z). Here the symbol v(y) denotes the exterior normal to the ball
K.(z) and df2(y) the surface element on the sphere 0K (2).
From (15) we infer the statement

u € C*(G), (16)

since the point z € G could be chosen arbitrarily. We differentiate (15) once
more, choose x = z, and evaluate the limit ¢ | 0. Thus we obtain

Au(z) = lii%{ -4 / (n —12)wn (V= (xyl)"—2>

v ao) )

IK:(2) o
. 1 Vu(y) (17)
1
T {A / (n— 2)wn (Vﬂy—xw) - dy}
K. (z)

= —Jdu(z) + 0= —du(z) for all z e G.

q.e.d.
We summarize our considerations to the following

Proposition 9.6. The function u solves the eigenvalue problem (9) if and
only if the function u solves the eigenvalue problem (11).

Theorem 9.7. (H. Weyl)
On each bounded Dirichlet domain G C R™ with n = 2,3,..., the Laplace



9 Weyl’s Eigenvalue Problem for the Laplace Operator 127

operator possesses a c.o.n.s. of eigenfunctions ¢ € £, k = 1,2,.... This
means
— Apr(r) = Mepr(r), z€G, k=1,2,..., (18)
and the eigenvalues have the properties
0< A <A< A3< ... — +oo. (19)

Proof: Equivalently to (9) we consider the integral eigenvalue problem (11)

1
/Hmy Yy =ple), veC  p=

with the symmetric weakly singular kernel H(z,y) from (10) and (12). The
statements of the theorem can now be inferred from Section 8, Theorem 8.1.
q.e.d.

Remarks:

1. In the spaces R? and R3, we can even uniformly expand each function
f € &€ into the series of eigenfunctions for the Laplace operator.
2. The least eigenvalue A1 for the Laplacian on the bounded domain G C R™

satisfies
/ V(o) 2 da

(@) = inf .
weW&Q(G)ﬂGU(G) 0 #0 /|(p )2 dz

(20)

Here we refer the reader to the Sobolev spaces in the Sections 1 and 2 of
Chapter 10. From the relation (20) we immediately infer the monotonicity
property of the least eigenvalue:

GCG, = MG) > MG (21)

With the aid of a regularity theorem for weak solutions of the Laplace
equation one proves the strict monotonicity property:

GccG. = MG > MG (22)

In this context we refer the reader to [CH], Band II, Kapitel VI.
3. Comparing sufficiently regular domains G C R"™ with the ball of the same
volume K C R™ - which means |K| = |G| - we have the estimate

AM(G) = Mi(K). (23)

Here the equality is attained only in the case that G is already a ball in R™.
This Theorem of Faber and Krahn is based on the isoperimetric inequality
in R™ and had already been conjectured by Rayleigh in his book Theory
of the Sound. In the case n = 2 we recommend the following paper by

E. KRAHN: Uber eine von Rayleigh formulierte Minimaleigenschaft des
Kreises. Mathematische Annalen 94 (1924), 97-100.
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4. Tf the function ¢ € € is a solution of (9) for the eigenvalue A € R, we infer
A=X\ & p(x)#0 forall zed. (24)

Therefore, the eigenfunction to the least eigenvalue A1 has no zeroes in G.
5. About the eigenfunctions for higher eigenvalues and their nodal domains
almost no results are available (compare [CH]).
6. Endowing the domain G C R™ with the elliptic Riemannian metric

Z 9ij(z) dz; dxj,

i,j=1

we propose the integral equation method in order to treat the eigenvalue
problem of the Laplace-Beltrami operator

anw (\/—Z"” oz, ) (25)

with ((¢")m = (gij);jl and g = det(g;j);; . In this context we need
the generalized Green’s function for elliptic operators in divergence form
which is weakly singular again. Here we refer the reader to our approach
in Chapter 10, Sections 9 and 10, or to the following original paper by
M. GRUTER, K.O.WIDMAN: The Green function for uniformly elliptic
equations. Manuscripta mathematica 37 (1982), 303-342.

7. Theorems of Faber-Krahn type are valid even for the operators (25). Here
we recommend the monographs by G. POLYA: Isoperimetric Inequalities,
Princeton University Press, Princeton N.J., 1944 and by C. BANDLE:
Isoperimetric Inequalities in Mathematical Physics, Pitman, 1984.

8. The spectral theory for unbounded operators is presented e.g. in the
Kapitel IV: Selbstadjungierte Operatoren im Hilbertraum of the monograph
by H. TRIEBEL: Héhere Analysis. Verlag der Wissenschaften, Berlin, 1972.

9. A simple proof of the spectral theorem for selfadjoint operators has been
discovered by H. LEINFELDER: A geometric proof of the spectral theorem
for unbounded selfadjoint operators. Mathematische Annalen 242 (1979),
85-96.

10 Some Historical Notices to Chapter 8

The investigation of eigenvalue problems for ordinary differential operators
started in 1837; then C.F.Sturm invented his well-known comparison theo-
rem, essential for the stability question of geodesics. C.G. Jacobi (1804-1851)
created the general stability theory for one-dimensional variational problems.
In order to study the stability question for parametric minimal surfaces,
H.A. Schwarz investigated eigenvalue problems for the two-dimensional Lapla-
cian already in the Festschrift dedicated to his academic teacher Karl Weier-
strass from 1885.
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D. Hilbert created the theory of integral equations in the years 1904-1910,
solving linear systems of infinitely many equations. This theory may be seen
as one of Hilbert’s greatest achievements, and it was substantially further
developed by his students H. Weyl and E. Schmidt.

We have presented H. Weyl’s approach to the eigenvalue problem of the n-
dimensional Laplacian via the integral equation method in this chapter. In his
famous textbook together with Hilbert, R. Courant solved eigenvalue problems
for partial differential equations alternatively by direct variational methods.
His student F. Rellich then created a spectral theory for abstract operators in
Hilbert spaces, as well as K. Friedrichs.

In the meantime, physicists became intensively interested in eigenvalue prob-
lems for partial differential equations; these are situated in the center of
Quantum Mechanics — evolving in the 1930s. Their source of information
were mainly the textbooks Methoden der Mathematischen Physik [CH] by
R. Courant and D. Hilbert.

Figure 2.3 PORTRAIT OF R. COURANT (1888-1972)
taken from page 240 of the biography by C. Reid: Hilbert, Springer-Verlag,
Berlin... (1970).




Chapter 9

Linear Elliptic Differential Equations

At first, we transform boundary value problems for elliptic differential equa-
tions with two independent variables into a Riemann-Hilbert boundary value
problem in Section 1. The latter can be solved by the integral equation method
due to I.N.Vekua in Section 2 and Section3. Then, we derive potential-
theoretic estimates for the solution of Poisson’s equation in Section4. For
use in Chapter 12 we prove corresponding inequalities for solutions of the in-
homogeneous Cauchy-Riemann equation. For elliptic differential equations in
n variables we solve the Dirichlet problem by the continuity method in the
classical function space C?7%(§2); see Section 5 and Section 6. The necessary
Schauder estimates are completely derived in the last paragraph.

1 The Differential Equation
A¢ + p(z, Y)dz + q(z,y) Py = r(z,y)

In the simply connected domain {2 C C we take the bounded coeflicient
functions

b= p(xay)a q= q(xay)a r= T(Z‘,y) € CO(Q,R)’

and consider the differential operator

0 0
L:=A — —. 1
+ (e y) 5 +Q(x,y)8y (1)
We define the complex-valued function

a=a(z) = —; (pey) Higwy), z=ztiyen, ()

and remark that
0 ) .
=3e-im) o alamtin)

oz Zay 9z 2

F. Sauvigny, Partial Differential Equations 2, Universitext, 131
DOI 10.1007/978-1-4471-2984-4 3, (C) Springer-Verlag London 2012
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With arbitrary functions ¢ = ¢(x,y) € C?(£2,R) we calculate

iggb(x, y) = — (Ad(x,y) + pos + qoy)

=+ g Ref(p 4 i)y (00— i)}

=z — 2Re{a(2)$.(2)}
2z — ap, — Az in £

I
S S S A

Here we denote the real and imaginary parts of a complex number z by Re z
and Im z, respectively. Now we consider solutions

f* = f*(Z) € Cl(Qv(C\{O})
of the differential equation
%f* (2) —a(2) fu(2) = in £2. (4)

These appear in the form
f*(z):F*(z)exp{_?l//g(%)zdfdn}, z € {2, (5)
9]

with an arbitrary holomorphic function Fy : 2 — C\{0}. Furthermore, we
have utilized Hadamard’s integral operator

-1 a(¢) )
Tolal(2) == — [ [ —=d&dn, z€ 2 ((=&+in) (6)
T é/ (—=z

from Definition 4.11 in Section 4 of Chapter 4. We now consider the associate
gradient function

() = % 6.(2), e (7)
With the coefficient function
1 0 - 1 0
W)= O = (5 ) e ©

we calculate
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- <z>—b<z>f<z>=a%(%¢ )+ 75 (579 705 9+

= o T (g 1)e - F (557 )o

= % {¢z2 —ag, — Eibz}

= Qf*z(z) Lo(z,y), z=x+1iy € 1.

Theorem 1.1. a) If the function ¢ = ¢(x,y) € C?(02) satisfies

Lo(z,y) =r(x,y) in L2,
then its associate gradient function (7) fulfills the following differential
equation:
0 - i
il —b -
52 1) =T () = gt

b) On the other hand, if we start with a solution f € C*(£2,C) of the equation
(10) in the simply connected domain 2 C C, then the real contour integral

z) =: ¢(2), z € (2. (10)

o(oy)i=2Re [ 5 LOFQdG, 2 0 (1)

gives us a solution of the differential equation Lo(x,y) = r(x,y) in (2.
Here the point zg € {2 is chosen arbitrarily.

Proof: a) This follows from the identity (9).
b) At first, we infer the following differential equation from (8):

2 @@ RE =0, zen

Furthermore, the contour integral from (11) is independent of the path chosen:
With G CC {2 taking an arbitrary normal domain, the Gaussian integral
theorem in the complex form yields

Re [ L £(OfQdc=Re [[ (£.(2)f()) drd
84 21 é ( )E Y

- Re//{(%f*)fﬂ%f)f*}dwdy

_ Re// DTS + BT+ or(z)} dedy =0,
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Furthermore, we have

z

o) =5 [{rO1a-FOTQA),  zen
which implies .
¢:(2) = 2% f*(z>f(z)7 z € (2. (12)
We infer the validity of L¢é = r(x,y) in 2 from the identity (9).

q.e.d.

Theorem 1.2. (P. Hartman, A. Wintner)
Let the nonconstant function ¢ = ¢(z,y) € C*(£2) satisfy the homogeneous
elliptic differential equation

Lo(x,y) =0, (z,y) € ©2. (13)

Then the gradient of ¢ has, at most, isolated zeros in (2, and at each zero
zo € §2 we have the asymptotic expansion

¢=(20 +¢) = " +o([(]"), (=0 (14)

Here we used the numbers n € N, ¢ = ¢1 + ica € C\{0}; the symbol o(|¢|™)
denotes a function ¥ = (¢) : C\{0} — C with the property

S

<20 [¢|™

=0.

Furthermore, the function ¢ reveals the behavior of a saddle point near zg,
namely

2
] Pl <c1 cos(n + 1)¢ — cosin(n + 1)<p) +o(r™th)
n

(15)
with 1 — 0+. Consequently, the function ¢ does not attain a local minimum
nor a local mazximum at the point zg.

¢(z0 +1e¥) = ¢(20) +

Proof: The identity (12) implies

1
6.() = o L(I(), e,
Now the function f, is defined by (5), and f satisfies the differential equation

0

g (2) = b(2) f(2), z € 2. (16)
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Consequently, the function f is pseudoholomorphic (compare Chapter 4, Sec-
tion 6, Definition 6.1), and we obtain the following expansion near a zero zg

of ¢,:
@2(20 +C) ="+ o(|C|), ¢—0.

Here we have chosen the numbers ¢ = ¢; + ica € C\{0} and n € N. Further-
more, we have the identity

d(z0 + 1e"?) — B(20)

rd . d
:/d—gsb(zwrye“”)d@:/d—g¢(wo+gcosso,yo+gsin<p) do
0

0
r

:/{¢f("')COS‘P+¢y(~--)sm90} dQ:2/R6{¢z(20+96w)6w}d9.

0 0

When we insert the asymptotic expansion (14) of ¢,, we finally obtain

P20 +1re'?) — d(zp) = 2 / Re{cg”ei(”“)“"} do + o(r"th)
0

,rn+1

n+1

- 2Re{(c1 +ica)(cos(n + 1) + isin(n + 1)@} +o(r )

2
= {cl cos(n + 1)p — cosin(n + 1)¢}r"+1 +o(r"™') with r—0+.
n

q.e.d.

Let 2 C C be a simply connected bounded domain, whose boundary consists
of a regular C2-curve in the following sense:

002 : z=((t):[0,T] = 0N € CA(R,C) with |¢'(t)|=1, 0<t<T. (17)

Here ¢'(t), 0 < t < T gives us the tangential vector-field to 92, and we
abbreviate

C3(R,C) := {g € C*(R,C) : gis periodic with the period T}.

Furthermore, the vector-field v(t) := —i¢’(t), 0 < t < T represents the
exterior normal to 0f2. Now we prescribe the continuous unit vector-field

v(t) = a(t) +ip(t) € CX(R,R?*)  with |y(t)|=1, teR

on the boundary 92 and the function x = x(t) € C%(R,R).
Then we consider the following boundary value problem of Poincaré
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¢ = ¢(z,y) € C*(2)NC' (1),
Lo(z,y) =r(z,y) in £, (18)
¢ (C(8))al(t) + ¢y (C(1)B(E) = x(t),  0<t<T.

Remarks:

1. In the special case v(t) = v(t), 0 < ¢t < T, the condition reduces to
Neumann’s boundary condition

THC) =xH),  0<t<T (19)

2. In the special case y(t) = ¢'(t), 0 < t < T, the condition reduces to
Dirichlet’s boundary condition

Solw) =X, 0st<T,

and consequently

S(C(1)) = BC(0)) + / x()ydr,  0<t<T.
0

Additionally, we require

T
/X(T) dr =0. (20)
0
The associate gradient function f(z) = %aﬁz(z), z € §2 satisfies
X(t) = ¢ (C(t))x(t) + &y (C(2))5(1)
= 2Re{o.(C()) (1)}

= Re{ - if*(z)’Y(z)f(Z)}‘Z:C(t)v 0<t<T.

Introducing the function

9(2) = ifu(2)7(2),  z €09, (21)

we find the following boundary condition for f:

Re{gCOIFCW) | =x(t), 0<t<T. (22)

Together with Theorem 1.1 we arrive at the following
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Theorem 1.3. a) If the function ¢ solves the general boundary value problem
(18), then the associate gradient function
2i _
f=f(z)=—-——0¢.(2) eCH)NC° (2
(2) = Fr50:(2) € CHAN (@)

yields a solution of the Riemann-Hilbert boundary value problem (10),
b) If the complex-valued function f = f(z) € C1(£2) N C°(N2) solves the
Riemann-Hilbert boundary value problem (10), (22), then we obtain a solu-
tion of the general boundary value problem (18) by the real contour integral

(11).
Now, the Riemann-Hilbert boundary value problem

L1 - =), e
Re{g()/ ()} =x(),  =€00,

is invariant with respect to conformal mappings. Applying the Riemann map-
ping theorem (compare Chapter 4, Section 7 and Section 8), we shall assume
{2 to be the unit disc in the sequel.

(23)

2 The Schwarzian Integral Formula

On the unit disc B := {# = ¢ +iy € C : |z] < 1} with the boundary
OB = {e*¥ : 0 < ¢ < 27} and the exterior domain A := {z € C : |z| > 1}
we shall solve boundary value problems for holomorphic functions. We begin
with the important

Theorem 2.1. (Plemelj)
Let F : 9B — C be a Hélder continuous function; that means o — F(e'¥)
defines a 2mw-periodic Holder continuous function. Then the Cauchy principal
values ) F(O)
H(z):= lim — —>=d B
(2) S0 274 ?{ (—=z d 2€9

¢eoB
I¢—z|=e

represent a continuous function. Furthermore, the function
1 F
G(z) = j{ ﬁdg, z€BUA

T o (—z
¢coB

has the following boundary behavior at the circle line OB:

Zli>IIzlg G(z) = H(z) + %F(zo) for all zy € 0B (1)
z€EB
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and
lim G(z) = H(z) — %F(zo) forall zy € 0B. (2)
z€EA

Remark: The function G can be continuously extended within the disc B and
from the exterior A onto the circle line B. However, there G has a jump of
the size F(zp), 20 € OB.

Proof: We show continuity of the Cauchy principal values by arguments from
Proposition 5.9 in Chapter 4, Section 5. For a fixed point zg € 9B we define
I.:={2€0B: |z—z|>¢},S. :={2€ B : |z—z]| =¢}, and
St:={z€ A : |z— 2| =¢}. For all points z € B\{0} we deduce

1 F(C)—F(\;)
G(Z):% -z |\ 2m%<72
OB
1 F(C)_F(\Z)
:%wﬁ“” {/c—d<+/<—d<}

with sufficiently small € > 0. For zy € B we obtain

lim G(2) = — ?{Mdg

Z—20 27 —Z
z€B OB C 0

1 1 1
+F(zo)%{r = dC+/<_ZO d(}
. s+

with arbitrary ¢ > 0. The passage to the limit € — 04 yields

Jim G(2) = Tim. %{ / %{)()dcw (20 /C }+ %F(zo)

z€B

1 [ FQ 1
I

= H(z0) + %F(Zo),

and we attain (1). By similar calculations we obtain (2), substituting the
integrals on St by the corresponding integrals on S_ . q.e.d.

Theorem 2.2. (Schwarzian integral formula)
Let us consider the Hélder continuous, real-valued function ¢ : 0B — R, and
let the Schwarzian integral be defined as follows:
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2w
1 etz
P = o [ St o) o, el <1 (3)
0

Then the holomorphic function F' can be continuously extended onto the closed
unit disc B. Furthermore, its real part

ReF(z): B =R

takes on the boundary values ¢; more precisely

lim Re F'(z) = ¢(z0) for all zy € 0B. (4)
zEB(J
Proof:
1. We extend F to the function
2m
1 e +z :
F(z):= — ‘ ") d BUA
()= 5 [ G dle¥)dp,  zeBUA

0

and obtain the reflection condition

2m 2m .
1 [e+z 1 [Lyele |
Fx)= o | e d(e¥)dp= o= [ 21— 4(e")d
O =57 [ 2o o= oo [ Tog e dp
0 0
27 ;

B 1/ei¢+
21 ) eiv —

0

(1) dip = —F(%) > € (B\{0}) U A.

W[

2. Furthermore, we have the following identity for all z € BU A:

27
B B VR PR I G Y
FG) =5 [ S o) de = 5= § 200 G
0 OB

We observe

and calculate

1 1 2
F(z) = 5~ (—E+C_Z)¢<<>d<
oB
__ b N (9%
o 2m‘j{¢(g)g+m‘j{gfzdc
OB OB

2
1 i L[ é(Q)
0 oB
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Due to Theorem 2.1, the function F' can be continuously extended to 0B,

and we see

27

. 1 i 1 #(C)

lim (o) = 5 0/ H(e') dp + Ei ZELdc+ (), 20 €08,
27

. 1 ; 1 #(¢)

lim F(z) = —— "V d — ¢ —>—d( — 0B.

I, (2) 27T0/¢(6 ) <p+maigz() ¢ —¢(20), 20€

(5)

By the integrals ¢ ... given here, we comprehend the Cauchy principal
OB

values according to Theorem 2.1. Finally, we obtain the following identity

for all zg € OB:

ZangO ReF(z) = %ZILHQO [F(2) + W] = %zILIQO [F(z) - F(%)} = ¢(z0).
z€EB z€B z€B

3 The Riemann-Hilbert Boundary Value Problem

We now consider the following Riemann-Hilbert boundary value problem: For
the Hélder continuous coefficient function b = b(z) € CY(B,C) being given,
let the function

f=f(z) =u(z,y) +iv(z,y) € C(B,C)NC°(B,C)
satisfy the homogeneous differential equation

9
oz

Furthermore, let us take the Holder continuous directional function

()= b(z)f(z) =0, zeB. (1)

a=a(z)=a(z,y) +ib(z,y) : 0B — 0B

satisfying
a?(2) +B*(z) =1 forall ze€dB.

The index n € Z of the Riemann-Hilbert problem indicates how often the
directional vector-field a winds about the origin 0. Therefore, we assume the
representation

a(z) = 2" e z € 0B, (2)

with a Holder continuous function ¢ : 9B — R. Furthermore, we prescribe
the Holder continuous function y : 9B — R and require the Riemann-Hilbert
boundary condition
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a(z)u(z) + B(2)o() = Re(als)f(2)) =x(2),  z€0B.  (3)

We now solve the Riemann-Hilbert boundary value problem (1), (3) for the
indices n > —1 by the integral equation method of I. N. Vekua. Particularly
important is the case n = —1: Due to Section 1, Theorem 1.3 we can then
solve a mixed boundary value problem for linear elliptic differential equations,
especially under Dirichlet and Neumann boundary conditions. We owe to
G. Hellwig the fundamental observation: The solution space for the Riemann-
Hilbert problem is interrelated with this index and integral conditions on the
right-hand side have to be imposed.

Based on Theorem 2.2 from Section 2, we consider the following function which
is continuous on B and holomorphic in B:

2T
. _ 1 fevtz
B() + () = F() o= o /ew Paenydp, <l @
0
We note that
heHEl; o(2) = ¢(20) for all 2o € 0B. (5)
Z—r20

We multiply (3) by e?(*), 2z € 9B and equivalently obtain

n(z) = ey (z) = Re(ewz)e—w(z)ﬁ)
FOS() Y

z

= Re( ) for all z € JB.

Multiplication of the differential equation (1) by the holomorphic function
e () = V() —id(2) £ B

yields the equivalent differential equation

%(e—w(z)f(z)> — p(z)e2i0(2) (e—iF(z)f(Z)> —0, . e B. (7)

By the transition f(z) ~ e (*)f(2) we obtain the canonical Riemann-
Hilbert boundary condition from (6):

Re(Lj)) = x(2), z € 0B. (8)
z

Therefore, we have to solve the boundary value problem (1) and (8), which
we shall transform into an integral equation problem. We obtain the following
Riemann-Hilbert boundary value problem in the normal form:
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f = f(Z) € Ol(Bv(C) N CO(Ev(C)a
0 —= .
= () - b)f() =0 in B, )
f2)N _
Re(z—n> =x(z) on JB.

We denote by

™

Tal) =~ [[ L e, zen (c=e+in

Hadamard’s integral operator. For n = 0,1, 2,... we consider the Riemann-
Hilbert operator of order n

v = 8 [ 5L

= Tylg)(z) — 2 (% // Cg(__()é ¢ dn> (10)
1) -1

:TB[g](z)—zM{TB[g}(%)}, z € B.

The substitution

4:%, y=a+if € A:=C\B, dé dn ||4dadﬁ
yields
z2ntl 9(%)
n - - d d
Vag(2) = Tulgl(z) - é/ e
2n41 g(%+) L= (11)
= Tlole) - [[ = dedn
A
=Tgg)(z) + 2*" ' Talgl(z),  z€ B,
with
1 1
3(0) —?g(?), Cea (12)
We note that
9
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which follows from (10) immediately. The following Riemann-Hilbert problem

f=f(z) e CY(B,C)NC°B,C),

% (Z):O in B, (14)
Re(M) = x(2) on 0B
Z’ﬂ
can be solved explicitly with the aid of the Schwarzian integral:
n—1
n d
0= 2 [0S S o 5 ot i )
oB k=0
(15)
Here we have used 2n + 1 real constants ag,...,an_1,080, .- Bn_1,7- We can

transfer the boundary value problem (9) equivalently into the integral equa-
tion

f(z) = Va[bfl(2) = 8(2),  z€ B, (16)

with the right-hand side &(z) from (15). The linear integral operator f —
V,[bf] is completely continuous on the Hilbert space H = L?(B, C) since the
kernel appearing is weakly singular. Applying Theorem 6.19 from Section 6
in Chapter 8 we comprehend: A solution f € H of the integral equation (16)
belongs to the class D := C°(B,C) N L>=(B,C).

We need the following

Proposition 3.1. (Vekua)
Let n E_{O,LZ,...} be given, and f € H may solve the integral equation
f=V,[bf] =0. Then we have f = 0.

Proof: Let f be a solution of the integral equation f—V,,[bf] = 0. This implies

o+ [T - (D s, e

The right-hand side of (17) is holomorphic in B and continuous on B. The
integral on the left-hand side is continuous in the entire Gaussian plane C,
vanishes at oo, and is holomorphic in the exterior domain A = C\B. We take
z € OB, multiply both sides of (17) by

1 dz
_— te B
omi 2 —t ’

and integrate along dB. The Cauchy integral theorem and Cauchy’s integral
formula yield
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1 f( ) t2n+1
2ma z—td N /_/ 1—tC " (18)
B

We now develop both sides into powers of ¢ about the point 0 and see

ff(z)e—“w d9=0 for k=0,1,...,2n (19)

with z = €. The similarity principle of Bers and Vekua gives us the following
representation

f(2) = ¥(2)eP®?), z € B. (20)

Here the function v is holomorphic in B, and we define

// _Z—l_?}dgd g:b? (21)

With the aid of the equation Imp(z) = 0 on 9B and (20), we deduce the
boundary condition

Re(wz(f)> =0 on 0B (22)

for the holomorphic function . This implies

2n
z) = Z ez, (23)
k=0
where the complex constants cg, c1, .. ., coy, satisfy the following conditions:
Con—k = —Ck, k=0,1,...,n. (24)
Therefore, we find that

2n
z) = (chzk)ep(z), z € B. (25)
k=0
Inserting (25) into (19), we infer

ch/zz P dg=0, 1=0,1,...,2n, (26)
k=0 9B

and consequently ¢, = 0 for k =0,1,2,...,2n. Here we use that the Gramian
determinant for the system of linear independent functions

kear(x)  k=0,1,2,...,2n,

satisfying Im p(z) = 0 on 0B, is different from zero. We consequently obtain
f =0 from the representation (25). q.e.d.
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Theorem 3.2. For the indices n = 0,1,2,3,..., the Riemann-Hilbert bound-
ary value problem (9) possesses a (1+2n)-dimensional space of solutions.

Proof: We use the integral equation (16) and Proposition 3.1. With the aid of
Theorem 6.19 from Section 6 in Chapter 8, we can solve the integral equation
for all right-hand sides @ in (15) within the class of continuous functions.
Therefore, we obtain a (2n+1)-dimensional solution space of (9). q.e.d.

We shall now solve the Riemann-Hilbert problem (9) for the index n = —1.
Taking a solution f of (9) we make a transition to the continuous function

g9(z) = zf(2), z € B. (27)

The latter solves the following Riemann-Hilbert problem for the index 0,
namely

0= o [-/(2)]) ~02) 2 (G = = 9(a) — (o) i B

x(z) = Reg(z) on OB.

(28)

Here we abbreviate B := B\{0} and set
z .
c(z) == =b(2), z € B.
z
The function g(z) = zf(2), z € B consequently fulfills the integral equation

5 = Vol T)e) = 3 [ XOEE G iy
oB

or equivalently

4G -l = o [ Wacr 2 [ X aciin, eB,
OB OB

(29)
with v € R. We now develop

Volzg] z € B, (30)

- _%//g(g)dgdmzw[g] r

B

:77// (Z}dgdn, 2 eB.

In this context we note that

and define
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4o // (22 + 5

}dgd

When we insert (30) into (29), the followmg integral equation is revealed:

f(z) -

_m C ¢—2)

i / -4 ffuorca)

In order to obtain a continuous solution of (31), the condition

0:m+2 / //b F(0) dé dn (32)

has to be fulfilled. Then we have to solve the following integral equation

— 1 x(€) =
f(z) =Wbfl(2) = = d¢, z€B. (33)
maé C(¢—2)

(31)

We now consider the integral operator

Wi = - [[ {2+ 2O :eB
5 ¢

With the aid of the substitution

1
C:%a ’Y:Oé+l.5€A, dfdﬂ:—

we obtain

L9 (34)
=Tglg)(z) — = d§ dn
I

setting
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Proposition 3.3. (Vekua) Let the function f € H be a solution of the iden-
tity f — WI[bf] = 0. Then we have f = 0.

Proof: We define the kernel function
¢
1-— ZZ

K(z,¢) = for z,(€B (36)

and calculate

K*(2,¢) = K(C,2) = (Z) = —ZZZ' (37)

We deduce for arbitrary functions f, g € C°(B,C):

// {FOWIGI(2) + g(2)Vol1(2) } dz
:_%////{f(z)g(gl+g(z)<f(—<)z}dzdg
“// // T+ dKCATO e
Re(////f SIS

Here we naturally comprehend dz = dzdy and d¢ = d§dn. By substitution
of the functions f +— bg and g — bf into the commutator relation (38), we
obtain the following identity for arbitrary functions f,g € C°(B,C):

tw [ [ {b2)9(2) ()~ WEFI(2)) + BT (9(2) ~ Valal(2)) } dody = o
B

o (39)
If the function f € C°(B,C) solves the integral equation f — W[bf] = 0, we
infer

Im // — Volbg](=z )) dedy =0 for all g€ C°(B,C). (40)

With the aid of Theorem 3.2, we now determine the solution g € C°(B, C) of
the integral equation for the given right-hand side ib(z) f(z) as follows:

9(2) = Volbgl(z) = ib(2)f(2),  z€B.

We insert into (40) and arrive at
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o=1m{z' i |b<z>2f<z>|2dxdy} ~ [[bePr@P drdy. @)

This implies b(z) f(z) = 0 and consequently

f(z) =Wbfl(z) =0 in B. q.e.d.

Theorem 3.4. For the index n = —1, the Riemann-Hilbert boundary value
problem (9) has a solution if and only if the condition (32) is satisfied.

Proof: We use Theorem 6.19 from Section 6 in Chapter 8 again together with
Proposition 3.3.
q.e.d.

Remark: For the indices n = —2,—3,... as well, we can solve the Riemann-
Hilbert problem if and only if (—n) suitable integral conditions are imposed. In
this context, we refer the reader to the monograph of I. N. Vekua [V], especially
Chapter 4, Section 7, part 3.

4 Potential-theoretic Estimates

We now refer the reader to the results of Chapter 5, Section 1 and Section 2
about Poisson’s differential equation. For the unit ball B := {x € R" : |z] < 1}
we can explicitly give Green’s function as follows:

1 — _
qﬁ(y;x):%log‘ly_;y‘, yeB, z€B, if n=2 (1)

and

g ()
’ 2 =nmwn \ly =" (1 =20 y)+ 2P T ) (2
yeB, xz€B, if n>3.

Theorem 2.3 on Poisson’s integral formula from Section 2 in Chapter 5 is our
starting point: A solution u of the problem

u=u(z)=u(z1,...,2,) € C3(B)NC°B),
Au(z) = f(z), z€B,
with the right-hand side

(3)

f=f(z)eC%B) (4)
satisfies Poisson’s integral representation
_ 1 ly|* — |z _
u(z) = u(y)do(y)+ | o(y;z)f(y)dy, xze€B. (5)

ly — x|
ly|=1 ly|<1
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Question I: For which right-hand sides f : B — R and for which bound-
ary values u : 0B — R can we solve the Dirichlet problem of Poisson’s

equation?
Question II: Under which conditions can the second derivatives g, ., (),
x € B be extended continuously onto the closure B with i,j =1,...,n?

If the function w possesses zero boundary values on 0B, we only have to
consider the singular integral defined on B in (5).

Definition 4.1. Let 2 C R™ be a domain, and the parameter a € (0,1)
is regqularly used in the following. Then the continuous function f : 2 — R
belongs to the reqularity class C%(82), if we have a Hélder constant b € (0, +00)
satisfying

[f(z) = f) < blz—y|*  forall zye (6)

Proposition 4.2. (E. Hopf)
For the dimensions n=2,3,... let {2 C R" be a bounded domain, and we set

NN := {(x,y) eNxN: x;«éy}
Let the symmetric kernel function
P(yiz) = dpa;y) : 2@ 2 =R
be given with the growth conditions

alogly —z|, ifn=2
aly — x>, ifn>3"

lp(y; )| < {

and )
¢z, (y; )| < aly —x|'7™,

|¢$717(yax)| §a|y—x|*”, iajzla"'vn'

Here a € (0,400) denotes a constant. Furthermore, the functions

&;(x) = /d)mi(y;x)dy, x € 2, with i=1,...,n
o)

belong to the class C1(£2). Finally, we consider the following parameter inte-
gral associated with the function f € C*(£2),namely

F(z) = / o) f(y)dy, e (9)
2

Then F(x) € C%(£2) holds true, and we calculate their derivatives in the form
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/ﬁn% Wy, e, (10)

and

&mmz/%wmwuw—mm@+mmm@» re (1)

2

Proof: The integral (9) converges absolutely due to (7). On account of (8), we
can form the difference quotient of F(x) and have a convergent majorizing
function. We deduce the identity

/¢z y;x)fly)dy, =€ §2, for i=1,...,n

by the convergence theorem for improper Riemannian integrals. We are not
allowed to directly differentiate this integral once more, since it does not
remain absolutely convergent. Therefore, we consider the rearrangement

=/ﬁ%@wﬂﬂw—f@wﬁw+f®®@@% ve,
0

with the point xy € {2 being fixed. Now the difference quotient converges
again

Fyiw; (o) = /%ixj (y; 20) (f (y)—f(20)) dy+f (20)Pia; (w0) for all ao € 2,

since the integral possesses the convergent majorant |y — x| ", q.e.d.

A very important device in potential theory is the intricate

Proposition 4.3. (Hopf’s estimates)
Let 2 C R"™ be a bounded conver domain, on which the singular kernel

K,y): 2202 >RecCY(NcN)
is defined with the growth conditions

vay §47
Kyl < =

Z | Ky, (,9)] | y|"+1 for (z,y) € 2 ® 0.
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Furthermore, let the function f = f(x) € C*(£2) be given satisfying
|f(2") = f(a")| < bla” —a'|® for all ' 2" € 0.

Here the quantities a,b € (0,4+00) and « € (0,1) are fized constants.

Then the parameter integral

F(z) = / K@) (fy) - f@)dy, ze®,
(9]

fulfills the following estimates
|F'(z)| < Mo(c, n, diam(42))ab, x € 2,

and

151

(13)

(14)

(PG = F) + (Fa) - 1) [ K dy\ < My, nyabla” — o/|°

2
’ ve 7 ’
ly—a’[=23]z" —a'|

for all 2, 2" € 12.
Proof:

1. We have the inequality

|F(z)| < g (K (2, 9)| [ (y) — f(@)[dy < abg ly — x| dy
< My(a,n,diam(£2))ab for all z € (2.

(15)

2. We choose arbitrary points ', 2" € (2, set ¢ := |2” — 2’|, and calculate
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F(z") — F(z')

- /K<x W) (Fy) - F(")) dy - /qug D (F(y) - F()) dy
(9]

9]

- /K(x", W (Fy) — F(")) dy - /K@:c D (F(y) - 1) dy

ly—a’|<38 ly—a’|<38
+ / K", y)(f(y) — F2")) dy — / K 9)(Fy) - F(")) dy
ly—x’|>36 ly—a'|>36
- /K<x", D (F) — Fa)) dy — /K@c', D (Fy) — f(a')) dy
ly—=’|<36 ly—ax’| <38
+ / (K(a",y) — K(',9)) (f() — fa™) dy
ly—a’|>38
H(Fa) - F) / K(',y) dy
ly—a’|>36
=L+ 1+ I3+ (f(a') = f(z")) / K(z',y) dy.
ly—a’|>38 (16)

This implies

’(F(x”)—F(fv’)H(f(x”)—f(fc’)) | K@ ] < bl + ||+ |1

ly—x'|>36
(17)
3. On account of (12), we can estimate I as follows:
a _
|Il| § mb‘yfx//‘a dy S ab / |y7x//|a ndy
ly—='|<36 ly—z'"| <468
45 45 ) 5
= ab/ra’"rnflwn dr = abwy, / ro~tdr = wni {r“}o (18)
a
0 0
b 4%ab
=2 awn (46) = 7(1@ “n |z — x|~
Correspondingly, we deduce
3%ab
L] < aa PV (19)

4. The mean value theorem of differential calculus implies
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n

K(:C//,y) - K(xlay) = ZKL (Cay)(x;/ - IIZ;),
i=1

with an intermediate point ¢ = 2’ + t(z” — 2’) € 2 and a parameter
t € (0,1). From |y — 2’| > 39 we infer |y — 2”| > 2§ and therefore

1
=2 ly—a"| = 2" = ¢ 2 ly— 2"~ 2" = o'| 2 S |y — "]

Noting (12), we obtain for all y € 2 with |y — 2’| > 3§ an inequality as
follows:

(K (2", y) = K(«',y)| < |27 = 2| ; 1Ko (G )

1
- n+l -
= Oy =T

(20)

Inserting into I3 we get

Bl [ IKG" ) - Kl - f)]dy
ly—a’|>358
< 2"+1ab6 / |y _ x//|—n—1+a dy
|[y—a’|>36
< 2n+1ab§ / |y _ m//|—n—1+a dy

ly—a”'|>26

oo
§2"+1ab6/r_”_1+awnr"_ldr
26

+oo
=92" 1w, abd / ro2dr
26

= 2n+lwn abd I:Tail] ;:SOO ﬁ

2n+1 n+ao
Wy, abd(26)* =

— —

wy, abd®

and consequently
n+ao

2

I3 <
sl < 1-a
5. From (17)-(19) and (21) we now obtain a constant M; = M (a, n), such
that the estimate (15) is valid. q.e.d.

wy, ablz” — | (21)
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For the function f € C%(£2) given in the domain 2 C R"™ we define the
quantities

I£1§ = sup |f(2)],
2

(') = f(=")]

||f||(§2,a ‘= sup |J?/ _ m//|a

' x''en
1
' #x

IS = A1 + 1F 11

By the norm (22) the set C*({2) becomes a Banach space. Furthermore, we
easily show the following inequality for two functions f,g € C*({2), namely

0] 0] 0]
Ifglle < 1A Nlglla-

: (22)

In the function space
2 () = {u € C2(Q) ¢ Up,a, € CO(R) filr i,j = 1n}
we define the following quantities

0
[ullg” := sup [u(@)],

zes?
o n
[Jull* := sup 3 |ua, (@),
re i=1 (23)
o n
[ull3 == sup > |uzq, (@),
€N, j=1
[ullfya = Nullg’ + lullf + )l + [lull$q-

Here we have abbreviated

- |u1i1j ({L'/) - ul’il’j (xll)|
|£L'/ _ x//|o¢

lul|Z == sup

With the aid of the norm (23) the set C?**(2) becomes a Banach space. By
the symbol

C* () = {u € C*T(Q) : ulpn = O}

we denote the closed subspace of C?*t%(§2), consisting of those functions with
zero boundary values.

We now prove the following

Theorem 4.4. Let the function f € C*(B) be given. Then the parameter
integral
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u(z) = / oin) () dy, weB,
ly|<1

belongs to the class C2*%(B) and satisfies Poisson’s differential equation
Au = f in B. Furthermore, we have the estimate

lull 2o < Clan)lIFIIE (24)

with a constant C(a,n) € (0, +00).

Proof:
1. From the representation
-1 1 1 1
; = - k) ) 6 B
o) (n—2)wn{30 Y o %!H} oY
y

of Green’s function, one easily derives the following estimates

Z|¢z7(y,x)‘<% forall z,y € B with z#vy,

T eyt
Z|¢xaz, ‘_‘ ()|n forall z,ye B with x#y,
7,7=1
- a(n)
Y. Wewm o)l S o= mes forall myeB with z#y,
i, k=1

(25)
with a universal constant a = a(n) € (0, +00).

2 _ _ —_
|| , ¥ € B of the class C27%(B),

2. We consider the function w(z) :=

satisfying the differential equation

n 1 n
:szm(a:):%ZQZL r € B.
i=1 i=1

The Poisson integral representation yields

z|> — 1 -
o(y; ) dy = 5 r € B, (26)
B

with the nonpositive Green’s function ¢(y;z). For all © € B we estimate
as follows:

|—\ [ o) dy‘<||f||o

ly|<1

2
/m/, dy‘ e,
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This implies
u(z) =0 forall =€ 0B

and

HMM_QHHM

Noting (25) we can differentiate (26) and obtain the functions
1 = .
:/gbmi(y;z)dy:fxi, xeB, for i=1,...,n
n
of class C'(B) with
1 = .
@izj(x):ﬁéij, x € B, for i,7=1,...,n.

3. On account of (25) we have

Ug, (@ /%1 (y;2)f(y)dy, «€ B, for i=1,...,n.

This implies the estimate

EHWNMSHﬂg/XNM@wM@
=1 =1
<f||o/| |n1% reB,

and consequently
lullf < ex(m)lIfII5-

Proposition 4.2 yields the representation

zmwm=/%mmmuw—ﬂ@mwﬁmm@@,xeB
B

(27)

(28)

(29)

(31)

(32)

(33)

fori,j =1,...,n. With the aid of (30) we deduce the differential equation

B i=1

:f(gc)z%:f(x), x € B.

(34)

Here we have utilized the property A,¢(y;x) = 0. For all z € B we infer

the following estimate from (25):
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§jhwﬂAM|§/“§j<mm yi2)| [ () — F(@) dy + 118
1,]= 1 7"]: (35)
/} =l dy + 1§ < eatm o)1

and consequently
lull 7 < ea(n, )| f]15- (36)

. We still have to estimate |lul|#,. The indices 4, j € {1,...,n} being fixed,
we consider the kernel

K(2,y) = ¢o,0,(y;2) : B B> R

and utilize Hopf’s estimate for the function

=/K®wﬂﬂw—ﬂww% reB.

With the aid of the Gaussian integral theorem, we show the uniform
boundedness of the Cauchy principal values

/ K(x,y) dy‘ = ‘ / Gaia; (Y3 1) dy’ < c3(n), z € Bfor alld > 0.
yEB:|ly—z|>6 yeB
ly—z|=6
(37)
We obtain the following estimate
[F(2") = F(')| = [f(2") —f(fﬂ’)l‘ J K@'y) dy’
yeB

ly—='|>3]z" —a’|

<|(FE) = F@) + () - 1) ] Ky
ye
ly—a’|=3|z" —a'|
< My(en)a| flIf, |2 —a'|* forall a/,2" € B.

(38)

This implies

F(a") = F()| < {es(n) + a My (o, m) fIFIE 1" — ')

and we see
F(z") — F(2
|(|Z”)_—m/ix)| < é(n,a)||f||f, foralla’,a” € Bwitha' #a”. (39)

Taking (33) and (30) into account, we deduce

(40)

[ullZa < ca(n, @)
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5. Finally, we infer from (28), (32), (36) and (40) a constant C(n,«), such
that
lullZia < Cln, )IIFIIE

is valid. q.e.d.

For later use in Chapter 12, we derive a potential-theoretic estimate of the so-
lutions for the inhomogeneous Cauchy-Riemann equation. The Holder norms
defined in (22) and (23) are naturally transferred to complex-valued functions

w=f(z):B—=C (41)

on the unit disc B := {z = x +iy € C : 2] < 1}. We consider functions
f € C¥B,C) and define the Riemann-Hilbert operator (C =€&+ine B) :

vier= = [[ Eacans [ S aca
J(/’2K12(<f<c> d&dn}

Theorem 4.5. Assuming f = f(z) € C*(B,C) the associate function

g(z) =Vf(z), z€B
solves the uniquely determined Riemann-Hilbert boundary value problem

g=g(z) € CY(B,C)nC°B,C),

0

59(2)—]0(2)7 z € B, (43)
Reg(z) =0, z € 0B,

Img(0) = 0.

Furthermore, we have g € C'*%(B,C), and there exists a constant
C(a) € (0,400) such that

I9llorse B0y < C@Ifloe B0 (44)
Proof: By the identity (10) from Section 3 one easily realizes that the function
9(z)=Vf(z), z€B

solves the boundary value problem (43). Applying the maximum principle
for harmonic functions on the real part of the difference of two solutions, we
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directly see the unique solvability of the problem (43). With the right-hand
side f(z) = 1, z € B in particular, this boundary value problem yields the
solution g(z) =z — z, z € B. Corresponding to the formula (26), we obtain
the identity

_%{é/édfdm—é/1jzzd£dn—%é/(%—%)d£dn}=5—Z (45)

for all z € B. Using Proposition 5.9 and Proposition 5.11 from Section5 in
Chapter 4, we can differentiate the function g(z) = Vf(z) with respect to z
and z. Parallel to the proof of Theorem 4.4 we attain the a priori-inequality
(44) via the Hopf estimate.

q.e.d.

As a corollary we obtain

Theorem 4.6. (Privalov)
To the boundary function ¢(z) : OB — R € CY*(0B) we consider the
Schwarzian integral

27
1 e'f+z .
F(z):=— . ) d 1.
()= 5 [ G ote ) do. el <
0

Then we have a constant C(c) € (0,400) satisfying
IFlgrse s, < C@)dllorenon). (46)
Proof: We compare F(z) with the function

G(z) = r1+o‘w(<p), 0<r<1, 0<p<2m,

z=ret®

setting ¥(p) := ¢(e’?), 0 < p < 27. For all z € B\ {0} we calculate
9,

1 g .0
5290 . =3l (5 +i5,) 6@ ..
e /9 i 0 .
= —( — - e
2 (87“ + r@gp)G(re )
et o
- 7((1 + a)r*Y(p) +ir W(gp)) =: f(2) s
We note that B
[fllca@) < Cla)ldllcrvaan).- (47)

Using Theorem 2.2 from Section 2, the function g¢(z) := G(z) — F(z), z € B
solves the boundary value problem (43), and Theorem 4.5 yields
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1G = Fllgitaz) < C)|fllcam) < Cla)C(a)ldllor+aop).  (48)
We finally obtain (46). q.e.d.

Without requiring boundary conditions,we supplement the following

Theorem 4.7. Considering the Hadamard integral operator

1alf)e) = -1 [[ L dean  zen,
B

we have the estimate
||TB[f]Hol+u(§) < C(a)”cha(E)

for all f € C*(B) with a constant C(a) € (0, 00).
Proof: We remark

2ot =i = g {1 [ LY

CeB
[(—=2|>e

E dﬁdn}, z € B.

Then we apply the Hopf estimates from Proposition 4.3 to the Vekua integral
operator I1g[f]. q.e.d.

5 Schauder’s Continuity Method

We now follow the arguments in Chapter 6, Section 1 and define the differential
operator

n

Llu):= > a; &C &C] +Zb

i,j=1

Assumption Cj: The solution u(z) of L(u) = f belongs to the class
C?**2(02). Furthermore, we have u(z) = 0 on 2.

Assumption Cz: The coefficients a;;(z), bi(z), c(z) with 7,5 =1,...,n be-
long to the regularity class C'“({2). Furthermore, the matrix (a;;(z))i,j=1,...n
is real, symmetric and positive-definite for all points z € 2.

Assumption Cj: For each point ¢ € 92 there exists a positive number
0 = o(&) and a function

Gz) e C*™({zx € R" : |z —¢| < o}, R)

satisfying
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n

Y Ga(w)’>0 forjz—¢ <o, G(§)=0,

i=1
such that

Qﬂ{xeR" Dl =g <Q}={$€R” sl =€l <o, G(w)<0}
is valid; this means 002 € C?*®. Furthermore, {2 C R" is a bounded domain.
Assumption C4: We have ¢(z) <0 for all z € £2.

We need the following profound result, which we shall prove in Section 7.

Theorem 5.1. (Schauder’s estimates)
Let the assumptions C1, Co, Cs3 be satisfied. Furthermore, we require the bound

Z lasg I +Z Ibill + llelly < H

1,5=1

and the ellipticity condition

TTM=

aij(x))\i)\j S M2 Z )\22
1 i=1

m LN
A= (Al,...,)\n)GR” and all = €

for all

with the constants H > 0 and 0 < m < M < +o0.
Then we can determine a number 6 = 0(«,n,m, M, H, {2) such that

lull? + [l + [lull S < O(luld + 1LF15 0a) (1)

holds true.

Generalizing Theorem 4.4 from Section 4, we obtain as a corollary the follow-
ing

Theorem 5.2. In addition to the assumptions of Theorem 5.1 let the condi-
tion Cy be required.

Then we have a fized positive number 0 = 0(a,n,m, M, H, {2) such that the
following a priori estimate

lullZa < OUFIE (2)
for all solutions u € C***(§2) of the Dirichlet problem

L(u)=f in £,
u=~0 on Of2

holds true.
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Proof: Theorem 1.3 from Section 1 in Chapter 6 yields

0 %
l[ulle” < ~II.fllo

with a constant v = ~(2,m,M). We combine this inequality with the

Schauder estimate and obtain (2). qed

We additionally need the following

Assumption Cy: For all f € C%(£2) the partial differential equation Au = f
possesses a solution in the regularity class u € C2T($2).

Remark: Because of Theorem 4.4 from Section 4, the condition (Cy) is satisfied
for the unit ball 2 = B. Later we shall show the implication (Cs)=-(Cy) and
eliminate this assumption.

Theorem 5.3. (Continuity method)
We require the assumptions Cy, Coy, C3, Cy and consider the differential op-
erator L on the domain (2.
Then the boundary value problem
L(u)=f in £,

4
u=~0 on Of2 )

has ezactly one solution u € C?+%(Q2) for each right-hand side f € C(12).

Proof: We take 0 < 7 < 1 and define the family of differential operators

K2

- 0%u - ou
Lo(u)=)" aij(x,T)axlaxj +Zbi(x,7)8x + e(z, T)u
v i=1

ij=1
with the coefficients
a;j(x,7) == Ta;j(x) + (1 — 1), ,j=1,...,n,
bi(xz,7) := 7b;i(x), i1=1,...,n,
c(z, ) = 7).

This means £, = (1 — 7)A + 7L briefly. Due to Theorem 5.2, we have the
following a priori estimate

||u||2+(x < 9||f||a’ T E [O’ 1] ) (5)

for all solutions of the Dirichlet problem £,(u) = f in B and u € C?+*(£2).
Here we abbreviate [|ull2+a = [[ul| o and ||f]la = [|f]|Z for the domain 2
being fixed.
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We now start with a solution u = u,, € C27%(£2) of the problem L, (u) = f
for an arbitrary 7 € [0, 1]. On account of (Cyp), this is possible for 7o = 0, and
we consider

Lr(u)=f <<= Lu)=M(u)+f ©)
with M, = (L, — L;)(u) = (1 — 10) (A = L) (w).

We set ug = 0 and successively define the approximating sequence {uy }x=0,1
by the prescription

yeen

'CTo(uk):MT(ukfl)'*'fv k=1,2,... (7)

We start with the statement

(8)

For each f € C%(£2) the differential equation
"\ Ly, (u) = f has a solution u,, € C2+(1)

Then we shall investigate the convergence of the sequence
{ug}r=01,. CC2T*(0)
with respect to the || - |24+ o-norm. Taking an arbitrary v € C?*%(£2) we infer
1Mo (@)l = 7 = 70l (A = L)ulla < |7 = oln()ullare (9)
with a constant 7 = n(H). From (7) we deduce
Log(up —up—1) = Mp(ug—1 — ug—2), k=2,3,... (10)
The Schauder estimate (5) together with (9) yields the inequality

llur — up—1ll24a < O Mr(ur—1 — ur—2)|la
(11)

< |t —7ol0n(H)||ug-1 — vi—2|l24a, k=2,3,...

: 1
Choosing |7 — 79| < som0 » We deduce

1
lurw — ug—1ll24a < §||Uk—1 — Ug—2l2+a, k=23,...,
. s
u
[lur — ur—1]l24a < %, k=2,3,....

This implies
“+oo
> lluk = ur-llata < +oo.
k=1
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+oo -
Therefore, the series > (uj — uj_1) converges in the Banach space C2+%(2).
k=1
For all 7 satisfying |7 — 79| < #(H) we have a function u, € C?*+%(£2) such

that L., (u,) = M, (u;) + f holds true, and finally
L-(ur) = f.

Consequently, the statement (A,) is valid for all |7 — 7p| < W(H)' By the
usual continuation process we attain the statement (A;) after finitely many
steps. q.e.d.

The following profound result will be proved in Section 7 as well:

Theorem 5.4. (Interior Schauder estimates)
The coefficients of the differential operator L defined on the bounded domain
2 C R™ satisfy the assumption Cs. Furthermore, we require the inequalities

n n
S a2+ S 1612 + [l <

i,j=1 i=1

and
n

in)\f < Z aij(z)AA; < M? 2":)\%
i—1

i,j=1 i=1

forallX € R™ and all x € ﬁ; with the constants H >_O and0 <m < M < 4+o00
given. The function u = u(z) € C?*T*(02) N C°(N2) solves the differential
equation

L(u)=f in 2
with the right-hand side f € C*(£2). Finally, we consider the set

24 = {:c € : dist(x,00) > d},

where we choose d > 0 sufficiently small.
Then we have an a-priori-bound k = k(a,n,m, M, H,d) > 0, such that

Q 0 0 Q 0 Q
lly™ + llully + lully’s < &(llell’ + 1£16" + 1£16.0) (12)
is satisfied.

Remark: The abbreviation u € C?T%(£2) means that u € C?T%(0) is fulfilled
for each compact subset @ C (2.

Theorem 5.5. With the assumptions Cy, Cs, C3, Cy we consider the differ-
ential operator L on the domain 2. Consequently, for all f € C*(£2) and all

continuous functions g : 02 — R the Dirichlet problem
L(u) = mn $2,
(=1 )
u=g on 012

has ezactly one solution in the regularity class C*T(£2) N C°(£2).
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Proof: We construct a sequence of polynomials {gy }n=1,2,..., which converge
on the boundary 02 uniformly towards g(z). For each index n = 1,2,... we
solve the problem

u, € C*e(0),
L) =f in 0 (14)
Up = Gn on Of2.

With the aid of Theorem 5.3 we construct a sequence

{vn}n:1,2,... C Cf-‘ra(ﬁ)

satisfying -
‘C(vn) =f- L(gn) =:fn € CQ(Q) in (2, (15)
v, =0 on Of2.

Evidently, the functions u, := v, + g, solve the boundary value problems

(14) for n = 1,2,. ... Because of L(uy, —u,) = 0in 2 and (C4) the maximum
principle yields

[tn = uml|§ < max g, (z) = gm(z)] = 0 (m,n — o0)
T€IS? (16)
[unllff < const, n=1,2,...

Choosing d > 0 sufficiently small, we obtain the following inequality by the
interior Schauder estimate:
l|un — um”?d + llun — umHQQd + [lun — Umngi
< k(d)||up, — um”gz =0 (m,n — 00).

Setting
u(z) = lim up(z), T € 9,

n—roo

we deduce u, — u(n — 00) in C**%(6) for each compact subset © C £2.
Therefore, the function u belongs to the class C°(2)NC?+%(§2) and represents

the unique solution of (13). qed

6 Existence and Regularity Theorems

At first, we shall eliminate the assumption Cy.

Definition 6.1. Two bounded domains 21, 23 C R"™ are C?**T“-diffeomorphic,
if we have a one-to-one mapping

y =y(z) =2 € C2+O‘(§1)

with the inverse mapping
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x=a(y): 22 — 21 € C*T(2y)

satisfying

W1, ---+Yn) e

—= #0 2.

a(xla"'axn) 7& " '
When the set £2 is C*T-diffeomorphic to the unit ball B C R™, we speak of
a C?T° ball.

We need the following

Theorem 6.2. (Reconstruction)
In the C?T-ball 2 C R™ the coefficients of the differential operator L fulfill
the assumptions Cy and Cy.
For all right-hand sides f € C%(§2) and all boundary values g € C°(052), then
there exists a solution u = u(x) of the regularity class C*+*(2) N C°(2) for
the Dirichlet problem

L(u)=f in £,

u=g on 0f2.

At a boundary point & € 082 we define the set

(1)

Q& o) ={ze:|x—¢& <o} with 0>0
and additionally require the boundary condition
g(x) =0 forall x€92NaNE, o). (2)

In this situation we have

ue C*F(Q(E ) (3)
for all sufficiently small 0 < r < p.
Proof:
1. Since the set £2 is C?*-diffeomorphic to B, there exists a C?T-diffeo-
morphism

Y= (yl(l‘)v <o ?yn(x)) € 02+o{(ﬁ)
of 2 onto B with the inverse mapping
r=(z1(y),...,7a(y)) € 02+Q(§)~

We define the function u(x) = i(y(z)), x € 2 and deduce

n
e, = Y G
Ti T yka ’
~
k=1 v
n

_ Oy Oy ~. _Pu
Ugyw; = Z kvt 50 D +Zuykm
k=1 P k=1 B
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For all y € B we obtain

( |m a:y)_{ Za’@]uﬂc%_"zbuac —|—cu}

ot =2(y)
=3 (Xt
= v 8%1 81'] z=xz(y) Yru

k=1 1i,j=1 (4)

+i(i «M+Zbayk) i
T0r0x; = 0w ) le=a(y)

k=1 j— =1

+C|I m(y Z uykyl + Zbk uyk + C )

Because of Theorem 4.4 from Section 4 the set B satisfies the assumption
Co, and we can solve the Dirichlet problem (1) in B with the aid of
Theorem 5.5 from Section 5. On account of the behavior for the coefficients
in (4) with respect to the given transformations, namely

any), be(y) € C*(B),  ki=1,...,n, .
0> é&(y) € C*(B),

we can solve the Dirichlet problem (1) on the domain 2 as well.

. We control the construction in the proof of Theorem 5.5 from Section 5 as
follows: With the additional assumption (2) we approximate the function
¢ uniformly on 912 by a sequence {gi }x=1,2,... of polynomials. We use the

mollifier
0,0<t<i
o(t) :== € C*(R)
1, 1<t<+

and consider the functions
o |lz =€l | n _
Ik (z) = g (x)O 2 x € R", k=12,...

We observe the uniform convergence gi(x) — g(z) (k — oo) on 92 and
the fact that

1
ge(z) =0  forall ze€R"™ with \x—f\gig. (6)

Following the proof of Theorem 5.5 in Section 5 we obtain the solutions

Ur € C2+O‘(§),
Llug) =f in £, (7)
Uk = gk on 0f2.
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We utilize an interpolation of the Schauder estimates from the Theorems
5.1 and 5.4 in Section5 (compare Section7) and obtain the following es-
timate for arbitrary radii 0 < r < %Q in

0N (€, 0
g — w77 4 g — g+ g — w5 &

(9 71
< Oug — wllf €7 < 9|uy, — w||@ (8)

<9 sup [gr(z) — Gi(x)| = 0 (k1 — o0).
€2

This implies

u(z) == lim ug(z) € C**(Q) N C°(NR) N C*H(Q(E,r))

k—o0

forall0 < r < %g, and the function u evidently solves the boundary value
problem (1). q.e.d.

Proposition 6.3. Let the function G = G(z) € C**e({z e R : |[x —&| < 0})
with o > 0 be given, which satisfies G(§) =0 and

VG(z)#0 forall = with |z—¢ <o.
Then we have a C**-ball
D cC {xeR” D =€l <o, G(z) <0},
whose boundary fulfills
ODN{z eR" : |z —¢| <g’} = {xER" D =€ <, G(gc):O} 9)

for a number 0 < o < o.

Proof: We leave the proof as an exercise for our readers.

Theorem 6.4. (Existence theorem for linear elliptic equations)

With the assumptions Cy, C3, Cy let the differential operator L be defined on
the domain (2. Furthermore, we take the functions f € C*(£2) and

g:0802 — R € C°00) arbitrarily. Then the Dirichlet problem

Lu)=f in {2,

10
u=gq on 02 (10)

possesses exactly one solution in the reqularity class C*T(2) N C°(N).
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Proof: We only have to eliminate the assumption Cp in Theorem 5.5 from Sec-
tion 5. With f € C%(£2), we consider the following function in the dimensions
n>3

o1 fy) .
v(x) = 5o, ![ o dy, € N. (11)

We derive -
v e CHN)NCON),

Av(z) = f(z) in 0.

Following Section 3 in Chapter 5, we solve the boundary value problem by
Perron’s method

(12)

w e C2()NCO(R),

Aw =0 in £, (13)
w = —v on Of2.
Then the function u(z) := v(z) + w(z), * € 2 represents a solution of the

boundary value problem

Au(z) = f(x) in {2,

14
u=20 on Of2. (14)

With the aid of Theorem 6.2 we locally reconstruct the solution u in the
interior and at the boundary via Proposition 6.3 as well. Then we obtain
u € C?T(£2). In this context we refer the reader to the subsequent proofs of
Theorem 6.5 and Theorem 6.7. q.e.d.

Theorem 6.5. (Inner regularity)

Let the differential operator L be defined on the domain {2 C R™ with the
assumption Ca, and let the right-hand side f € C*(£2) be given.

Then a solution u € C?(£2) of the differential equation

L(u)=f in {2 (15)
belongs to the regularity class C*T%(2).

Proof: On account of (15) the function u € C?(§2) satisfies the differential
equation

Lu)=f in 2

abbreviating
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Since the operator L satisfies the assumption Cy4, we can reconstruct the
solution with the aid of Theorem 6.2 as follows: We take £ € {2, choose o > 0
sufficiently small, and consider the set

D:={zeR": |z —¢& <p}CC N

There exists a solution v € C2+%(D) N C°(D) of the problem

Lw)=f in D,

16
v=u on OD. (16)

The maximum principle implies u(z) = v(z) in D, and consequently
u € C?*T(D). q.e.d.

With the assumption Cs we comprehend the set 02 as an (n — 1)-dimensional
manifold of regularity class C2*®. Therefore, we naturally define boundary
functions

g:002 = Re C*(00).

We easily show the following

Proposition 6.6. Let the function g : 92 — R € C?*T*(912) be prescribed.

For each & € 082 and each sufficiently small e > 0, then there exists a function
h = h(xlv s 71'7,,) € CQ+D¢({$ ER™: |.’,E 75' < E})

satisfying h =g on 02 N{z e R™ : |z —¢| <¢e}.

Theorem 6.7. (Boundary regularity)
With the assumptions Cy and Cs, let the differential operator L be defined
on the domain 2 C R™. For the boundary distribution g € C***(982) and
the right-hand side f € C%(82) let the solution u of the following Dirichlet
problem be given:

ue C?*(2)NCN),

L(u)=f in £, (17)
u=g on 0f2.

Then we have u = u(x) € C?T($2).

Proof:

1. We choose the point & = (&1,...,&,) € 02 arbitrarily. Furthermore, we
consider the function w(zx) := e=(@1=€)" 5 0 in R" with the parameter
1 > 0 to be fixed later. On account of

Way = —2u(xy — &) HE17E),

2
Wryzy = {4/12(‘%1 - 51)2 - Qﬂ}eiu(ajligl)
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we obtain
Lw|y=¢ = —2pa1(§) +c(§) <0

taking p > 0 sufficiently large. Now we choose ¢ > 0 sufficiently small and
observe

Lw(z) <0, w(z)>0 forall z€ 2 with |[z—¢ <o (18)

By the product device u(x) = w(z)v(x) presented in Section 1 from Chap-
ter 6, we find that the differential operator relevant for v satisfies the as-
sumption C4. Therefore, we additionally require the assumption (Cy) in
the sequel.
2. Due to Proposition 6.6 we can locally extend ¢ : 2 — R about the point
£ to a function
heC*o({z e R™ : |z —&| < 0}).

Now we choose a C?T%-ball D described in Proposition 6.3, such that
DC{xGR" : |x—§|§g}ﬁf}
holds true. The function v(x) := u(z) — h(x) € C2+*(D)NCO(D) satisfies
Lo(x) = Lu(z) — Lh(z) = f(x) — Lh(z), z € D. (19)

Here the right-hand side of (19) belongs to the class C%(D). Furthermore,
v(z) = 0 for all z € 902(E, ') N 92 holds true with a sufficiently small
o' > 0. In this context we defined

(e, 0) = {:c € jr—€l < g’}.

Reconstructing the solution v on D with the aid of Theorem 6.2 as in the
proof of Theorem 6.5, we obtain

v e C*T(R(E ")) (20)

for a parameter 0 < ¢” < ¢’ < p. The point £ € 92 being chosen arbi-
trarily, we finally see -
u € C*T(Q).

q.e.d.

Remark: Since the proof of Theorem 6.7 is of a local nature as described in
Theorem 6.2, we could prove a local regularity result as well.

We now attain the goal of our theory, namely
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Theorem 6.8. (Fundamental theorem for elliptic differential opera-
tors)

With the assumptions Cs and Cs let the differential operator L be defined on
the domain {2, and we require the condition:

The homogeneous problem L(u) =0 in 2, u=0 on 882, u € C*(2)

admits only the trivial solution u = 0. (21)

For all functions f € CY(2) and g € C?*T(002) given, then the boundary

value problem -
u € C?*r(0),

L(u)=f in £2, (22)
u=gq on 012
possesses exactly one solution.

Proof: We consider the reduced differential operator

n

zn_: 68@ Z

and solve the following Dirichlet problem with the aid of Theorems 6.4 and

6.7: .
Up € C2+Q(Q),

£0(U0) =0 in .Q, (23)

Uy =g on 0f2.
The right-hand side f € C%(£2) given, we solve the problem (22) by the ansatz
u=ug + u1, up € C2T*(0). (24)

For the function u; we find the condition

f = E(u) = ,C(LLO —+ ul) = Eo(uO —+ ’U,l) + C(UO —+ ul)
= Lo(ug) + Lo(ur) + cug + cuy = Lo(uy) + cup + cuy

or equivalently
w4 Lt (ew) = L5 (f) — Ly M ews) = F € C2HO@). (25)
We consider the Banach space
B:= {u:ﬁ%REOQ(ﬁ) : u:Oon@Q}
with the norm

Q Q Q
[ull := fullo” + lulli” + lulls”s  weB.
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Now we introduce the linear operator
K(u) = =Ly " [e(z)u(z)], u € B. (26)
The Schauder estimate yields

1K @) < 1K w)l|Fy o = [[£o " [e(z)u(x)] < Oeul|§

Hf—&-(x
- (27)
< llellFlull = Ilull,  ueB

Consequently, the linear operator K is bounded on the Banach space B and
even is completely continuous, due to the theorem of Arzela-Ascoli. On ac-
count of (21) the homogeneous equation

u+ Ly (cu) =0, u € B, (28)

admits only the trivial solution u = 0. We apply the Theorem of F. Riesz from
Chapter 7, Section 4 and obtain exactly one solution of the operator equation

u—K(u) = f, u € B, (29)

for each right-hand side f € B. With the aid of Theorem 6.7 we obtain the
desired function B
u € CE—HX(Q)

satisfying (25). Therefore, the function u = ug + u; solves the Dirichlet prob-
lem (22). q.e.d.

7 The Schauder Estimates
For £ € R™ and R > 0 given, we consider the set
B=B(R) = {x: (z1,...,20) ER" : |z — €| <R, zp > 0}.
With = (z1,...,z,) we set * = (21,...,Zn_1, —2y). We abbreviate
E = {xER" : mnzo},

and for n > 3 we define Green’s function on the half-space x, > 0

o= (L L

(n—2)wn \y —z["=2 |y — a*|"—2

Evidently, we have ¢(z,y) = 0 for all y € E. We now define the class of
functions

C*t*(B) := {u € C*T™™(B(&,R)) : u(z) =0 for all 2 € 9B(&,R) N E}
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Proposition 7.1. Let the function u € C2T%(B) be given, then we have the
following identity for all x € B:

ww) = [ (5w -2 o) - [ o) au)dn
5" "5

Proof: At first, the Gaussian integral theorem yields

[ (wnauw - u)A,ow) doty)

= / (d)(x,y)% — u(y)%) do(y)
OB
+ / (¢>(rv,y)% - MM%) do(y)
ly—z|=¢

for all e > 0 and z € B. We note that u € C2¥%(B) and consider the limit
process € | 0

u)= [ (oge—uSD)doet) = [ swpauwdy

ly—€|=R ly—€I<R
Yn>0 Yn>0 q.e.d.

Remarks:

1. It is important that u vanishes on a plane portion of the boundary. A
contraction with & € E and R | 0 transfers this part into itself. Very
important in the sequel are half-balls.

2. With Green’s function for the half-ball B = B(¢, R) and £ € E at our
disposal, we could directly derive potential-theoretic estimates extending
to the boundary 0B N E as in Section 4.

3. In order to construct Green’s function for the half-ball, we have to solve
the Dirichlet problem for the ball by Poisson’s integral formula. However,
we do not yet know of the latter solution whether their derivatives are
continuous in B.

Proposition 7.2. The function u € Cf+a(§) may satisfy Poisson’s differ-
ential equation Auw = f in B with f € C*(B). Then, we have the following
equations forx € B and i,7 =1,...,n:

@)= [ (b, ) o) w0 22D Y o)
ly—¢|=R
Yn20

F(@)thars, (2 R) — / Gorn, (@.9) (F(y) — F(2)) dy.
B
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Here, we define

O(%y2 9
v R)= [ (Mam§§ﬁ—%ﬁ£uy0@@y§ﬁ.
|yy— E‘>:0R

Proof: From the integral representation of Proposition 7.1 we can easily dif-
ferentiate the surface integral twice. The questionable volume integral

/(bxy y) dy, x € B,

can be directly differentiated only once:

/¢zlmy y)dy, z€B for i=1,...,n.

We apply Proposition 7.1 and insert the function u(z) := %x% with u(z) =0
for x € E and Au(z) = 1 in R™. This implies

/</>(w,y)dy = / ((b(%y)a%g?’) - %yi%(m,y)) do(y) — %wi
B

ly—€|=R
Yn >0

= Y(z, R), r € B.

Therefore, the function

T) = /%(x,y) dy = s, (z, R), r € B,
B

belongs to the class C'(B), and Proposition 4.2 from Section4 by E.Hopf
yields

Frve) /%%xy () ~ (@) dy + f@nse, (0. B), € B
fori,j=1,...,n. q.e.d.

Proposition 7.3. The function u = u(x) € C2T*(B(£,1)) may satisfy the
partial differential equation Au(z) = f(z) in B(£,1) with the right-hand side
f € C*(B). Then, we have a constant C' = C(n, ), such that the inequality

B(&,3 B(¢, 1 B(¢,1 B(¢,1 B(¢,1
el 8 -l < Clagm) (gD + ull 70+ 17180 +17165)

holds true.
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Proof: The indices i, € {1,...,n} being fixed, we consider the functions
3u a¢zlzj
o@)i= [ (G005 0) ~ u) 5 ) do (),
ly—¢|=1
yn>0

h(l‘) = f(x)¢$7zj (SC, 1)a

Guia; (2,9) (f(y) — f(@))dy, 2 € B(1).
B(¢,1)

=
&
i

Proposition 7.2 yields
Unya, (¥) = g(2) — h() — F(z), @€ B(&1). (1)
At first, we deduce
3 B(g, 1 B(¢,1
lalls € +llgllos® < Catem) (JullFEV + Jul 7E0). @)
Furthermore, we have

B(¢ B(e, B(¢, L B(¢,%
1REE D 4 0T = ) ECD = |y, (DR

B(&,3) ) £ BE3) B(¢,1 B(¢,1
< e, (DI ER IS < Colarm) (1715 + 1AITED).
We utilize Proposition 4.3 from Section 4 in order to estimate F(z) and obtain
B(&,1)
F@)| < Cs(a.n)lflo™. € BED). (4)
Furthermore, the estimate of E.Hopf yields

’F(x”) — F(a') + (f(a") = f(2)) / Poia, (@', y) dy‘
yEB(E,1) (5)

ly—a’|>3|z" ~a'|
< Cy(a, n)||f||B(£ Vg — z'|* for all 2/,2"” € B(£,1).

With the aid of the Gaussian integral theorem we show the uniform bound-
edness of the Cauchy principal values:

1
/ Gase; (2, Y) dy‘ < Cj for all 2’ € B(¢, 5) and §>0. (6)

yeB(£,1)
ly—a'|>6

Together with (5) we see
F(")-F <{Cy(a,n) + Cs B(gl " — |
[E( a( flo

forall gz € B(f, 5) and 2" € B(€,1).
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The inequalities (4) and (7) now imply
(&3 B(£,3 B
IFIG 4 1FIGs ) < {Csla,n) + Calasn) + GHIFIEE™. (8)

From (1)-(3) and (8) we obtain the inequality

(&3) B(¢,3)

HU»LMJHO ) +H 'Ll'LJHO

1) 1) 1 B(£,1
< Claym){ Jullg ™ + 7V + 1716 + 1 flime |
for i,j =1,...,n, which gives us the desired estimate. q.e.d.

By means of a scaling argument we now show the following

Theorem 7.4. Let u = u(z) € C?**(B(&, R)) with £ € R™ and R > 0 be a
solution of Poisson’s equation Au(x) = f(z), x € B(§, R).
Then, we have the estimates

B(¢,R) B(§,R) B(§,R)
seim R e 17 b
ol 4 < e, (1l L Mo e
and

B(&R) B(&:R) B(&,R)
piesn L T e i sien
a4 < e (10— P o 2y pptem),

Proof: We apply Proposition 7.3 to the function v(y) := u(Ry), y € B(éR, 1)
of the class C2T (B(%, 1)) and obtain

B(§.3) B(%.3)
lolly %) 4 floly o2

9
< Claym{olly BV + ol 7EY gy B+ g5t . Y
Furthermore, we calculate
vy, (¥) = Rug, (Ry), 1=1,...,n,
Uy (Y) = R? Uz, (RY), L,k=1,...,n,
Avly) = B [(Ry) = (), ve B(1)
and note that
lollPF Y = R EED, ol P TP = Rl PSP, 1=0,1,2.

Finally, we use the identities
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£ 1
||U B(R 3) _ R2+a|| ||B(§72)
B(3,1) B(¢,R
lg|ZFD = R2| £ BER),
R
gl 7D = R2Fe &R,

From (9) we infer the inequality

BE&g) | B(&,%)
R?[lully ™" + R*Fully,q

R B(¢,R) B(¢,R) « B(&,R
< Cla,m{Ilullg®™ + RIulFE™ + R 7ITE + B2 fl5E ™ .

This relation implies the estimates stated above. q.e.d.

We now present the transition to elliptic differential operators with constant
coeflicients and prove the preparatory

Proposition 7.5. Let A = (a;j)ij=1,..n be a real, symmetric, positive-
definite matriz satisfying

225 Zaijez-f,jSMQfo forall €=(&,-..,6) €R"
i,j=1 i=1

with the constants 0 < m < M < +oc.
Then we have a real matric T = (t;5)i j=1,..n with the entries t,; = 0 for
j=1,...,n—1 and t,, > 0, such that

ToAoT*=F
holds true. Furthermore, the following dilation estimates are valid:
M Ya| < |Tz| <m™Hal, r € R™:
mly| < [T~ 'y| < Myl y € R".

Proof: Since A is a real, symmetric matrix, there exists an orthogonal matrix
B with Bo B* = F = B* o B, such that

BoAoB"=A=:diag(\,...,\n)

is transformed into a diagonal matrix with the eigenvalues \; € [m?, M?] for
i=1,...,n. We multiply this equation from the left- and the right-hand side
by the matrix

A7Y? = diag(A\] 1/2 CATY2),

With C := A~'/2 o B we obtain the identity

E=A"Y20BoAoB* o (A™Y2)* =CoAoC”.
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The multiplication of this equation by an arbitrary orthogonal matrix D yields
the following identity with T := D o C"

E=DoCoAoC*oD*"=ToAoT*.

We now choose D in such a way that the conditions ¢,; =0 (j =1,...,n—1)
and t,, > 0 are fulfilled. We remark the relation

T=DoA Y208

with the orthogonal matrices B and D, and the diagonal matrix A~'/2 with
the elements /\;1/ ?
us the estimate

€ [M~Y,m™1] for i = 1,...,n. This representation gives

M| < |Tz| < m™ Yzl x e R".
Setting x = T~ 'y we obtain the second dilation estimate

M NT 'y < |yl <m ™ MT™'yl, yeR™
q.e.d.

Theorem 7.6. The real, symmetric matriz A = (a;;)i j=1
condition

n may satisfy the

.....

n

mzif?ﬁ ZaijfingMQigz‘?, £eR”,
i=1 i=1

i,j=1

with the constants 0 < m < M < +o0. Let u = u(z) € C2T%(B(&, R)) solve
the partial differential equation

L], = 3 oygeg(e) = fe). =€ B R)

=

Then we have a constant C = C(a,n,m, M) € (0,+00), such that the rela-
tions

R B(&,R
(&R) Hu”1(5 ))

B(¢,m L& B(¢,R o B(¢ ||UH
D <o (g + mafe + M Tl

and

B(¢,R B(¢,R
jPes D < oWy e | e @l e
R« R2+a Rlta

hold true.
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Proof: The matrix A being given, we use the transformation y = Tz according
to Proposition 7.5. On account of y,, = t,,z, we have

{zeR”: 2, =0} < {yeR" : y, =0},
{reR: 2, >0} < {yeR" : y, >0}

Furthermore, the following inclusions are valid:

r(5(e. ) 5(re ). o

B(Tf, %) c T(B(&, R)). (11)

Starting with y € T(B(, 537 R)), we see

Ty -TOI =Ty —¢l < SUR

Proposition 7.5 then implies

R
mly — TE| < [Ty —T¢)| < 2MR or equivalently |y — T¢| < —— R

This means y € B(T¢, ;%) and (10) is proved.
Starting with y € B(T¢, %), which means |y — T¢| < %7 our Proposition 7.5
yields the inequality

T 'y — & =T "y —TE)| < Mly—T¢| < R.

Therefore, T~y € B(¢, R) and y € T(B(&, R)) hold true. Now (11) is proved
as well.

We consider the function v(y) := u(T~1y) of the class C?**(T(B(£, R))) and
consequently u(x) = v(Tz) of the class C2T*(B(&, R)). Noting that

n n
= E Vytkis  Uge; = g Vyemtrityy for 4,5=1,...,n
k=1

holds true, we deduce

n

= Z Qij 8xzax Z (Z’L,] = 1naijtkitlj>vykyz’Tw

ij=1 k=1

L(u)

x

= Av(Tz), z € B(§,R).

n
> Oy | =
Tx
k=1

Consequently, we obtain

n
> v
YrYk
Tx
k=1
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Av(y) =g(y), yeT(BER) with g(y):=f(T'y). (12)

Due to the formula (11), we can apply Theorem 7.4 to the function v in the
ball B(T€, £): There exists a constant C' = C(a,n), such that

B(T¢,5%) B(T¢, &) % B(T¢, &)
o]l R2 || llo R||v||1

SR T g5

Higllg T+ T

holds true. We note (10) and deduce
B(¢&, 2R B(T¢, 5%
Jully € H < ulam, Dol

Finally, we obtain

B(¢,5% R) R B(¢&,R
ully &2 < pu(m, M)C { [l BE™ + 2L (e, 2 PP

r"

r , R B(&.R
HIFISE + Sl OLARE™ |
[ 1 e
R? R

§C(a,n,m,M){

B(E.R B(¢,R
FIAIEED 4 ge g B >},

taking (11) into account. Analogously, we estimate the quantity [lu|5 Bl

q.e.d.

For the functions u € C?*®(B(£, R)) we introduce the following weighted
norms, abbreviating d(z) := R — |x — £|:

Ap := sup |u(x)|,

reB
n
v = sup L)Y )] .
zeB i=1
n
o= s L 3 i, w},
eeB ij=1
Ay = sup {(min[d(m’ ) Z e x] e (IHN}
s T .
zI I,IEB ] 1 xl/|a
:p;éw” ’
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Proposition 7.7. (Norm-interpolation)
Given the functions u = u(z) € C2T*(B(&, R)), we have the following esti-
mate:

nK
(1-r)?
!/

Proof: We assume A; > 0 and choose a point 2’ = (z1,...,2},) € B satisfying

2
Ar < ?nAo + Ay forall ke (0,1). (14)

Ay =d(@')) |ug, ()] and  d(a’) > 0.
=1

For an arbitrary index j € {1,...,n} we define " = (,...,z)) by a2 := «

for i # j and 27/ := 2, + rd(2"), with an arbitrary x € (0,1). We remark that
2" € B holds true. The mean value theorem of differential calculus gives us
a value & € (0, k) with the adjoint point Z = (Z1,...,Z,) satisfying &; = a7,
i # j and ; = o', + £d(2"), such that the relation

e () = M) )

kd(z")
holds true. This implies
240
(3] < . 15
s, ()] € 0 (15)
Furthermore, we calculate
z;
Ug, (Z) — g, (2) = /uzjmj (s @y 2y, a,) dt
5
For x = (24,...,2%_1,t,2%4,...,2;) and 2 <t < 7; we infer
d@)=R—|z =& >R—|2' =& |z —a'| > d(')(1 - k)
and consequently
Ay As
ks <
s O = Gy = T wpae?
We then obtain
. As kd(a') KAy
o —uy (2 = . 16
(D = WS Ty T ey 0

The relations (15) and (16) imply

i, (@)] < ot (&) — s, ()] + fu, (3)] <
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and 4 94
(') g, (2')] < (1’172)2 +=0 for j=1...m
We summarize and get
- 2nAg nkAs
Ay =d(2 - (2] <
=A@ Yy () £ S
with the arbitrary parameter k € (0, 1). q.e.d.

We now consider general elliptic differential operators

Llu):= > aij(z)ﬁ—“_ + Zbi(x)gji +e(x)u, xeB(ER), (17)

and require the following conditions on the coefficients:

Assumption D: For i,j = 1,...,n let the coefficients

aij(),bi(x), c(x) € C*(B(&, R))
with the bound P be given:

n n
D lagldE + 3 | & + e JEP + R < P,

i,j=1 i=1

With the ellipticity constants 0 < m < M < +4oco0, we have the following
inequalities for all x € B(§, R) and A € R™

n

inA? S Z aij(x))\i)\j S M2zn:/\§
=1

i,j=1 i=1

Proposition 7.8. Under the assumption D, let the function u € C*t*(B)
satisfy the differential equation

L(u)=f inB with f € C*(B).

Then we have the following estimates for each point T € B and each number
k€ (0,3):

B(&, 2 rd(F C o
Juf B Fred@) {||f||€ e

A A
O e A PR nQaAz,a}

17
and

B (&, iy wd(7)) ¢ [IAE A A o
e B A R R

with a constant C = C(a, n,m, M, P) € (0,+00).
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Proof: We show this proposition by a method usually called freezing of coef-
ficients. For each x € B(Z, kd(Z)) we have

1
d(z) =R—lz—¢{| 2 R— |2 — | =~ |z = 2[ 2 (1 - £)d(Z) 2 5d(T).
Then we obtain
Ag=sup [u(@)| > sup fu(@)| = [ullg ") (18)
z€B z€B(Z,kd(Z))
and
24,
i@ = Z' el
(19)
> sup { ()] = ] 7,
r€B(&,kd(T)) ; !
Furthermore, we note that
44, B(#,xd(#))
> ’ 20
d(i‘)Q = H ||2 ( )
and 2ba g
2 to 2, B(Z,rd(Z
Wf\\ ull g . (21)

Since u satifies the differential equation L(u) = f, we infer

= 3 ool B 0) =ala). € Bawd@), ()

with the right-hand side
@) = £ 3 (o) - an@) -2 13 b 2% ey} 23)
g T b 1) (¥ 8$18$] p 7 81}1 .

To the p.d.e. (22) we now apply Theorem 2 with £ = &, R = kd(Z). Then we
obtain

B(Z, 737 kd(Z)) ~ B(Z,kd(Z (z,rd( KOd(7)
| P8 o sc(||g||< @) 4 | gl B~ e

24
n Ag N 24, (24)
K2d(Z)?  kd(E)?
and
B(#, 2 nd(7) gy ) d
||u 20&72M"C T < C( 0 (Z,kd(Z))
s ad( )
(25)

n Ay . 24,
H2+ad( )2+o¢ K/lJrOtd(fE)?Jra
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with the constant C' = C(a, n, m, M) € (0, +00).

The quantity ||g||B(m #d(Z)) 4

have

is estimated as follows: Taking x € B(Z, kd(Z)) we

< B(Z,kd(Z)) - . _
l9()] < I1£11 +ZMM>%'MmﬁW

2
+Zw M| )] + et futz)

and consequently

B(z,kd(Z zndm :vmia:
l9(@)| < 155" 4 a5 @4 ke a(z Zm%m @
i,j=1
andz rndm :cnd :vmia:
| >§]wm O | D | o @),
=1

Therefore, we find

B(@rd(2) 24, 4kd(3)”
Il 7 + P (Ao + 35 + =)

ko(P
<A1 + 550 (Ao + -+ 5°.40)

(26)

with a constant ko = ko(P).

B(z rd(Z))

In order to estimate the quantity |g|ly ., , we calculate for each two

points «’, z” € B(Z, kd(Z)) as follows:

n

MWU—mW)<f@@—ﬂﬂﬂ+§;{MﬂﬂPWMWme%WH
Haig () = 015 (8)| [, (1) = thare, (")}
+iﬂmw—mwm%um+mwm%@%wmwﬂ
+{le(@’) = el [u(@")] + le(")] [u(a') = u(a")| }.

This implies
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B(#,rd B(#,kd(3 B(#,kd(7
|{Wﬂ|“”(”>+|mu““<”>§jnwnmf @)

(") — g(z")| < [z’ —
i,j=1

(Z,kd(Z)) (Z,kd(T)) (Z,kd(Z B(Z,rd(T
()™ 3 fasglZE + ful <”§jwn< )
4,j=1

B(Z,xd(Z « B(z,xd(Z
+ull5E ) (2kd(7)) }:mn< @)

B(&,xd B(&,rd(& B(&,rd(& B(&,rd(& 11—«
el ™l E A 4 g O FEE (26a(@)) e |

+lullzs

4A5P 22t g, 2A, P
/ // « OzP fled
| | {Hf”Oa (‘%)2 trK d(‘%)Q + d(i’)

4A2 o 1—a 11— 2-PAl K e 7 -«
Tz @) @)+ PAo + 5 (26) 0 (d(@)) }

Then we obtain

k
1 {Ao FA+ A+ KA. (27)

19110,

with a constant k; = k1 (P).

Combining the estimates (24), (26), and (27) we deduce

B(, 2 kd(i ~ ko(P a a g
5" <”sc“ﬂﬁ+(”>mwhm+nAﬂ+nam|ﬂ€a

d(z)?
k1(P) Ao 24,
@ Ao +A4A1+ A “A - —
R e Aot vt Ae H R sa) + e +
C(a,n,m, M, P) B AO Ay
< Oé 0 «
< = I R IR+ T A 2 A
Furthermore, we estimate with the aid of (25), (26), and (27) as follows:
B
B(LzM“d z)) < ~ ||f||0 kO(P) A A oy B
el < of red(@)e T medgayra Ao AL+ AT A2) + [ fllo
kl( ) AO 24,
e Aot Avt et w8 sa) + e ey J
C(avn’m’MaP) ”ng B Ao Ay
< e e I+ e A R Aaa
q.e.d.

This completes the proof.
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Theorem 7.9. Let the assumption D be fulfilled; and u € C***(B(&, R)) may
satisfy the differential equation

L(u)=f in B=DB(,R)

with the right-hand side f € C*(B).
Then we have a constant C = C(a,n,m, M, P) € (0,400), such that

A1+ Ay + Az o < C(Ao + £ + [1£115a)- (28)

Proof: We choose k € (0, %) and infer the following inequality from Proposition

7.7
2n nrlte

A
oo+ (1 — glta)2

Together with Proposition 7.8 we obtain the estimates

A <

<5 As. (29)

o 1 2n
A < U1 + kA8 + (5 + 25 ) Ao

n

ey ) e “QQAM}

and

1 2n
dz0 < OLIFIE + w11+ (2 + o) A

n

« 2a
“r(m + 1)5 A+ & Ag’a}.

Their addition yields

1 2n
Aoty < 3 IFIS + RIS + (5 + i) Ao

+Iia(1 + As + KJCEAQ’Q)}.

)l

Choosing 0 < kg so small that the condition

n
2C kg (1 + 7)
’ (1= rp )2

IN

1
2

is fulfilled, we deduce

o o 1 2n
Aot w§ne <4CIIE +§1A180 + (3 + 5 ) 4o -
0 0

Consequently, the quantities Ay and As , are estimated in the desired form.
Utilizing Proposition 7.7 once more, we attain the stated inequality (28). q.e.d.
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Proof of Theorem 5.4 from Section 5: The quantity d > 0 being chosen
arbitrarily small, we consider the set

Q4 :={xe N dist(xz,00) > d}.

In the ball B = B(xq,d) C {2 we apply Theorem 7.9 with z¢ € 2; and R = d.
Then we obtain

O sup [u(@)] + I£1 + 117
ze?

) > At Ao+ As

n

>d Y Jug, (20)l +d ) Juaa, (20)]

=t ij=1
Jr(é)%—a n sp |’ngng5J () — Uz, ()|
2 i,j=1 z' 2" €B(z0,d/2) |$/ _ l‘”|0‘
) 13/#17”

for all zy € £2;. This implies

£ 0, 0,
lll* + ully™ + llullzs < CC..,d)(lullg + 11T + 11

Oia)-

q.e.d.

Let the domain (2 satisfy the assumption Cs. For each boundary point zy €
0{2 we then have a half-neighborhood (2, which can be mapped onto a half-
ball B({,R) with £ € E = {x € R” : x,, =0} in such away that B({, R) N E
is related to 02 N 92y. This mapping represents a diffeomorphism of B(¢, R)
onto {2 in the class C2+<. The differential equation £(u) = f is transformed -
similar to the proof of Theorem 6.2 from Section 6 - into an elliptic differential
equation on the half-ball with zero boundary values on E. The Schauder
estimates utilized in the proof of Theorem 6.2 from Section 6 can be directly
inferred from Theorem 7.9 with the aid of the transformation above.

Proof of Theorem 5.1 from Section 5: Following the arguments above,
to each point xg € 92 there exists a neighborhood 2y := 2 N B(xg,e9) with
go > 0, such that

£2 £2 £ ~
ully + llulls + [lulls < C(Illd + 11 + 1F15)

holds true. The boundary 0f2 being compact, finitely many such neighbor-
hoods §2;, j =1,..., N suffice in order to cover this set. Then we obtain

n

£2; 02; § 4 .
lully” + lully” + llullo?, < C(Illd + 111+ 1£15e) — for j=1,....N.
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We choose d > 0 sufficiently small and attain, with a constant C =
C(a,n,m, M, P, 2) € (0,400), the global Schauder estimate:

ull? + llull3’ + llull$y

0, 0,
<l + flulls™ + lu

N
2; 2; 2;
St 3 (Il + luls” + )
j:
< (N +C@) (Il + 1718 + 1718e) < C (Il + 171 + 1711E)-

Now we have completely proved all the Schauder estimates, which we have
already applied in Section 5 and Section 6.

8 Some Historical Notices to Chapter 9

Boundary value problems for holomorphic functions have already been consid-
ered by B. Riemann. The just established theory of integral equations enabled
D. Hilbert in 1904, to obtain new results for this problem. G. Hellwig observed
in 1952 the nonuniqueness of the Riemann-Hilbert problem and the intricate
structure for the set of their solutions. For a thorough treatment of these
questions we refer the reader to the profound monograph by I.N. Vekua.

The boundary value problem for elliptic differential equations was solved by
J.Schauder from 1932-1934 via functional analytic methods. At about the
same time, G. Giraud and E. Hopf treated similar problems with alternative
methods. For a detailed account we refer the reader to the book by D. Gilbarg
and N. Trudinger.

J.Schauder worked, as a brilliant student of S. Banach, in the intellectually
excellent atmosphere of the University at Lwov, now in the Ukraine. However,
his life ended already in 1943 — within the tragical times of World War II.
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Figure 2.4 PORTRAIT OF JULIUSZ PAWEL SCHAUDER (1899-1943)

-
R i

(
..~

This photo can be found under the electronic address
http://www-history.mes.st-andrews.ac.uk/PictDisplay /Schauder.html

in the Mac Tutor History of Mathematics archive at the School of Mathe-
matics and Statistics in the University of St Andrews, Scotland. The picture
has been taken from a photo of the participants in the First International
Topology Conference 1935 at Moscow. In this context, we refer to the article
by R.S. Ingarden: Juliusz Schauder — Personal Reminiscences within Topolog-
ical Methods in Nonlinear Analysis — Journal of the Juliusz Schauder Center,
Volume 2 (1993).



Chapter 10

Weak Solutions of Elliptic Differential
Equations

In this chapter we consider Sobolev spaces in Section 1 and prove the Sobolev
embedding theorem and the Rellich selection theorem in Section 2. Then we
establish the existence of weak solutions in Section 3. With the aid of Moser’s
iteration method we show the boundedness of weak solutions in Section4. In
the subsequent Section 5 we deduce Holder continuity of weak solutions with
the aid of the weak Harnack inequality by J. Moser. The necessary regular-
ity theorem of John and Nirenberg will be derived in Section 6. Finally, we
investigate the boundary regularity of weak solutions in Section7. Then we
apply our results to equations in divergence form (compare Section 8). At the
end of this chapter we present Green’s function for elliptic operators with
the aid of capacity methods, and we treat the eigenvalue problem for the
Laplace-Beltrami operator.

1 Sobolev Spaces

Let £2 C R™ be a bounded open set. Then the space C§°(2) is dense in the
Lebesgue space LP(£2) for all 1 < p < 4o00. We shall now construct a space
WkP(£2) of the k-times weakly differentiable functions - with weak derivatives
in the space LP(£2).

To the element f € LP({2) we attribute the following functional in a natural
way:

Ap(p) = / f@)p@)dz, o CE(A). (1)
2

Taking the multi-index a = (aq,...,a,) € Nij, Ny := NU {0}, with |a| :=
ay + ...+ a, € Ny, we consider the functionals

Apalp) = (1)l / f@)0% (@) dz, ¢ € CF(Q). (2)
2

F. Sauvigny, Partial Differential Equations 2, Universitext, 191
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Here the symbol

olel
9%p(z) :

=— N
oxTt...0xzy" (), T el

denotes the corresponding partial derivative of ¢. We note that
Apo = Ay.

With the function f € C1%1(£2), an |a|-times partial integration yields

Apale) = [ (21@)e@)ds, 0 e @), 3)

(0]

On account of ¢ € C§°(£2), the boundary integrals vanish during the partial
integration.

In case the linear functional Af . — defined in (2) above — is bounded with
respect to the L4(§2)-norm on the set C§°(§2), we can extend this functional
to the Lebesgue space L1(f2) for 1 < ¢ < +oo. Via the Riesz representation

theorem we have an element g € LP({2) with p = %3 € (1, +0oc], such that

Apalp) = / g(@)p(x)de = Ay(p)  forall peCE(R)  (4)
2

holds true.
Due to (3) the following definition is justified:

Definition 1.1. Take the multi-index o = (o, ..., ) € N, the exponent
1 <p < +o0o, and the element f € LP(S2). Then the element

g(x) :== D" f(x) € LP(£2)
is called the weak partial derivative of order « for f if
/g(x)w(x) dx = (-U‘“'/f(x)aaw(w) doz forall ¢eC(2) (5)
0 0
holds true.

Remarks:

1. Let the elements g1,g2 € LP(£2) with p > 1 satisfy the identity (5). We
then obtain

/g1 (x)p(z)de = Afo(p) = /gg(x)cp(x) dx for all ¢ € C°(£2).
Q o)
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1

For the conjugate exponent q € [1,400) with p~ + ¢~ = 1 we infer

/(g1 —g2)(x)p(x)dx =0 for all ¢ € L({2).
Q

Utilizing Theorem 8.2 from Chapter 2, Section 8 we obtain

0= 14—l = llgr = 921l

and the identities g1 = go in LP({2) respectively g1 = g2 almost everywhere
(briefly a.e.) in {2 follow. Even if the weak derivative exists only in L!(2),
it is uniquely determined in this space.

2. In the classical situation f € C1*/(£2) we have the coincidence

0%f(x)=D%f(x) in
according to the relation (3).

Definition 1.2. Let the numbers k € Ny and 1 < p < 400 be given. Then we
define the Sobolev space

WHhP(02) = {f € LP(Q) : D°f € LP(Q), o] < k}

with the Sobolev norm

3 =

[fllwere o) = 1 Fllkp.2 = Z/\Daf(znpdz . (6)

la|<k

Remarks:

1. An equivalent norm is given by

1y = D 1D fllp-

la<k
Therefore, there exist constants 0 < ¢; < ¢y < 400 satisfying
callflep <Uflhp < callflly — forall feWhr(e).

2. Endowed with the norm from Definition 1.2, the space WP ({2) becomes
a Banach space.

3. With1 < p< 400 and ¢ = Ll the preliminary considerations yield

W) = {f € L(Q) : Apa € (LUQ), ol <k} (D)

Here the symbol (L9(£2))* denotes the continuous dual space of LI({2).
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4. In the special case p = 2 we obtain the Hilbert spaces
H(0) .= Wh2(0)
with the inner product

(Fousoy = . [ Do r@D g e, fige HNQ).

la|<k ¢

5. One immediately shows the linearity of the weak derivative: Let the num-
bers ¢,d € R, the multi-index o from the set Nij, and the elements f, g in
W¥P(£2) be given. Then we have

D%(cf 4+ dg) = cD“f + dD%g.

We shall now present a mollifying process which we owe to K. Friedrichs. By
0 € C*(R™) we denote the mollifier

o(z) = {cexp (\zl%l) |z < 1

0 , el >1

satisfying
o(z)dz = 1.
R"L

Here we have to choose ¢ > 0 suitably. A function u(z) € LP(£2) with 1 < p <
400 is extended onto the whole Euclidean space R™ as follows:

B u(z), z €N
M@_{ 0 ,zeR"\ 2

Theorem 1.3. (Friedrichs)
Taking the exponent 1 < p < +o0 and the function u(x) € LP(£2), we attribute
the regularized function

@)= [o(SY ) utmdn wer,
Rn

for each h > 0. Then the mapping u — uy, is linear from LP(R™) into LP (R™),
and we have the estimate

lunllp < |lullp forall h>0, wueLP(R").
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Proof: The linearity of the map u — wy, is evident, and we only have to show
the norm estimate. The transformation formula for multiple integrals remains
applicable to L!-functions via approximation, and we deduce

up(x) = h‘"/@ (x—;y> u(y) dy

]Rn
= /g(z)u(m —hz)dz (8)
RTL
= / o(z)u(x — hz)dz
|z[<1

for all h > 0. With the aid of Holder’s inequality for 1 < p < 400 and the
identity p~! + ¢~ ! = 1 we arrive at

1

fun ()| < / oF (2)|u( — h2)|o (=) d
si<1

g( / g(z)u(m—hz)pdzy( / @<z>dz>é

|z|<1 |z[<1

and
lup ()P < / o(2)|u(x — hz)|P dz for all =z € R".
|zI<1

Integration via Fubini’s theorem yields (for p = 1 as well)

/n\uh( )P de < / (/ uxhz)|pdz>dx

zER™

<1
( | ( xhz)|pdx) dz
|2 |<1

z€R™

_ ( / u(x)|pd1:>< / Q(z)dz>.
Rn |z]<1

lunllp < llullp for all we LP(R™), h>0, 1<p<+oo.

This implies

In the case p = oo we obtain |up(z)| < |Ju|le a. €. in R™ and consequently
unlloo < flulloo- q.e.d.
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Theorem 1.4. (Friedrichs)
We have the following statements:

1. Taking u(z) € C§(§2) we observe

sup |u(z) — up(z)| — 0 for h—0+.
rER™

2. Foru € LP(12) with 1 < p < 400 we infer
lu —upl|l, — 0 for h—0+.

Proof:

1. We depart from u € C§(£2): For each € > 0 we find a number § > 0, such
that the estimate

lu(e) —u(y)| <e
is valid for all z,y € R™ with |x — y| < 4. Via (8) we obtain

un(z) —u(z)| < / o(2)|u(x — hz) —u(z)| dz

|z[<1

<e forall 0<h<od(e), zeR™
Consequently, we observe

sup |up(z) — u(z)] — 0 for h—0+.
zeR”™

2. Now we consider v € LP({2) with the exponent 1 < p < +00. Due to
Theorem 7.13 in Chapter 2, Section 7, each given € > 0 admits a function

v e CY() satisfying |lu—v|, <e.
Utilizing part 1 of our proof, we choose a number hg(e) > 0 so small that
lv—vpllp <e for all 0 < h < ho(e)
is correct. For all 0 < h < ho(e) we obtain the following inequality
[ = unllp < llu—=wvllp + o= onllp + llon — uallp
< 20lu—ollp + flv = vallp < 3e,

taking Theorem 1.3 into account. This implies ||u —uy||, — 0 for b — 0+.
q.e.d.

One can interchange weak differentiation and mollification via the subsequent
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Theorem 1.5. (Friedrichs)

Let us extend the function f € W*P(£2) onto the whole Euclidean space setting
f =0 onR"\ 2. With the number € > 0 given, we define the regularized
function of class C*°(£2) by

ﬁ@%Zé%/QCCW)ﬂwd% zeR"
in

For all multi-indices o« € N§ with |a] < k and all numbers ¢ which satisfy
0 < e < dist(z,R™\ £2), we have the identity

0% fo(x) = (D) (), T € (.

Proof: We calculate

1) = o [ oo "2Y) rw)dy

=
i
= (=1)le] ab/agg(ngy)fﬂﬁdy
s
_ i (Z=2) Do r(y) dy = (D f)e ()
i

Theorem 1.6. (Meyers, Serrin)
With the exzponent 1 < p < +o0 given, the linear subspace C™(£2) N WkP(£2)
is dense in the Sobolev space WkP ().

Proof: We choose the open sets {2; C R™ for j € Ny satisfying
0=y CcyChC...Ccn and  £2; C 241, j€ Ny,
such that -
U =2
j=1

Furthermore, let ¥; € C§°(f2) denote a partition of unity subordinate to the
set system {f2;11 \ £2;_1};=1,2..... This means

supp¥; C £2j41 \ £2,_4 and ZIIIJ(:U) =1, zel.
j=1

For the given € > 0, let us choose £; > 0 such that the condition
gj < dist (£2j41,012) as well as the inequality
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1255)e; — (D) llwr() < €279

are valid. This can be achieved with the aid of Theorem 1.4 and Theorem 1.3.
We now observe

= (Ff)e, (x) € C=()
j=1

and furthermore

9 flwesio = || @6, - Z(W)H
j=1 j=1 Wkr(£2)
oo o0 €
Z W@ D)llwrniy <D 55 =
j=1 j=1
From the property f € W*P(£2) we infer g € W*P(£2). q.e.d.

Because of this theorem we comprehend the Sobolev space W*P(£2) as the
completion of the linear set of functions C°°({2) with respect to the Sobolev
norm | - |lyr.p(g)- If the boundary 02 represents a smooth C'-hypersurface
in the Euclidean space R™, one can prove that even the linear space C*°(12)
lies densely in the Sobolev space W (£2). However, only in the case k = 0
and p < +oo is the set C5°(£2) dense in the space WkP(2) = LP(2). For
k > 0 we obtain the Sobolev space Wé’p(ﬂ) with weak zero boundary values.

Definition 1.7. Let the numbers k € N and 1 < p < 400 be prescribed, then
we define the Sobolev space

There is a sequence — C Cs° (12
Wor(42) = {feW’”’(Q) ; quence {fifi=iz,.. © G5 )}.

with || f — fillwr»2) — 0 for I — oo

In the sequel we concentrate on the Sobolev spaces WP (£2) and Wy (£2). Let
the symbol e; := (814, ...,0n;) € R™ with ¢ € {1,...,n} denote a unit vector.
Taking the point x € 2 and the number £ with 0 < |¢| < dist (z,R™ \ )
arbitrarily, we define the difference quotient in the direction e; by

f(x—i—aei)—f(w).

€

Ai,ef(x) =

We can characterize the Sobolev functions as follows:

Theorem 1.8. Let the exponent 1 < p < 400 and the element f € LP(§2) be
given, then the following two statements are equivalent:

i) We have the property f € WLP(§2).
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it) There exists a constant C' € [0,400), such that we have the uniform esti-
mate

[AicfllLrey < C

for all open sets © C 2 with © C 2, and all indices i € {1,...,n}, and
all numbers € with 0 < |e| < dist(©,R™ \ §2).

Proof:

1. At first, we prove the direction: i) = ii). .
Choosing i € {1,...,n}, f € C°(2)NWP(£2), and O C 2 we calculate

WIS CIRY K.
0

E oz, flz+te;)dt

for all 0 < |e| < dist (©,R™ \ £2). With the aid of Holder’s inequality we
deduce the following estimate for all z € ©:

p

1 (.0
, P ‘
[Bic @) < = /1‘8zif(x+tez)

dt

p

dt

IN

0

ca 7 0

g/‘axif(ertei)
0

P
dt.

1 [0
g/‘amif(x‘i‘t@i)
0

Here we observe 1 € L9(£2) and p~! + ¢~ = 1. Then Fubini’s theorem

yields
1 1>
/ |Aief(z)|Pdr < g/ (R/|Deif(x+tei)|pdx dt
e
0 n

- [1D° 1@ da.

R

Thus we obtain the subsequent estimate via the Meyers-Serrin theorem,
namely

18 efllzr) < Ifllwrre) = C.
2. It remains to show the inverse direction: ii) = i).
For i e {1,...,n}, ©® C 2, and an ¢ satisfying 0 < || < dist (©,R™ \ £2),
we have the inequality
[AiefllLee) < C.
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Due to Theorem 8.9 in Chapter 2, Section 8, we have a sequence ¢ | 0
and an element g; € LP({2) such that

[e@biat@i — [p@a@ds  oral pecFe)
Rn Rn
is valid. Now we see that

[e@bias@ e == [ (8iap@)f)do

R” R™ 9 (9)

for k — oo, and consequently

/f

This implies

x)dr = /(p(x)gz(x) dx for all ¢ e C°(02).

R

Azakf L_(’Q DEif:gi ELP(Q)a

and therefore f € W1P(£2) holds true. In order to comprehend the identity
(9), we integrate as follows:

Bicu(0(@)f (@)
= {(pla+ e) = p(a)) Flo+ e + 0(a) (Flo+ e - £(2) }

- { (#00) = ot~ 2109 10 b (e Do f(2)
Yy=x+ere;
= {f(y)Ai,fsmy)}\ @b ().
Yy=x+eRe;
(10)
This completes the proof. q.e.d.

Remark: With the Sobolev function f € WP(£2) we consider the weakly
convergent sequence of difference quotients {A;., f}k=12,.., where g | 0
holds true. Then the proof above yields

Dief—Df in LP(2), i=1,...,n.

This fact explains the notion weak derivative.
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Theorem 1.9. (Weak product rule)

Let the Sobolev functions f,g € WP (2)NL>®(§2) with exponents 1 < p < +o00
be given. Then we have the property h = fg € WHP(£2) N L>(82) and the
formula

D*h = fD%g + gD*f, forall aeNy with |af=1.

Proof: Choose the function ¢ € C§°(£2) and a sufficiently small number £ > 0.
When we apply the identity (10) twice, we obtain the following equation:

Bic(p@h(@)) = {hw)Bi—co)}  +p@)bih(@)

y=z+tee;

= {h(y)Ai,_sw(y)}

y=zx+ee;

@) ({f@oi—cgw)}  +g@)bif (@)

y=x+ee;

= {hw)ri o)} 1

y=x+tee;

+o(@)g(@) Bicf (@) + { W) F W) Bi-c9(v) |

y=xz+tee;

+{ (‘P(i’/ —ee;) — @(y))f(y)Aiv*‘zg(y)}

Noting f,g € WHP(£2), Theorem 1.8 and Theorem 8.9 from Chapter 2, Sec-
tion 8 allow us to choose a zero sequence ¢;, | 0, such that

y=x+tee;

DNie f(x) — D% f(2) and A, _., g(x) — D%g(x) in LP(02).
From (11) we obtain

0= / W) ey () da + / o (@)g(2) Aoy f ()

+ [e@ @i agz ot [(oo - e - @) 1)1 g(o) da
[0} 0

by integration via the transformation formula. The passage to the limit £ — oo
yields

0= [ by plada+ [ p@lg@)D" @) do+ [ o) f(0)D%g() da
N (e} 2

for all ¢ € C§°(§2). This implies D*h = fD%g + gD*f for all a € Nj with

jad = 1. q.e.d.
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Theorem 1.10. (Weak chain rule)

On the bounded open set 2 C R™ let the function f € WHP(02) N L*°(£2)
be defined with the exponent 1 < p < 4o00. Furthermore, we have the scalar
function g : R — R € C'. Then the composition h := go f belongs to the class
WLP(02) N L*°(02) as well, and we have the chain rule

Dh(z) = ¢ (f(2))D*f(2), wE D, (12)
for all multi-indices o € Nij with |a| = 1.
Proof:

1. For monomials ¢g(y) = y™, m € N, we show the chain rule by induction.
We start the induction with the evident case m = 1. From the validity of
the statement for m we infer the correctness of the statement for m + 1
with the aid of Theorem 1.9:

p{(f(@)" 1} = Do{ f@)(f)™ }
= (D" F@)(f@)™ + f@)D{ ()" }
= (D f(@)(f (@)™ + f(x)m(f ()" D° f ()

= (m+1)(f(x)"D*f(z) = g'(f(2)) D f(z).
2. When
y)zzakyk, ar €R, k=0,....,m

is an arbitrary polynomial, we deduce

D{g(f(2)} = Zakm{ Nk} = Zkzak )E=1 Do f ()

=g (f(z))D*f(x).
3. In the general case g : R — R € C! we invoke the Weierstrafl approxima-
tion theorem: We obtain a sequence of polynomials gi, k = 1,2, ..., which

converge together with their first derivatives g}, locally uniformly on R.
Following part 2, the functions hy, := gi(f) € WP(£2) N L>(£2) satisfy

D*hy(z) = g,.(f(z))D* f(z) for all aeNj with |of=1.
For all ¢ € C§°(£2) this implies

/ Gh(F(2))(D° f(2))p(x) do = / (D*hi(2))p () da

N [0}

= (-1l / hi () D® () di

0
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with arbitrary |«| = 1. The passage to the limit k¥ — oo yields

/g'(f(w))(Do‘f(x))w(fv) de = (~1) /h(l’)aaw(w) dx

2 2

for all p € C§°(£2). Finally, we obtain D*h = ¢'(f)D*f € LP(2), |a| = 1.
q.e.d.

If the function g : R — R satisfies a Lipschitz condition

l9(y1) —9(y2)| < Clyr —92|  forall yi,y2 €R

and the property f € WHP(£2) holds true, then the composition h := go f
belongs to the class WP (£2) as well. This is shown with the aid of Theorem
1.8, since we have

gf (@ teei) —g(f(@) | _ If(@+eei) = f(o)l
2 - le]
=C|A; o f(x)] for all x € Rand0 < |e| < dist {z,R™ \ 2}.

D ch(z)] =

In order to establish the chain rule in this situation, one needs the a.e.-differen-
tiability for the absolutely continuous function g.
Now we shall prove an important special case of this statement directly.

Theorem 1.11. (Lattice property)
Taking the Sobolev function f € WYP(§2) with the exponent 1 < p < +oo0,
then the following functions

fH(@) = maz{f(2),0}, [ (2):=-min{f(2),0}, [fl(z):=][f(2)],

—c, f(x)<—c
foeqe(®) =14 flx), —c< f(z) < +c
+e, 4e< f(x)
belong to the Sobolev space WP (02), and we have

Dﬁ:{Df, iff >0 Df:{o, iff >0

0, ff<0’ _Df. iff<0’
Df,  iff >0 .
DIf|=¢0, iff=0, ch#c:{é)f’ if—e<f<+e
) 6156
_Dfa fo<0

(13)
Here the symbol Df = (D1 f,..., D" f) denotes the weak gradient of f.

Proof:
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1. On account of the identities f~ = (=f)*, |f| = fT + f~, and f_c 4. =
(2¢ — (f —¢)7)™ — c it suffices to investigate the function f+.

2. We consider f € WHP(£2) with the exponent 1 < p < +oo. Then the
element fT belongs to LP(§2) as well, and its difference quotient satisfies

fr(x+ee)— fH(z 'f x+ee;) — f(x)

3 9

|Ai,ef+(x)| =

= A f(2)]

for all z € £2 and all 0 < |e| < dist {z, R™\ £2}. According to Theorem 1.8
the function f* belongs to the class WP (£2) as well.
3. Let the function
W) Y, y>0
= 0, y<0
be given. For all § > 0 we approximate this function by the C'-functions

VY2+962-46, y>0
95(y) =

0, y<0

with their derivatives
Y

g5(y) = y? + 02
0, y<0

, y>0

Evidently, the inequalities

0<g5) <oly), 0<giim)<d ¥
>095\Y) >9Y), > 05\Y) > 07y§0

hold true for all 6 > 0, and we observe g5(y) 11 (6 J 0) for all y > 0.
4. Assuming f € W1P(£2), we consider the regularized function f. € C°°(£2)
for all € > 0. We differentiate the C'*(£2)-function

hes(@) = gs(fe(z)), ze€,

and obtain

0%he 5(x) = g5(f-(2))0° fe(x) = g5(f=(2)) (D" f)e(2)

for all & € Nj with |a| = 1. Taking an arbitrary test function ¢ € C§°(£2),
we infer

/ G5 (Fo(2)) (D2 f)e () p(a) da = / (0% he 5(x))p () da

(0]

\al/h z)de = (— )'a‘/ga(fg(x))f)%(x) dx

2 £2

for all & € N§ with |a] = 1.
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5. Due to the convergence f. — f and (D f). — D*f for ¢ — 0 in LP({2),
Theorem 4.12 from Section4 in Chapter 2 gives us a subsequence ¢y | 0,
such that f., — f and (D“f)., — D®f a.e.in {2 are correct. Via the
Lebesgue convergence theorem we obtain the following identity observing

€k \l, 0:
/ a5(F(@)(D* f(@))pl(x) da = (1)1 / 05(F(2))0% () da
2 (9]

for all ¢ € C§°(£2). The transition to the limit 6 — 0+ yields

/ (D (2))p(x) dx = (~ 1)l / f(2)0% o) de

z€:f(x)>0 z€2:f(2)>0
= (D! [ @0 elz) da.
(9]

Finally, we obtain

Dof(z), f>0
Daf+(x)={ g(x) ;zo

q.e.d.

2 Embedding and Compactness

We begin with the fundamental

Theorem 2.1. (Sobolev’s embedding theorem)

Let the open bounded set 2 C R™ with n > 3 and the exponent 1 < p < n be
given. Then the Sobolev space Wy (£2) C L5 (02) is continuously embedded
into the specified Lebesgue space: This means that the following estimate

171, 22 gy < CUDSlliocey  for all f € Wo™(9) 1)

holds true with a constant C = C(n,p) € (0,400). Here we denote the weak
gradient by Df := (D1 f,..., D f) € LP(§2) x ... x LP(12).

Proof: (L. Nirenberg)

1. Because of the Definition 1.7 from Section1 it suffices to prove the in-
equality (1) for all f € C§°(£2). In this context we need the generalized
Hélder inequality, which can easily be deduced from Hélder’s inequality
by induction. For the integer m € N with m > 2 we choose the exponents
D1,y Pm € (1,00) satisfying p; ! + ... + p;,! = 1. For all fj € LPi(02)
with j = 1,...,m then the following inequality holds true:
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/ @) fn@)dz < il Wl (@)

2. At first, we deduce the estimate (1) in the case p = 1. Noting f € C§°(£2),
we have the following representation for all x € R™:

T4

f(.%‘): /Deif(l‘l,...,LL’Z‘,l,t,fL’iJrl,...7$n)dt.

This implies
x; —+o0
s@l< [ ipesiaes [ |pe s,

and consequently

n +OO ﬁ
)7 < (H / |Deif|dxi> .

i=1_"1

We integrate this inequality successively with respect to the variables
Z1,...,Ty, using each time the generalized Holder inequality with
p1r=...=pm =n—1and m =n — 1. We then obtain

+o00o
/ (@)1 day
+o00 o) il

< (_ZODelfdm)m /]1(_/ |Delf|d:cz> dry
+oo - n +o00+00 =t
< (/Delfdan) (//|De7 |dm1da;1> .

— 0o
— 00

A similar integration over the variables zo, ...z, yields

[lr@lds < (ﬁ /|Deifdx>nll,

Rn =1 Rn

(f[/lDeiflde < %/(ilmfl) dz

e 20T (3)
1 1
- ! IDslds == D1y

and finally

[ =
n—1

IN
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for all f € C§°(12).

3. We now consider the case 1 < p < n. Here we insert |f|? with v > 1 into
(3) and obtain the following relation with the aid of Holder’s inequality
and the condition p~! 4+ ¢! = 1:

Ay < = / D177 / /11D da
n
., (4)
Tlllfl7 HlglD .
and consequently
11 e fllf\lh Hall DS llp-
Choosing
_(n=1p np—p
n—p n—p
we infer yn np
= —1 =
=0 =1 p—

Finally, we arrive at

[fll 2z < 7 IDfll, — forall feC5®(£2).

With the constant
.. WP

~ /n(n—p)

the statement above follows. q.e.d.

Theorem 2.2. (Continuous embedding)
Let the assumptions of Theorem 2.1 with p > n be satisfied. Then we have a
constant C = C(n,p,|2]) € (0,+00), such that

[fllco@) = sup |f(2)] < CIDfllrey — forall feC5(2) (5)
e

holds true. This implies Wy (£2) < CY(2), which means this Sobolev space
is continuously embedded into the space C°(£2).

Proof:

1. When we have proved this inequality for open bounded sets 2 C R™ whose
measure fulfills [2] = 1, we then obtain the inequality stated above by
the transformation

y:x|(2\*%, x € (2.

Therefore, we can assume |{2| = 1 in the sequel.
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2. We utilize the inequality (4) and set

/ n / P '
= >p i=——, §:=— €(1,00).
n P p— p (1,00)

For all v € (1,00) we therefore obtain the estimate

‘ Vol fl”
1D flp

<A -

n’

By multiplication with H\é_fT this implies

|G555,)

\/_Ifl

p/
Setting ¢ := ¥f| f| we find
197 [l < g forall ~>1
and consequently
g1y < gliy 1y < gl

Finally, we obtain

1 1-1
lgllny <7 gl forall 4> 1.

. We now insert v := §” with v = 1,2, ... into the inequality above and get
Igllnrsr <62 llglnrgs- (6)
From (3), the fact that |£2| = 1, and Hélder’s inequality we deduce
loll = 0 e < P2 <y
IDfllp IDfllp —
With the aid of |£2] = 1 and Hoélder’s inequality we see that the sequence
llgllnsv, v =0,1,2,... increases weakly monotonically. Therefore, we have

the following alternative: ||g||n/sv < 1 for all v — or there exists an index
A > 0 satisfying ||g|lnrs» < 1 for all v < X\ and ||g|ne» > 1 for all v > A
In the second case, we obtain the following estimate from the iteration
formula (6) for u > A:

s—(+1)

lgllrsn < 6%t |lgl| )25

< L= —ceR.

In each case we have ||g|| (o) < ¢ and therefore

I fll Loy < for all f e C5°(02).

\/—HDpr

This implies the statement above. q.e.d.
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If one intends to treat eigenvalue problems for partial differential equations
with the aid of direct variational methods, we need the subsequent

Theorem 2.3. (Selection theorem of Rellich and Kondrachov)
Let 2 C R™ with n > 3 denote a convex open bounded set and let 1 < p <mn
be an exponent. For all 1 < q < % and all s € [0,400) then the set

K= {1 e WS (@) N EUQ) « [flwioe) < 5} € LU(9)

is compact: This means for each sequence {fi}tr=12,. C K we can select a
subsequence {fr, }1=1,2.... and an element f € LI(12) satisfying

llim Ilfx, = fllacay = 0.
— 00

Remarks:

1.

2.

F. Rellich discovered this result for the Hilbert spaces W, *(£2) < L2(£2)
in the year 1930. The general case was investigated later by Kondrachov.
The Banach space {Bi,]|| - |1} may be continuously embedded into the
Banach space {Ba, | - [|2}. We call By compactly embedded into By if the
injective mapping I : By — By is compact; this means that bounded sets
in B; are mapped on precompact sets in By. Here a set A C By is called
precompact if each sequence { fx}r=1,2,... C A contains a subsequence con-
verging in Bo with respect to the norm. Therefore, the theorem above
indicates that VVO1 P(£2) is compactly embedded into the Lebesgue space
Lai($2).

Proof of Theorem 2.3:

1.

We start with an arbitrary sequence {fy}r=102.. C K, and make the
transition to a sequence {gx r=12,... C C§°({2) with the property

==

gk — frllwiee) <
The last sequence satisfies the restriction

lgrllwrro) <1+s (7)

for all k& € N. If we manage to select a subsequence {g, };=1,2,... conver-
gent in L1(£2) from the sequence {9k }x=1,2,..., then the associate sequence
{fr, hi=1,2,... is convergent in L'(£2) as well. Here we observe the inequality

o

gk — frllzro) < cllgr — frllwiro) <

. In order to show then that the sequence {fg, }i=12,.. converges even in

the space L?({2) with 1 < ¢ < £, we apply the following interpolation
inequality:
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If the exponents 1 < p < g < r fulfill % = % + @ with A € [0,1], we
conclude:
I£llg < UFIp LAY forall f € L7(52). (8)

The proof of this interpolation estimate is established via Holder’s in-
equality. Noting

() ()

1l = (l/WquJW“A”dx>
2
s(/mwﬂ (/HWQ
(9 (9]

= IFIR I

We now choose a number A € (0,1) with the property % =A+(1-N)"2E,
and Theorem 2.1 yields the estimate

1£llg < UFIRIFIE < IR (CUDFIl)

n—p

we obtain

for all f € WyP(§2). Therefore, we have

I fee = Fomlla < Cllfts = frnlt — 0 for Lm — oo

Consequently, the sequence { fi, }i=1.2
is convergent in L!(2).

3. Tt still remains to select a subsequence convergent in L!'(£2) from the
sequence

converges in L4($2) if {gx, }1=1,2,...

yeee

{gkth=12,.. C CZ(£2).

Therefore, we take an arbitrary e € (0,1] and consider the sequence of

functions
1 T—y i
ke () == E—n/@ 5 gk (y) dy = /Q(z)gk(:ﬁ—&) dz € C5°(0)
R™ R™
with

O = {m e R" : dist (z,2) < 1}.

For each fixed € € (0,1] the sequence of functions {g e }tr=12,.. is uni-
formly bounded and equicontinuous: We namely have the following esti-
mates for all z € ©:
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1 x— C
e < 2 (T2 ) lontian = S s o2

|z|<1
R™

and

4. We apply the Arzela-Ascoli theorem as follows: For each € > 0 we have a
subsequence {gx, ¢ }i=1,2,... of the sequence {ggc}r=1,2,. converging uni-
formly in the set £2. We now set ¢, = % with m = 1,2,...; with the aid
of Cantor’s diagonal procedure we select a subsequence {gg, }i1=1,2,... of the
sequence {gx }x=1,2,.. with the following property: For each fixed m € N
the sequence {gx, «,, }1=1,2,... converges uniformly in the set 0.

5. We have the inequality

yeen

|9k () = gre ()] < / o(2)|gr(x) — gr(x —ez)| dz
|=l<1

< [ o) [ Dot 1) drd
si<t 0

for all x € £2, which implies the estimate

/|gk gks )|d$<€/|ng )|d1’<01€

for all k € N. Choosing an arbitrary number € > 0, we obtain the relation

Hgkzl — Gk, ||L1(Q) < Hgkzl — Gki, em ||L1(Q) + ||gkl1a5m ~ Gkiyem HLI(Q)
+||gkl2757n — Gk, ||L1(-Q)
< (2C1 + |2))e for all I1,ls > ly(e).

In this context, we determine m = m(e) € N sufficiently large and after-
wards we choose l1,la > lo(e,m(e)) =: lp(€). Consequently, {gk, }i=12,...
represents a Cauchy sequence in the space L!(§2) possessing a limit in
L' (£2) — according to Theorem 7.6 (Fischer, Riesz) from Section 7 in Chap-
ter 2. q.e.d.
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3 Existence of Weak Solutions

From now on, we require n > 3 for the space dimension in this chapter. With
adequate regularity assumptions, we consider a solution v = v(x) : 2 — R on
the open bounded set {2 C R” of the following elliptic differential equation in
divergence form

Lou(x) = Z i(aw(x)aixlv(a:)) + c(z)v(z) = f(x), ze, (1)

7
=1 9%

under Dirichlet’s boundary conditions

u(z) :=v(x) —g(x), ze€n
solves the Dirichlet problem

NG,

- Y g (@) ) — cteute)
we " 5 (3)
= —J@ + @) + 3 G- (e o), wee

ij=1

under zero boundary conditions

We now define the bilinear form
Blu,v) = / {z: aiy () D u() D o(x) —c(x)u(m)v(x)}dm (5)
e
F) = [{ (=10 ewrg@)oe) - 3 a1 g(0)00(a) ar. ©
J )

Here the symbol D again denotes the weak derivative in the direction e; =
(0145 -+, 0pi) with ¢ = 1,... n. Multiplying (3) by a test function ¢ = p(z) €
C§°(£2), the Gaussian integral theorem gives us the differential equation (3)
in the weak form

B(u,p) = F(p)  forall e C5°(2) (7)
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under zero boundary conditions (4).
Now we fix the assumptions for the coefficients of the differential equation:
a;;(z) € L™(£2) for i,5=1,...,n,

a;j(z) = aj;(x) a.e. in 2 for i,j=1,...,n, ®
8
1 = , N
M|§|2 < Z aij(v)&& < MIE? a.e. in 2 forall £eR

ij=1

and
0< —c¢(z) a.e. in £, llell ooy < N (9)

with the constants M € [1,4+00) and N € [0,400). We work in the Hilbert
space H := VVO1 2(£2) with the inner product

(1, 0)3¢ 1= /{Du(x) oz }dx—/{Zm 2)D(z )}dx, W€ H.
(9]

(10)
Because of the Sobolev embedding theorem, the induced norm

ull = </|Du(x)|2dx> R———
(9]

is equivalent to the norm of the space W12 (2) specified in Section 1, Definition
1.2. For the right-hand side and the boundary condition we now assume

f(z) € L*(2) and g(z) € WH2(0). (11)

Then F(v) defined in (6) becomes a bounded linear functional on H. More
precisely, we have a constant

b="0b(lfllz22), ll9llwr2(), M,N) € [0,+00)
with the property
|F(v)] < b||lv|lx for all v e H. (12)

The representation theorem of Fréchet-Riesz in the Hilbert space H implies
the existence of an element w € H satisfying

(w,v)y = F(v) for all v e H. (13)

In the special situation a;j(x) = d;; for 7,7 =1,...,n and ¢(z) = 0 a.e. in £2,
we have already found a solution u = w of the weak differential equation (7).
We emphasize that the representation theorem used above has been proved
in Chapter 2, Section 6 by direct variational methods.
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In the general situation the coefficients satisfy the conditions (8) and (9),
and we consider the symmetric bilinear form B(u,v) for u,v € H defined
in (5). The latter is bounded and coercive, and therefore we have constants
ct = ¢t (M, N) with 0 < ¢~ < ¢* < 400, such that the inequalities

|B(u,v)| < e Jull#|lv]| % for all w,veH (14)
and
B(u,u) > c |jul3, forall uweH (15)

are satisfied. Based on the Lax-Milgram theorem (compare Chapter 8, Sec-
tion 4 Theorem 4.20), we find a bounded symmetric operator T': H — H with
|T|| < ¢ possessing a bounded inverse T~ : H — H with ||T7!| < L, such
that

B(u,v) = (Tu,v)y for all u,v € H. (16)

This existence result is established by direct variational methods as well. The
weak differential equation (7) therefore is transformed as follows:

(Tu,v)y = F(v) = (w,v)y for all v e H. (17)
With the element v := T~ 'w € H we obtain a solution of the weak differential
equation (7).

Theorem 3.1. With the assumptions (8) and (9) for the coefficients, the weak
differential equation (7) has exactly one solution u € H for all data (11).

Proof: If we have two solutions u; and us of (7), then the function v = u; —ug €
‘H satisfies the weak differential equation

B(u,¢) =0 for all ¢ € H. (18)

We especially insert ¢ = u and obtain

0= B(u,u) > %/|Du(m)|2dx
Q

and consequently u(z) =const in §2. On account of u € VVO1 2(£2) we conclude
u =0 a.e. in 2 and finally u; = us. qe.d.
We now eliminate the sign condition in (9) and substitute this by the weaker

assumption

c(x) € L™(0), lclloe () < N. (19)
In order to solve the equation (7), we consider the transferred bilinear form
to a given o € R, namely

n

B, (u,v) = / { 3" ay(2) D u(x) D% v(x) + (Jc(x))u(x)v(x)}dz (20)

9] 1,j=1
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for u,v € H. Furthermore, we need the identical bilinear form

I(u,v) := /u(x)v(x) dz, u,v € H. (21)

o)
The equation (7) then appears in the equivalent form
By (u, ) — al(u,p) = F(p) for all ¢ € H. (22)
We now choose o € R so large that
oc—c(z) >0 a.e. in 2 (23)

is satisfied and the bilinear form B, (u,v) becomes coercive. We additionally
need the following

Proposition 3.2. The mapping K : H — H satisfying
(Ku,v)y = I(u,v) forall u,veH (24)
is completely continuous.

Proof: Let {ug}tr=12,.. C H denote a sequence with ||ug|% <const for all
k € N. We then consider the continuous linear functionals

Tk::I(uk7~):H—>R e H", k=1,2,...

We apply the representation theorem of Fréchet-Riesz, and for each k € N we
have exactly one element v, =: Kuy € H, such that

I(ug, ) = Ti(-) = (vk, )r = (Kug, )u

is valid. The selection theorem of Rellich-Kondrachov allows the transition to
a subsequence {uy, };=1.2.... of {ux}r=12, . satisfying

lur, — vk, |l L2(2) = 0 (I,m — o0).
We obtain
[Kup, — Kug, [l3 = 1Tk, — Tk, || < cllur, = tp,, || 22(2) = 0 (I, m — o0).

Therefore, the operator K : H — H is completely continuous. q.e.d.

With the aid of the representations (13), (16), and (24) we transform (22)
equivalently for o from (23):

(Tou, o) — o(Ku, p)p = (w,p)y forall peH. (25)

When we insert ¢ = T, v into this equation, we obtain
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(u, )y — (T, o Ku,v)y = (T, w,v) forall veH (26)
and consequently
(IdH T o K)u =Tl (27)

with the completely continuous operator T, o K : H — H. According to
Fredholm’s theorem (compare Chapter 8, Section6 Theorem 6.15) the null
space

N = {ue?—[ : B(u,v) =0 for all v e?—[} (28)

is finite-dimensional with the orthogonal space
Nl::{ue?’-t: (u,v)yzoforallveN}. (29)

Choosing the right-hand side f and the boundary condition g from (11) such
that its representation w from (13) satisfies the condition

T 'we N, (30)

then the weak differential equation (7) possesses a solution u € H. We finally
obtain the following

Theorem 3.3. With the assumptions (8) and (19) the solution space N of
the homogeneous equation from (28) is finite-dimensional. To those data (11),
whose linear form (6) allows a representation w from (13) such that T, 'w €
N+ with o € R from (23) is satisfied, the weak differential equation (7) has a
solution u € H.

4 Boundedness of Weak Solutions

We continue our considerations from Section 3 and quote those results by the
added symbol *. We refer the reader to the bilinear form B(u,v) from (5%)
with the coefficients (8*) and (19%). With the aid of Moser’s iteration method
we prove the following

Theorem 4.1. (Stampacchia)
There exists a constant C = C(M, N,n,|2]) € (0,400), such that each weak
solution u € H = Wol’Z(Q) of the elliptic differential equation

B(u,v) =0 forall veH (1)
satisfies the following estimate
|ull Lo 2y < Cllullz2(0)- (2)
Proof:
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1. We refer the reader to the proof of Theorem 2.2 from Section 2 for an
orientation. Having already proved the inequality (2) for open bounded
sets 2 C R™ with the measure |£2] = 1, we obtain the general case by the
following transformation

y=|0 "z, € (3)

The coefficients of the weak differential equation then additionally depend
on |£2|. Therefore, we assume |{2| = 1 in the sequel, and the norm |ju||, :=
lul| » () becomes weakly monotonically increasing with respect to 1 <
p < oo via Holder’s inequality.

2. We choose K € (0, +00) arbitrarily, and consider the function

K, u(z)>K
a(z) = u(x), —K <u(z) < K (4)
-K, u(z)<-K

of the class Wy'2(£2) N L*°(£2). With the exponent
B € [+1,+00) (5)
we insert the test functions
v(z) = a(z)?, x € {2, (6)

into the weak differential equation (1). Together with the Sobolev embed-
ding theorem, we obtain

/ c(a)u(z)a(z)? dz

_5/{ 0 (2) D% a(a )D@fu(x)}u(x)ﬁ—ldx

1,9=1

43 " 1 (N1
=" _ aij(z)D% (a(x) 2P+ ) D% (a(x)zP+Y ) b da
5 [ 5 st o))

ij=1

EEmH LG “””)HQ

> 45 |
~ M(8+1)2C(n,2)?

l

u2

3. For all g € [+1,+00) and K € (0,+00) we infer

|2l ”E 5.0) < BMNC(n,2)? ull3Ey (8)

(B+1) B+1
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if u € LAT1(0) is satisfied. In (8) we pass to the limit K — +oo and set

5= % € (+1,400) and I :=MNC(n,2)?€[0,+00).

Then we find an iteration inequality

lullsg+1y < /B +1°VT |lullgaa

(9)
for all B € [+1,+00) if we€ LATY(N).
4. Noticing u € L?(§2) we start the iteration with 3 = 1 and obtain
ullas < V2VT [|ul2. (10)

We then choose § € (1,400) such that 8+ 1 = 2§, and from (9) we infer

the inequality
ullasz < V262 ¥/ T/T ||ul|s. (11)

Continuation of this procedure yields for all £ € N:

k—1 k—1
g < (r:[ 25)(1:1 r)u e
- wE () oA e 02

§=0
S Sy > ()
S R L A
Observing k — +00, we finally obtain the desired estimate
[ull e (2) < C(M, N, n, |2])]ul]2. (13)
q.e.d.

Now we shall estimate weak solutions of the Dirichlet problem by their bound-
ary values. In the bilinear form (5*) we require

ce(x)=0 a.e. in (2, (14)

and we obtain the Dirichlet-Riemann bilinear form

n

R(u,v) = / { > aij(x)Deiu(x)Dejv(z)}dx (15)

o ig=1
with the coefficients from (8*). The boundary function is prescribed as follows:

g=g(x) € W2(2)nC°(0). (16)
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Theorem 4.2. (L*°-boundary-estimate)
Let u = u(z) € WH2(2) denote a weak solution of the differential equation

R(u,v) =0 forall ve™ (17)
with the weak boundary values
u—g € Wy(0). (18)
Then we have

p:= inf g(y) <wu(z) < sup g(y) =v for almost all x € 2. (19)
yeosn? yeN

Proof: Since the problem is invariant with respect to translations, we can
always assume p = 0 by the transition u(z) — u(x) — u. We now show

u(z) >0 a.e.in 2. (20)

If (20) were violated, we then would consider the nonvanishing function

. {u(x» “

<
() >0 (1)

of the class W,?(£2). When we insert this function into (17), we attain a
contradiction with the relation

0= R(u,u”) > 0. (22)

Therefore, the inequality (20) is valid. Due to the invariance with respect
to translations, we can additionally achieve v = 0. Then we can reduce the
second part of the inequality (19) to the statement (20) by the reflection
u(z) = —u(x).

q.e.d.

Remark: Further L>-estimates for weak solutions are contained in [GT] 8.5.

5 Holder Continuity of Weak Solutions

We quote the results from Section3 by the added symbol * and those from
Section 4 by the superscript **. With

K.(y) = {xER" sl =yl ST}

we denote the closed balls of radius r € (0,400) about the center y € R"™.
We consider the bilinear form B(u,v) from (5*) again, with the coefficients
(8%) and (19*). With the aid of Moser’s iteration method we now show the
profound
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Theorem 5.1. (Moser’s inequality)
Let u = u(z) € WH2(02) N L°°(£2) with the property u(z) > 0 a.e. in 2 be a
solution of the weak differential inequality

B(u,v) >0 forall veH satisfying v(x) >0 ae in 2. (1)

Then we have a constant C = C(M, Nr?,n) € (0,400), such that the integral
means over all balls K4, (y) C 2 satisfy the following inequality:

1
e < inf . 2
][ u(z) dx o)) / u(zx)dx < Czellr(lT(y) u(x) (2)
K2r(y) KZT(y)

Remarks:
1. With a function u(z) € W12(02) N L% (£2) we naturally define

zuelg u(x) := inf {c €ER: {ze: ulx)<c}isnota null—set}. (3)

2. If 2 C R™ is a domain, Theorem 5.1 implies the principle of unique
continuation: A nonnegative solution of (1) vanishes on the set 2, if we
have a point y € 2 and a radius ¢y > 0 such that

inf wu(x)=0 for all balls K,(y) C 2 with 0<7r <.
JZEK'r'(y)

Proof of Theorem 5.1:

1. We choose rg = rg(n) > 0 such that

Ky (y)] = 1 (4)

is valid. For all 0 < r < 3rg then the ||.|[1»(x, (y))-norm becomes mono-
tonically increasing with respect to 1 < p < 4o00. Let the point y € 2 be
chosen to be fixed such that Ky, (y) C £2 is correct. At first, we show the
estimate (2) with » = ¢ and afterwards we prove the general case by a
scaling argument. For measurable functions v = v(z) : 2 — R satisfying

0<e<uw(x)< a.e.in {2 (5)

M | =

with fixed € > 0, we define the positive-homogeneous function

lelbac = ([ v(x)f’dm)% (©)

K- (y)

for all p € R and all 0 < r < 3rg. In the interval p > 1 we obtain the
familiar LP-norm, and we see that
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im |olp,k, ) = L
— —00 ¢ _ ey
’ lim ( J (v(la:)) pdx)
P70 K (y) (7)
1 1
T = = inf v
||;HL°°(K,‘(y)) Sup K (y)

By the symbol n = 1, ,(z) : 2 - R € WH°(02) for 0 < r+ o < 3rg
we denote the piecewise linear, radially symmetric, annihilating function
with the properties

=1, z € K. (y)

n(@) S €0,1], z € Kryo(y) \ Kr(y) (8)
=0, T €N\ K7"+.Q(y)

and
1

|Dn(z)| < . a.e. in {2 (9)

. Into the weak differential inequality (1) we now insert the following test
function

o@) = n@)a@)?,  weQ, (10)
with
w(z) == u(z) + ¢, x € (2, (11)
and the exponents
—oo< f<—1 and -1l<p<o. (12)

Here we have chosen € > 0 in (11) to be fixed. We observe v € Wol’Q(Q)
and calculate
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aij (@) D (u(@) } Py () Deﬂ'n<m>}U<m>%<ﬁ+l>dx.

(13)

Then we obtain the following inequality for all 8 € (—oo0, —1) U (-1, 0):
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o b=l
1.1 - i (z) D% 41 g
{54305 H { 2w mone i fuera
(14)
Finally, we deduce the estimate
/ {Z aij (2) D% (1)) ) D% () O >)}dx
o b=l
<5040)(1+5) [ caut@ta) n(a) da (15)

+(1+ %) / { zn_: aij(x)De"n(x)De-fn(x)}u(aj)’BHdaz

9]

for all 8 € (—o0,—1) U (—1,0).

3. We now apply Sobolev’s embedding theorem with p = 2. Let € (1, -"5]
be chosen, and furthermore we assume 0 < r 4+ p < 3rg. We take the
definition of 7 into account and obtain the following estimate for all 5 €

(—o0,—1) U (-1,0):
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||u\|§(+ﬁl+1 (/ () |56+ dx) = ||a%<ﬂ+1)nui25(m
< [|a2 @]} 2, < 20| D(@E ) [ g
< MC(n,2) /{ Z ai; D (ﬂ%(ﬁﬂ) )DeJ' (aé(ﬁﬂ)n)}dx
o) 1,7=1

< MC(n,2)? {—|1 +5|\1 + 6‘N+ (1+ ) }|| 154
(16)
4. In part 8 of the proof, we determine a number py = po(M, N,n) > 0 and
a constant Cy = Cy(M, N,n) > 0, such that

||a||pO7K3r0 < COHEH—PO,K?WO' (17)

We now choose ¢ € (1, -25] and v € Ny satisfying

dp € (0,1 for j=0,...,v—1
po € (0,1) J (18)
0¥po € (1, +00).

Taking j = 0,...,v we consider the balls K, C {2 with the radii g; :=

3rg — j%¢. Formula (16) then yields a constant Cy = C4(M,N,n) > 0,
such that

[@ll53po.5,, < Ctllllss—1p0,16 for j=1,....,0 (19

Q]71
holds true. An iteration v-times finally reveals the following estimate:
Il Lt (xsry) < tllsvpoic,, < Co(M, N, n)l[al|py, ks, - (20)

5. From (16) we obtain the following inequalities for all § < —1 — pg abbre-

viating § 1= 5

_ 2M
550, < DO 22 5184 118 + 25 Ml

é—(M7N7n)|B+1‘ —18+1
< i lallsT1 k..,

with a constant C_ = C_(M, N,n) > 0 and

C_(M,N,n)|8 + 1|\ T
22 Huné(ﬂ-&-l),Kr (21)

s, < (

assuming 0 < r + o < 3rg. When we choose
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71
0 :=3r0—2rozg7 j=0,1,2,...,
=1

the relation (21) yields the iteration inequality

—i —i ;925 &2

O e A oL
il sipa,rcs, < C7° @p0) 5 () ™ Nl —gss1po ¢ (22)
0

2j+1
for j =0,1,2,... This implies the estimate

. k .
i3 (p{)/p»o);(%)

o (T/P)J 0 }||“||—5’°“P0»K9k+1

<.
i

||a||—po,K37~0 < {(p é_>j§0(%)j(p{)/5)

I1™M=
I Bl

.(PQ/Z)J‘

S C—(M7an)||ﬂ||—§k+1p0,ng+1’ k:07172a"'
The passage to the limit £ — oo finally gives
[l -po ks, < C—(M,N,n) inf a(z). (24)

QZEK'rO
. From (20), (17), and (24) we obtain

2 (o) < C @l tcary < CColltlpoytiar, < CHCoC-— inf (),
0

Setting C = C(M, N,n) := C1CyC_ and observing the independence of
this constant from ¢ > 0, the transition to the limit ¢ — 0+ yields the
following inequality:

HUHLI(KQTD) < C(M,N,n) inf wu(x). (25)

ZEKT‘O

This implies Moser’s inequality (2) for the case r = ro with 7o = r9(n) > 0
from (4). o
Having chosen y € §2 and r > 0 with Ky4,(y) C {2, we then observe the
transition from u to

u*(x) := u(%x), x € Kyp, (T?Oy). (26)

The function u* = u*(x) satisfies a weak differential inequality (1) in
o

Kyry("2y) with the coefficients a;; € L (K4, (*2y)) defined in (8*) and

- o Nr?
ce 1%(Kiry (29)). Nellzmiican ooy < -
0
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The arguments above therefore yield the inequalities

N 5 < 2 . *
[lu ||L1(K2r (2y)) = C(M,Nr",n) IeKi?{%Oy)u )

and "
o 2 :
— de < C(M,Nr=, f .
s u(x)de < C( r n)melir{lr(y)u(z)
Kar(y)

Now the proof of our theorem is complete, if we still show (17).

7. To this aim we deduce a growth condition for Dirichlet’s integral from the
weak differential inequality. With the annihilating function n(x) from (8)
for p = r and with @(x) from (11), we insert the following test function
into the inequality (1):

v(x) := n(z)?a(x) !, x € (2. (27)

We remark that this function coincides with v from (10) for 8 = —1! We
then obtain

ij=1

+2 Z { > aij(x)Deiﬂ(x)DeJn(x)}ﬂ(m)ln(m) dx

n

_ _/{ 3 aij(x)Dei(logu(x))Def(logu(x))}n(x)gdx
P P

+2Z{ Zn: aij(x)[% n(x)De"(logu(x))} {\/iDefn(x)Hdm

‘We now define the function

w(z) :=log u(x), x € {2,
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and from (28) we infer the estimate

[ e < ({5 awpriu@nsu b
I,

=1
K. (y) J

2M
< 2M{N + S5} Ko, (y)] < CL(M, N, )2

for r < ro(n). Therefore, the growth condition

1
2
/ |Dw(z)|dx < \/rn 72 < / |Dw(m)2dx> < Co(M, N,n)r"1
Kr(y) K (y)

(29)
follows for all balls Ka.(y) C 2 with r < rg(n). Here &, denotes the
volume of the n-dimensional unit ball.

. We now apply the regularity theorem of John and Nirenberg to the func-
tion w(z) (see Theorem 6.7 in Section 6): Taking y € 2 with Ky, (y) C 2
we define

wo = | K (y)] 7" / w(z) dz.
KSTO(?/)

Then there exists a constant pg = po(M, N,n) > 0, such that
| exp {polw(e) — wnl} dz < Ca(M. Ny, (30)
KST‘O (y)
This implies
/ exp {po( £ w(z) Fwo) } de < C3(M,N,n)
Ksro (y)
and consequently
+powo
/ exp{ £pow(z)} <e C3(M,N,n).
Ksrg (y)

We then obtain by multiplication
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/ exp {pow(z)} dz - / exp{—pow(z)} dx < C3(M, N,n)?
Ksr (y) Ksrg (y)
and finally
||ﬂ’||p0,K3¢0 (y) S 04(M7 N7 n)Hﬂ”—po,KgTO (y)
This is the desired estimate (17). g.e.d.

We now prove the important

Theorem 5.2. (de Giorgi, Nash)
Let uw = u(z) € WH2(02) N L*(§2) denote a solution of the weak differential
equation

R(u,v) =0 forall veM=Wy2(R) (31)

with the Dirichlet-Riemann bilinear form R(u,v) from (15%*). Then we have
constants C = C(M,n) € (0,+00) and a = a(M,n) € (0,1), such that the
oscillation estimate

osc u < C<L> 0sC U, 0<r<ry, (32)
K (y) To/  Kro(y)

holds true for all balls K, (y) C (2. Here the oscillation is defined by

osc u:= sup u— inf wu. 33
K (y) K. (y) K (y) 33)

Proof:
1. We abbreviate K, = K, (y), and for 0 < r < i?"o we introduce the quan-

tities

My =supu, my=infu, M;=supu, my; = infu.
Kyr Kar r

T

The functions My — v and uw — my4 are nonnegative in Ky, C K,, C {2,
and they satify the following weak differential equation (31) there. Moser’s
inequality now yields

| Koyt / {My —u(z)} de < C(M,n)(My — M),

fear (34)
| Ko7t / {u(z) — ma} do < C(M,n)(mq —my).
Koy

Addition gives us
My —my < C{(My —my) — (My —my)}

and



5 Holder Continuity of Weak Solutions

My —my < (1 — é)(m ~ma),

respectively. Therefore, we obtain the oscillation estimate

1
< ith =1—-—= 1).
9scu <y oscu with ~ CE(O, )

4r

2. We then consider the monotonically increasing function
= <
w(r) 9sc u, 0<r<rg,
with the growth property
1
w(r) < yw(4r) for 0<r< 17
To each number 7 € (0, ;7] we have an integer k € N satisfying
1N kt1 1\ k
(7) m<r=(3)m
and we choose a = a(M, n) € (0, 1), such that
<(3)
T 1)
From (37)-(39) we infer the estimate

w(r) < w((i)kr(ﬂ < yrw(rg)

IN

1\« 4r\ @ 1
(4—k) w(rg) < <E> w(ro), 0<r< 17"07

or equivalently

r\o
oscu§4o‘(—) 0SC U, 0<r<rg.
K, To Ky,

The monotonicity of w(r) namely implies (40) for 1rg < r < rg.

Remarks:

229

(38)

1. Requiring an exterior cone condition for the domain {2, one can even prove
Holder continuity of the solution up to the boundary. We refer the reader

to Theorem 7.2 from Section 7 in this context.

2. With suitable assumptions on the coefficient matrix (a;;(x)); j=1,... n, One
obtains higher regularity of the solution by the Schauder theory from
Chapter 9. Here one should locally reconstruct the weak solution by the

classical C?1“-solution.
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Theorem 5.3. (J. Moser)
Let u = u(z) € WH2(R™) N L>®(R") denote an entire solution of the weak
differential equation

R(u,v) =0 for all v e CFP(RM). (41)

Then we have
u(z) = const in R".
Proof: We infer the following estimate from Theorem 5.2:

0sc u§C<L> yoscu, 0<r<ryg<-+oo. (42)
K,(0) ro/ Rn

The passage to the limit rg — +oo yields

osc u=20 forall 0<7r < +oc0.
K,(0)

Therefore, the solution w is constant. q.e.d.

For later use in Section 9 we still provide the following

Theorem 5.4. (Harnack-Moser inequality)
Let u = u(z) € WH2(02) N C°(02) with the property u(z) >0, z € 2 be a
positive solution of the weak differential equation

R(u,v) =0 for all veH.

Then we have a constant C = C(M,n) € (0,+00), such that the following
inequality
sup u(z) <C inf wu(z)
z€K, () €K (y)
is fulfilled for all balls K4, (y) C £2.

Proof: We have to supplement the proof of Moser’s inequality in Theorem 5.1
as follows: We insert the test functions (10) with arbitrary positive powers
B € (0,+00) into the weak differential equation. Now the constant N = 0
vanishes, the inequality (13) turns into an equation 0 = ..., and via the
estimates (14) and (15) we arrive at the decisive inequality

) I\NM,
lall 38y, < MC(n, 2)2(1 n F> ?\\u||§1}7KT+Q for all B € (0,+00)
(43)

parallel to (16). When we define p1 := 6"po € (1 + 00) from (18), we easily
obtain a constant C, (M, n) such that the estimate

~ 1
_ Ciy(M,n)\ Pt _
||u|5<ﬁ+1>,K,,s<%) lllssin,., forall B>p—1 (44)
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holds true - parallel to (21) - with ¢ := . Now we introduce the radii

J
1
;= 2rg — 10 22— j=0,1,2,...

and employ Moser’s iteration technique - as described in (22) and (23). Thus
we obtain a constant C (M, n) such that

Eee——

{(+/ees P (B (o )ji(](;y}'u”m ()

SO—‘:—-&-(Mvn)Ha”thzrw k=0,1,2,...

is valid. Then we evaluate the limit

lim ||lu ) = sup u(x 46
o, = s ala) (46)

in formula (45) and arrive at the estimate
SUPge K, (y) W) < Co (M) |llp, ks (47)

Combining this inequality with the estimates (20), (17), and (24) we finally
obtain the Harnack-Moser inequality. q.e.d.

6 Weak Potential-theoretic Estimates

Let 2 C R™ denote an open ball with radius R > 0 about the center zy € R™.
By the symbol w,, we denote the area of the unit sphere in R".

Definition 6.1. For the numbers u € (0,1] we define the Riesz operator
Vuf@)i= [lo -y fw)dy  forall fECE@. ()
Q

Proposition 6.2. The linear operator V,, : L*(2) — L'(£2) is continuous for
all i € (0,1] and satisfies

Wn, n
IVuflinio) < @(23) " Fller o) forall f € LY(0). (2)
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Proof: We choose f € C§°(§2) and estimate as follows:

Vol = / IV, f(x)] de
(9]

</{/x—yl"(”‘”|f(y)dy} dx (3)

Q 0
< fuan{ [ -reaa.

0 z:|lz—y|<2R

In polar coordinates we deduce
2R
|z — y|”(“*1) dx = /Q”“*"wngnfl do = &(QR)”“. (4)
ny
z:lz—y|<2R 0

From (3) and (4) we infer the statement (2). q.e.d.

Definition 6.3. For 1 < p < 400 the measurable function f belongs to Mor-
rey’s class of functions MP(£2) if and only if

[ @l et D ran zeo rs0 )

ONK,(z)
is satisfied, with a constant L € [0,+00).
Remark: Evidently LP(£2) C MP(£2) holds true for all 1 < p < 4o0.

When we remember part7 in the proof of Theorem 5.1 from Sectionb, we
should concentrate on the class M™(£2).

Proposition 6.4. Let f € M"™(2) and % < p <1 be satisfied. Then we have

np—1 T — 1

V. f(z)] < (2R) L a.e. in {2 (6)

nu—1

Proof: We fix the point x € {2 and consider the function

B(r) = / F()dy,  0<r<2R, (7)
QNK,(z)

with the derivative

& (r) = / £ @) do(y). (8)
NNOK, (x)

Then we obtain the following estimate for almost all x € 2
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Y,/ ()] < / ly — 25 £ (y)]| dy
N

2R 2R
= [ Fldot) far = [ ro=ra/ryar
0 QMoK (z) 0
2R

1 _172R
n 1 np—1
{(QR) " —|—n(1—,u)nﬂ_1[r“ ]0 }
n—1
2R)"™ T ———
L(2R) w1
and consequently (6). q.e.d.

Proposition 6.5. The functions f € M™(§2) are subject to the following es-
timate

!exp {ﬁwif@”} dz < C(n,v)R" (9)

for each v € (0, e), with a constant C = C(n,vy) > 0.
Proof: For k =1,2,... we note that
2 — y[I = |z — y"(FeDF |z — yr(FEta-1) (1),
With the aid of Holder’s inequality we deduce
Vi f(x)|
</ {|x—y"<ﬁ—1>%|f<y>|i}{|x—y|"<n—1k+%—1><1—%>|f<y>|1

2
(9]
< ( / o~y (F D) £y dy) ( / i — (5 )If(y)ldy>1

and therefore

=

B

k k—1
Vs @) < (ValA@) (Vs fl@) )
forall z€ 2 and k=1,2,...



234 Chapter 10 Weak Solutions of Elliptic Differential Equations

Via Proposition 6.2 and 6.4 we estimate for k = 1,2,... as follows:

!!V%f(x)\kdx < {5yl /Vl (@

< 2R)"F {k(n — )Y Lk w, QR)F (| £l o)
<2Rk’“( eIy, LR

= 2= R"{(n - DL}"K".

TL—

Consequently, we arrive at

k
1 Wn o (VE)® _
/k'{ W fla \} <2 o for k=0,1,2,...
Q
(11)
The summation over k = 0,1,2,... yields
g n - (7R)F
h k=0
We investigate the convergence of the series Z ax by the quotient test
L (k)" k=0
with ay = T
k+1
(k+1 k! INF koo
Akt1 {7 )} 7<1+_) /H O e < 1
ag (k+ 1)!(vk)* k
Therefore, we find a constant C' = C(n,v) € (0, +00) satisfying
/exp{ﬁwif(xﬂ} dx < C(n,v)R
° q.e.d.
Proposition 6.6. We take u = u(x) € WH(2) and set
_ 1 /
el
e
Then we have the inequality
|u(z) yl' " Du(y)| dy, (12)

9}

where Kk, denotes the volume of the n-dimensional unit ball.
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Proof: Because of the Meyers-Serrin theorem it suffices to prove the inequality
(12) in the class of functions u = u(z) € C1(2)NWH1(§2). We choose z,y € 2
arbitrarily and note that

lz—yl
d . Yy—x
_ = _ — h = .
u(z) — u(y) / dru(x +r¢)dr with ¢ 2l
0
We integrate over (2 with respect to y and obtain
lz—yl
d
2l(ute) uo) =~ [{ [ Sutaryarfan
2 0

Now we define the L!(R")-function

| Du(@)], zen
vie) = {o, g0

d
On account of \d—u(x +7¢)| < |Du(x + r¢)| we get the estimate
r

|z—y|

/ | Du(z + ()| dr} dy

{
< [ {[reeroaa

KQR(I) 0

_ ILZ{ / U(Hrg)dy} dr.

KQR(Z)

We introduce polar coordinates y = = + o(, and for fixed r € (0,+00) we
obtain

2R

[ vesroty= [ [utorroetasfano
Kar(x) [¢[=1 0
_ (25)” / (@ +1¢) do(Q)
Ici=1
and consequently .
|u(z) — up| < (T2L|]2|n/{ / v(x +1() da({)}dr‘ (13)
0 [¢l=t
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With the notation z = z + r(, dz = |z — 2|" "' drdo(¢) and the definition of
v we infer the following inequality from (13):
2n

1-n
- D dz.

"0 q.e.d.
We summarize our results to the subsequent

Theorem 6.7. (John, Nirenberg)
Let the function u = u(z) € WHL(82) satisfy the growth condition

|u(2) = uo| <

|Du(x)|dx < Lr™~! forall ye 2, r>0 (14)
QNE ()

with a constant L > 0. Then we have a constant C = C(n,v) > 0 for each
v € (0,1), such that

/exp {%’u(m) - uoy} dz < C(n,7)R" (15)
(%}

holds true.

Proof: Due to (14) the function f(x) := |Du(z)|, € {2, belongs to Morrey’s
class M™(£2). From Proposition 6.6 we infer

%w(:c) —ug| <Vif(z), zeL.

Then Proposition 6.5 yields the desired estimate (15). q.e.d.

Now we require a higher growth condition in (14) and deduce the Holder
continuity directly. In this context we modify Proposition 6.4 to the following

Proposition 6.8. Let f € MP(§2) with n < p < 400 be given. Then we have
the estimate

|V%f($)\ <L-C(n,p) - R” a.e.in §2 (16)

with the Hélder constant C(n,p) € (0,4+00) and the Hélder exponent o =
1-2¢(0,1).
P

Proof: We follow the arguments in the proof of Proposition 6.4 utilizing (7)
and (8). Then we obtain the subsequent estimate for almost all z € 2, namely

2R 2R
Vol < [rrae) = [+ =) [ ar
0 0

2R

< (2R)'""®(2R) + (n — 1)L/r—% dr < L{(QR)l—% + T__i [rl—%]?}
0 p
-1
- L{ZO‘ + 2 2(1} -R® =: LO(n,p) - R™. g.e.d.

1—2
P
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In order to establish regularity for solutions of variational problems, we prove
the fundamental

Theorem 6.9. (C.B. Morrey)
Let © C R™ denote a bounded domain where the function u = u(x) € Wh1(0)
may satisfy Morrey’s growth condition

/ |Du(y)|dy < Lr"~%  for almost allz € © and all7 > 0; (17)
ONK,(z)

withn < p < +o00 and L € (0,+00).
Then we find a constant C = C(n,p,Og) > 0 for each open set Oy CC O,
such that the Hoélder estimate

(@) ~u(2)| <L-C-ly—2* forall y,z€ 6y (18)
holds true; with the Hélder exponent o =1 — % € (0,1).
Proof: We take y, z € Oy with R := |y — z| < dist(6Op, 90) and define
2:={zeR": |z — x| < R},
where xy := y is chosen. Due to (17), the function
f() = |Du()], =€

belongs to Morrey’s class MP({2). Proposition 6.8 in combination with Propo-
sition 6.6 implies
on . .
lu(z) —ugl < — - L-C(n,p) - R* a.e.in (2. (19)
nkK

n

Now we arrive at the inequality
luly) — u(z)] < [uly) —uo| + |u(z) —uo| < L-C(n,p,60) - |y — 2|
for all y,z € By CC 6. q.e.d.

Remark: When we require the following growth condition for Dirichlet’s inte-
gral, namely

/ | Du(y)|* dy < Lr"™%  for almost all z € © and all r > 0 (20)
ONK,.(z)

with 2 <n < p < 400 and 0 < L < 400, the Morrey growth condition (17)
is obviously satisfied. This regularity criterion has been originally invented by
C.B. Morrey in the case n = 2.

Finally we note the
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Theorem 6.10. (Morrey’s embedding theorem)
Let © C R" denote a bounded domain and u € Wol’p(@) a Sobolev function

with the exponent n < p < +oo. Then u belongs to the class C*(O) with the

Hoélder exponent o =1 — %.

Proof: We continue u trivially beyond 06 and preserve the W' !-regularity.
On account of

Du € LP(©) C MP(©) with n <p < 400,

we have Morrey’s growth condition globally on ©. Then Theorem 6.9 implies
our corollary. q.e.d.

7 Boundary Behavior of Weak Solutions

We continue the considerations from Section 5 and need the following variant
of Moser’s inequality in this section.

Theorem 7.1. (Trudinger)
Let u = u(z) € WH2(02) N L>®(N2) with u(z) > 0 a.e. in 2 denote a weak
solution of the differential equation

R(u,v) =0 forall ve M :=Wi?(0) (1)

with the Dirichlet-Riemann bilinear form R(u,v) given in formula (15) from
Section 4. With y € 082 and r > 0 we furthermore assume u € C°(02 N
K4, (y)), and we set

m € [0, inf  wu(x)|.
6QﬂK47-(y)

Then we have a constant C = C(M,n) € (0,+00), such that the extended
function

m, x € Kyr(y) \ 2

w(e) = ™ (@) := {inf{u(x),m}, x €2 @)

satisfies the following estimate

1
de i = ——— de < C inf . 3
][ w(w)de = ] / waydr<C inf w(@. G)
K27*(y) KQ'r(y)

Proof: We have only to consider the case m > 0 and transfer the proof of
Theorem 5.1 in Section 5 to this situation. Here we define the set

nm .= {xe() :u(z) <m}.
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The function w is continuous in {2 according to Section 5, Theorem 5.2 and
therefore 2™ represents an open set. In the case 2™ N K4, (y) = @ we have
nothing to show. Otherwise we define the positive function

1

w(z) = — (w(z) +e), x € Kyr(y) U N2 4)

with € > 0 fixed. In 2™ this function w satisfies the weak equation

R(w,v) =0  forall wve W, Q™). (5)
Furthermore, we have

w(x) =1 for all x € Kq.(y)\ 2. (6)

We choose the powers

€ (00,0 (7)
and insert the following test functions into the weak differential equation (5):
v(z) = (w(z)’ —1)n(z)® € Wy2(02m). (8)

Here the function n = n(z) is defined as in the proof of Theorem 5.1 from
Section 5. We now obtain

/39[ { 3 aij(x)Deiw(x)Der(x)}w(x)B177(90)2d9c

i,j=1

2 [{ S 0 0) D% 0(0) D (o) (a)” = 1)) d

om 3,j=1

I
[\
——
[~]=
S
<
—
&
)
Iy
g
8
S~—
)
Q£
=
8
S~—
| I
ol
sy
—
g
5
S~—
@
\
—
S—

IN

and therefore

n

/ { > aij(x)Deiﬂ)(z)Deiw(x)}w(x)ﬁ1n(x)2 g
oo n (10)
= /172 / { > %‘(f'f)Dei?7(96)1361'77(:@}w(:c)ﬁ+1 dz.

nm i,j=1
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Since (10) in Ky4-(y) \ 2™ is trivially satisfied, we therefore can deduce es-
timates analogous to (15) and (28), respectively, from the proof of Theorem
5.1 in Section 5. Here we substitute @ by @ and 2 by 2™ U Ky, (y). With the
considerations given there, one derives the inequality (3) stated above.

q.e.d.

Theorem 7.2. (Boundary behavior)
In the bounded domain 2 C R™ the boundary point y € 012 is assumed to
satisfy the Wiener condition

ﬁglK(>\) | for 0<r<rgy (11)

1K (y)]
with the constants € (0,1) and ro > 0. Let
u=u(r) € WH2(2)NL=(2)NC°(002 N K, (y))

denote a solution of the weak differential equation (1), and we define its bound-
ary oscillation

= . 0<r<ry. 12
o(r) xeaggg(vv(y)u(w) r <o (12)

Then we have constants C = C(M,n,B) € (0,+00) and a = a(M,n, ) €
(0,1), such that the following estimate

osc u < C’<1> osc u + o(ro), 0<r<rg (13)
2NK.(y) r0/ 20Ky (y)

holds true.
Proof:

1. We designate the sets K, = K, (y), {2, := 2N K, (y), (002), := 02NK,(y)
and use the quantities

My =supu, my=infu, M, =supu, my =Iinfu.
Q4 Qar 2, 2

In the ball K4, we apply Theorem 7.1 to the functions My — u(x) and
u(x) — my4 which are nonnegative in (24, and we set

M := sup u, m:= inf wu.
(092) ar (092)4r

Forall 0 < r < 1 770 we obtain the estimates

B(My — M) < (M, — M)%
< [My — u(z)]M—M dy (14)
]

< C(My — M)
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and
B(m —ma) < (m — m4>%
< [u(z) — my)™ ™ da (15)
J

< C(my — my).

Addition of (14) and (15) yields
5(M4 - TTL4) - ﬁ(M - m) < C(M4 - m4) - C(Ml - ml)

and

Ml—ml S (1— g)(M4—m4)+g(M—m),

and therefore

1
oscu < yoscu+ (1 —v)o(4r), 0<r < —r, (16)
2, Q40 4

with v:=1— g € (0,1).
. Analogously to the proof of Theorem 5.2 in Section b, we consider the
monotonically increasing function

w(r) = oscu, 0<r<ro. (17)

.

The latter satisfies the growth condition

1
w(r) < qw(dr) + (1 —v)o(4r), 0<r< Zro. (18)
For each r € (0, iro] we now have an integer k € N, such that
1N\ k+1 N
() ro<r=(3) 19)

is satisfied. Additionally choosing a € (0, 1) with

< () =

we can calculate
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wir) <w((3) ) <2 ((3)" 7o) + 1= otro)

{re(() )+ 1=} 0=

IN

< 7vFw(re) + {1 +y+...+ ’Yk_l}(l —7)o(ro) -

< (%)aw(ro) + (i’yl) (1 =v)o(ro)
1=0

1
) w(re) + o(ro), 0<r< 1o
<r

Since (21)

for < rg is trivially satisfied, we obtain the desired
estimate (13).

q.e.d.

Remark: Because of o(r) — 0 (r — 0+), we prescribe ¢ > 0 in (13) and choose
ro > 0 sufficiently small and afterwards §(g) > 0 such that the estimate

osc u<e forall 0<r<d(e) (22)
RNK(y)

is realized.

8 Equations in Divergence Form

When we construct minima of energy functionals in the Sobolev space by
direct variational methods, we obtain weak solutions of differential equations
in divergence form. More precisely, we take a vector-field

A(p) = (A*(p),...,A"(p))" : R" = R € C'T(R™) (1)

with a € (0, 1), whose Jacobi matrix

oA
0A(p) :== R" 2
®) (3pk ))j,k=1,...,n’ PeRy @
is symmetric and satisfies the ellipticity condition
1 .9 QA 9
— < <M for all R™ 3
7 lé < jkzl gy P < MIE forall &pe (3)

with a constant M € [1,400). We now consider bounded weak solutions

u=u(x) € WH2(2) N L>(N2) (4)
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of the differential equation

divA(Du(z)) =0 in £, (5)
and therefore we start with the integral relation
/ [Vol@) ADu)}dr =0 forall ¢eCE(2). (6)
Q

We utilize the difference quotient

in the direction e; with sufficiently small € # 0. This notion has been intro-
duced in Section 1, and we calculate similar to the proofs of Theorem 1.8 and
1.9 there. When we insert (7) into (6), we obtain

0= / {V(Ai.po(z)) A(Du(z))} doz = — / {Vo(z) AiA(Du(z))} dz. (8)
2 Q

We deduce

A - A(Du(z)) = 1{A(Du(:c teey)) - A(Du(x))}

3

1
{ /8A(Du(m) + t[Du(x + ee;) — Du(x))) dt}AiygDu(x)
° )
and define the symmetric matrix
B.(z) = / 9A(Du(x) + t{Du(x + ce)) — Du(@)))dt,  ze 2,  (10)
0

satisfying the uniform ellipticity condition
1
M|§|2 <EoB.(x)o&* < M|EJ?  forall £€R",ze e <e. (11)

The combination of (8), (9), (10) yields the following weak uniformly elliptic
differential equation for the difference quotient A, .u(z):

0= / {Vp(z) o B.(x) o D(A; cu(z)) } dx forall e C5(£2). (12)
2

This difference quotient satisfies a Holder condition independent of ¢, accord-
ing to Theorem 5.2 from Section5 of de Giorgi - Nash. The passage to the
limit € — 0+ yields
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u € CI () (13)
for a sufficiently small g € (0,1). We then consider the coefficient matrix
B(z) := 0A(Du(z)), x € {2, (14)

of the class C*({2). The transition to the limit € — 0+ in (12) reveals the fol-
lowing weak differential equation in divergence form for the partial derivatives
Uy, (x), 1 =1,...,n, namely

0= / {V¢(z) o B(z) o Duy,, (z)} dz for all ¢ € C§°(£2) (15)

with Holder continuous coefficients. The higher regularity of u is shown by
local reconstruction.

Theorem 8.1. We prescribe the boundary values v : 0K — R € C*TH(9K)
on the boundary of the open ball K CC 2. Then the following Dirichlet prob-
lem adjoint to the vector field (1)-(3) above possesses a solution

v=uv(z) € C**H(K)NC'UK) N W2(K),
div  A(Dv(z)) =0 in K, (16)
v(z) =¢(x)  on OK.
Proof:
1. In the first part of our proof, we utilize a method proposed by A. Haar for
variational problems. At each point zy € 0K we have the linear support
functions 7t (z) : R® — R with
n*(zo) = ¢(xo) and
n—(z) <(x) <nt(z) forall z € K, where (17)
| D™ (x0)| < C’(||1/J||Cl+,L(aK)) for all zg € 0K

is satisfied. For the solution v € C*(K) of (16) we then deduce the in-

equality
|Dv(zo)| < C for all z¢ € OK (18)

from the inclusion
n-(@) <v(@) <), zek. (19)

The latter is inferred from (17) by the maximum principle applied to the
quasilinear elliptic equation

Z gﬁ: (Dv( ))vx].zk(z) -0, =zeck. (20)
G k=1
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Now the derivatives v,, in K are subject to the weak elliptic differential
equation (15) as well and therefore satisfy the maximum principle:

|Dv(z)| < C(|[¢]|cr+nor)), z€K. (21)

. When we have solved our boundary value problem (16) for the boundary
values -
Y : 0K — R € C*T"(9K),

we then approximate the given function 1 by a sequence
Yp =1 in C'TTHOK) (k— o).

The adjoint solutions vy, of (16) are equicontinuous because of (21). There-
fore, we make the transition to a subsequence which is uniformly conver-
gent in K with a limit function v satisfying the inequality

|Dv(x)| < C, z e K. (22)

From the inner Holder estimate for Dv given above, we can achieve via
the differential equation (20) by the inner Schauder estimates that the
sequence converges in C?T#(0) for each open set ©@ CC K. Consequently,
the limit function belongs to the class

C2H(K) N CO(K) N W2(K).

. Tt remains to solve the Dirichlet problem (16) for C?*#-boundary-values
1. Here we have to establish a global Holder estimate for the gradient
of the solution with the aid of Theorem 7.2 from Section7. A result of
O.Ladyzhenskaya and N. Uraltseva (see [GT] Theorem 13.2) yields

1Dl ey < CUIYllezox)) (23)

for an exponent p € (0,1). This estimate is inferred from the Holder con-
tinuous boundary values of v,, and the weak differential equation (15) for
the derivatives. We insert this inequality into the quasilinear differential
equation (20). Applied to the sequence of boundary values

Yp =1 in C*THOK) (k— o)
the global Schauder estimates imply the following statement
v, = v in C*TM(E) (k— o0)

for the adjoint solutions of the boundary value problem (16).

. By a nonlinear continuity method deforming the boundary values, we can
solve the boundary value problem (16) for all ¢» € C**#(9K). This proce-
dure will be presented in Section 1 from Chapter 13 for the nonparametric
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equation of prescribed mean curvature. Similar to Proposition 1.8 there,
we start with a solution v of (20) and solve the following nonlinear differ-
ential equation for small boundary values with the aid of Banach’s fixed
point theorem:

=1
Jrz Z Uzjzkm(Dv(x))>wml+..., r € K.

(24)
Here we assume polynomial coefficients in the differential equation (20) at
first, and we denote by ... the superlinear terms in the partial derivatives
of w. As in Theorem 1.7 of Section 1 from Chapter 13 we then deform the
trivial solution v = 0 into the solution of the Dirichlet problem posed. By
an adequate approximation, we finally solve the differential equation with

the given coefficients. g.e.d.

We obtain the fundamental

Theorem 8.2. (Regularity theorem of de Giorgi)
A bounded weak solution u of (4) and (6) with the vector field (1)-(3) belongs
to the regularity class C*t(£2).

Proof: In each ball K CC {2 we reconstruct the solution u for the boundary
values v := u|sx by a solution of (16) from Theorem 8.1. With the aid of the
Gaussian energy method one easily shows that the boundary value problem
(16) for weak solutions is uniquely determined. This implies

u(z) = v(x) in K,

and consequently u € C?*T#(K). By a renewed reconstruction within the C2-
solutions we obtain
u € O ().
q.e.d.
Remarks:

1. The regularity questions are situated in the center of the modern calculus
of variations, especially in the monograph [Gi] by M. Giaquinta. In this
context we recommend the beautiful presentation in [Jo] 11.3 by J. Jost.
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2. By the methods of this chapter a general theory for quasilinear elliptic
differential equations in n variables can be developed as in the pioneering
book [GT] Part II of D. Gilbarg and N. Trudinger.

3. We want to address the theory of two-dimensional partial differential equa-
tions in the next chapters. Here one can transform the equations into a
normal form in the hyperbolic and in the elliptic situation as well, and
both cases are interrelated via the complex space. For intuitive geometry
the two-dimensional theory is of central importance.

We finally treat the reqularity question for the minimal surface equation:

In the bounded domain 2 C R™ let u = u(z) € W1°(£2) denote a weak
solution of the nonparametric minimal surface equation in divergence form

div{(lﬂDu(m)P)*%Du(x)}:o i 0. (25)

This equation will be derived differential-geometrically in the second part
of Section1 from Chapter 11. Because of Du(z) € L*({2), the differential
equation (25) is uniformly elliptic and Theorem 2.2 from Section?2 reveals
u € C°(02). Now the regularity result of de Georgi, Theorem 8.2 implies u €
C?T%(£2). Since one can easily construct solutions in the class W2(£2) within
the calculus of variations, the central task remains to estimate || Dul| oo (0.
Therefore, gradient estimates have to be established!

With p € (0,1) given, we prescribe

a bounded convex domain 2 C R® with C?*#-boundary 012

and the boundary values 1 : 902 — R € C?TH(912). (26)
We consider a solution of the Dirichlet problem
u=u(z) € C*(2)N Cl.(.ﬁ) satisfies (25) (27)
and the boundary condition u(z) =¢¥(x) on 012,
and deduce the following boundary-gradient-estimate:
|Du(z)| < C(092, [¥|lc2vnoe)), € R (28)

In this context we show: At each boundary point (z,u(x)), x € 0f2 the tan-
gential plane for the surface

(z,u(z)), ref

has an angle with the support plane of the boundary manifold, whose modulus
can be estimated from below by a number w > 0 independent of the point
x € 012. Here one considers the minimal surface in its height representation

v:O —[0,00)
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above the support plane, satisfying the now differentiated minimal surface
equation (compare Section 1 in Chapter 11):

(14 |Dv(z)*) Av(z) — Z Uz, Uz Vg, () = 0 in ©. (29)

4,5=1

With the aid of E.Hopf’s boundary point lemma from Section 1 in Chapter
6, the statement (28) follows. The weak maximum principle applied to the
derivatives u,, then implies

HU”cl(ﬁ) < 0(397 ||¢||C2+u(an))- (30)

With the aid of methods presented in part 3 and 4 of the proof for Theorem 8.1,
one finally shows the following statement whose complete derivation, however,
is left to the reader.

Theorem 8.3. (Jenkins, Serrin) B
With the data (26) there emists exactly one solution u € C*TH(Q) of the
Dirichlet problem (27) for the minimal surface equation (25).

9 Green’s Function for Elliptic Operators

In the present section, we shall construct Green’s function for elliptic dif-
ferential operators in divergence form with the aid of Schauder’s theory. For
instance, this enables us to transform the eigenvalue problem of elliptic opera-
tors into an integral equation and then to proceed similar to the considerations
for the Laplace operator in Chapter 8.

We take a bounded domain {2 C R™ such that the regular boundary 042 is
of the class C?T# with u € (0,1) and an integer n € N satisfying n > 3.
Furthermore, we denote the exterior normal by v = v(z) and the diameter of
2 by R > 0. For the differential operator

L(u) = zn: ;@(iaij(x)u% (g:)), zEN (1)

in divergence form, we require the coefficient matrix

(aij(x))z‘,jﬂ .o T €82 of the class CHH(0) (2)

to be real and symmetric satisfying the following ellipticity condition

n

I < S ap@eg < ME? @ forall (eR, ()

i,j=1

with the ellipticity constant M € [1,+00). For a fixed point y € {2 we define
the neighborhood
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U={zeR": |z —y|<rg} C N 4)
with the fixed radius 0 < ro < p = p(y) := dist(y,082) € (0,R). At first, we
assume our coefficients to fulfill

a;j(z) =0;; for zelU and i,j=1,...,n (5)

such that the differential operator £ coincides with the Laplacian near the
point y. With the aid of Schauder’s theory from Chapter 9, we determine the
unique solution of the following boundary value problem

¢ = p(z,y) € C*T(2), L(¢) = —L( o —y[*™") in £

o
(n —2)w,

|t —y*™", 2 €on.

(6)

P(z,y) = =2

Naturally, the quantity w,, denotes the area of the unit sphere in R™. We now
obtain the approximate Green’s function

g=g(z,y) = lz =yl + ¢(z,y) € CPHH(2\ {y})  (7)

(n —2)w,
satisfying
L(g) =0, ze@\{y} and gla,y) =0, z€dL. (8)

Setting g(z,y) = 0 for =z € R*"\ 2, y € 2 we trivially continue the
function onto the whole space.

For all functions u € C*(§2) with zero boundary values u(z) =0 on 912 we
now calculate

n n

Z Zam gz] x y)) ul(g) + Z aij(w)uii(m)gl’j (:C,y) =

i=1 ij=1

(9)

n

> i (2)ug, ()90, (x,y) for =€ 2\ {y}.

i,j=1
We apply the Gaussian integral theorem on the domain
Ro={zec:|z—y|>e}

with the exterior normal v = v(z) and 0 < € < 79. Then we obtain the
following relation:
[ (X a0, (o) do =

O, =1

( Z{VZ Zam gz, z y)})da(x) = (10)

|z—y|=¢ =1

/ u(z) a};}%g) do(z) = u(y) for &—0+.

lo—yl==
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Consequently, we receive the fundamental

Proposition 9.1. For all functions v € CY(£2) with zero boundary values
u(x) =0 on 92 we have the following identity:

n

Rlu.g) = [ (3 aie)us, (@)as, (@.0))de = u(y).

o hi=1
Here, the symbol R(.,.) denotes the Dirichlet-Riemann bilinear form.

Now we observe g(z,y) >0 for z € 2\ {y} due to E.Hopf’s maximum
principle and g(z,y) — 400 when x — y and x # y holds true. For all
t € (0,400) we consider the level sets

Q) ={xe€R:g(x,y) <t} and O(t):={xe N2:gx,y) >t}

where y is an interior point of the closed set ©(t). We define the truncated
approximate Green’s function

d(ay) = {g(x’y)’ ™ € £2(0) (1)

t, r€O()

Parallel to Theorem 1.11 in Section 1 we prove by approximation that this
function belongs to the class Wy*(£2) N C°(R2), and u(z) = g*(x,y) can be
inserted as test function in Proposition 9.1. Thus we obtain the evaluation
formula

[ (X as@)m s, (2.)) s = Rlg'9) =g'.0) =t 0 < £ < .
Q@) Hi=t
(12)
The subsequent concept is of central importance:

Definition 9.2. For a measurable subset E CC {2 we define by
capg o (E) == inf{R(v,v) :v e Wy *(2), v(x)=1 ae in E}

the capacity of the set E in {2.

With the function v(z) = 1¢'(z,y),x € 2 we obviously have the unique
minimizer in the variational problem above for the set F := O(t) with the
energy R(v,v) = % because of the evaluation formula above. Thus we have
shown

1
Proposition 9.3. The relation  capo. (Q(t)) =7 0<t< +oco0 for

the capacities of the level sets is correct.
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We need the following elementary comparison properties of the capacity:

Ey\ C Ey C 2 implies capn c(E1) < capo.c(E2), (13)
E C (1 C 2 implies capg, c(E) > capoc(E), (14)
1
77 CPa(E) < capa,c(E) < Meapo(E) for EC (2, (15)

abbreviating capn(EF) := capp A(E) for the standard capacity. With the radii
r > 0 we consider the balls

U-i={zeR": |z —y| <r}
and define the quantities
a(r) == inf{g(z,y) : £ € OU,} and b(r):=sup{g(z,y) : z € U, }

for 0 < r < p. We note that 0 < a(r) < b(r) < 400, and Hopf’s maximum
principle implies

g(xvy) >a(r)7x€Ur and g(az,y) <b(r)7$€§\ﬁr~
Therefore, we obtain the inclusions
U, C O(a(r)) and O(b(r)) C U,.

The comparison properties for capacities together with Proposition 9.3 yield

cap.c(Uy) < capo.c(O(a(r))) = % (16)
and 1
capo.c(Ur) > capn £ (Ob(r))) = — (17)

(r)
To the function v(z) := g(y + rz,y), % < |z| < 2 we apply the Harnack-Moser
inequality from Theorem 5.4 in Section 5. Using the homogeneity in 7 for the

differential equation of v, we see that the ellipticity constant is independent of
the radius r. Therefore, we obtain a constant ¢ = ¢(M) € [1, +00) such that

b(r) <sup{v(z) : 5 < |z| <2} < c(M)inf{v(z): § < |z] <2}

(18)
<c(M)a(r), 0<r<3p
holds true. In combination with (16) and (17) we deduce
b(r) < e(M)(cape,c(Uy) (19)

and )
a(r) > (e(M)eapo,c(Uy)) (20)
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From the inclusion U, C £2 C Ugr we infer the inequalities

1 1
MCGPUR(Ur) < MC(IPQ(UT) < capo,c(Ur) < Mcapo(U,) < Meapy, (U,)

via the comparison properties and therefore

= (capUp (UT))

i < (capQ}L(UT))_1 < M(capUR(UT))_1 for0 < r < %p.

(21)
The standard capacity of concentric balls can be determined as follows: On
the domain U we have the standard Green’s function

g*(x,y) =z —y|* " — R*",z € Up.
For 0 < r < R we have the quantities
a*(r) =b*(r) =r*" - R*",
and we observe U, = ©(a*(r)). Then Proposition 9.3 implies
(capUR(UT))_1 =a*(r)=r*" - R*" (22)
The combination of (19), (20), (21), and (22) gives us the constants
0<c1=c1(M,n) <cy=ca(M,n) < +4oo such that

1
™ <a(r) <b(r) <er?™, 0<r< ol (23)

holds true. Now we easily show

Proposition 9.4. For the approximate Green’s function we have the following
estimates:

0<g($€,y)SCQ(M,R)LIZ*yFin, I‘G.Q, x%y

and

o(ey) > ax(Mom)le —yP ™", w2, lr—yl < Lply).
Proof: The second estimate can be directly inferred from (23). However, we
still have to show the validity of the first inequality on the whole set 2. To
this aim we introduce the exhausting set 2° = {z € 2 : p(z) > 4} for
sufficiently small § > 0 and take a test function x = xs(z) € C§°(R™,[0,1])
with supp xs C £22° satisfying x(x) =1, 2z € 9. Now we continue the
coeflicients of our operator differentiably onto the ball Usg as follows:

8 (z) = {X&(x)aij(l‘) + (1 —x5(2))dij, z €N

a; .
* 62’]” mEUgR\Q

(24)
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The operator L in divergence form (1) with the coefficients
a?j(x) for i,7=1,...,n
possesses the approximate Green’s function gs(z,y) on the domain Usr. The
auxiliary function

w(z) = gs(x,y) — g(z,y) + sup{g(z,y) : 2 € 0°}, € Q°

satisfies
Lw)=0, ze°; w(x)>0 zcd.

The maximum principle of E. Hopf yields
9(z,y) < gs(w,y) +sup{g(z,y) : z € 92°}

< co(M,n)|x — y\Z_” +sup{g(z,y): z € 895}, x e 2°.

The transition to the limit § — 0+ implies
g(l’,y) SCQ(Mvn)|z7y‘2in7 IG‘Q
q.e.d.

With the aid of the hole-filling technique, we estimate |Vg| in the L?(§2)-norm.
Proposition 9.5. The approzimate Green’s function satisfies the estimate

[ Vot < COLnp)
[0}

for all exponents p € [1, -25), with 0 < C(M,n,p) < +00 as apriori constant.

Proof: We utilize the auxiliary function x = y(x) € C*(R™, [0, 1]) satisfying

1
X(z)=0 forall zeR" with |a:—y\§ZR or |z—y|>2R,
. 1
x(x)=1 forall ze€R" with §R§|x—y\§]{7

and |Vx(x)| < for all z e R"™.

=l e

Then we insert the test function u(z) = y(z)?g(z, y) into the integral equation
of Proposition 9.1 and obtain

0= /Xz Z (aij(x)gwigwj)dx+/2xg Z (aij(2)Xz,9x, ) do.
Q

ij=1 A i,j=1
Standard estimates for quadratic forms as in Section 5 imply
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Vy(z,y)* do
z€2: 31 R<|z—y|<R

< / Vg, ) 2de

o)

<c(M, n)/gz|Vx(x)|2dx (25)
o)

< ce(M,n) / g(x,y)*|Vx(z)]? dx

x€02:1 R<|z—y|<2R
< ¢(M,n)R* . R™2.R" = ¢(M,n)R*™",

using the growth condition for Green’s function from Proposition 9.4.
We take a quantity 1 < p < 2 fixed and apply Holder’s inequality with the

conjugate exponents q = %, q = QEp as follows:
J Vy(z,y)lP da

IEQ:%Rﬁ\w—gASR

= J Vy(z,y)|P -1 do

z€2:1 R<|z—y|<R
<( / Vg(,y)? dx)%'( / 1 dw)%p (26)

z€2:1 R<|z—y|<R z€2:1 R<|z—y|<R

< ¢(M,n,p)R@=™% . Rm*3" = (M, n,p)RP—"F 7=
= ¢(M,n,p)Rr—(=1p,

Now we replace R by % for k=0,1,2,... and obtain

\Vg(z,y)|P dax < c(M,n,p)R"("=Dp.g=kn—(n=1)p)
2€02:2=F—1R<|z—y|<2—FR

With 1 < p < -5 we observe that (n — (n — 1)p) > 0 holds true and the
summation over all k£ yields the desired estimate

/|Vg(a?,y)|pdx < e(M, n,p)R"_(”_l)p(Z 2_1“("_(”_1)”)) =C(M,n,p).
Q k=0

Here we observe that the series above converges. q.e.d.

We are now prepared to prove the central



9 Green’s Function for Elliptic Operators 255

Theorem 9.6. (Generalized Green’s function)
For the elliptic differential operator L with the properties (1), (2), (3) from
above we have a function

G=G(z,y): 2x N2 =R

such that G(.,y) belongs to the class Wy (£2) N C2>T#(2\ {y}) for ally € 2
with the exponent p € [1, -25) satisfying the growth conditions

O<G(Jj7y)SCQ(M,TL”Z‘—lein, QJ‘E_Q, Jf?éy

and
1
G(l‘,y) > cl(M7 n)|3j - y|2—n’ S Q? |$ - yl < Ep(y)

The function G implies the following representation formula
u(y) = [ (Y ay(@)D*“u(w)G, (. )ds, v € @2
o =1

for all functions u € Wy*(2) with the exponent q € (n,+oo]. Here we de-
note by D the weak derivatives and remark that the Sobolev space above is
continuously embedded into C°(£2) due to Theorem 2.2 in Section 2.

Proof: At first, we consider test functions v = u(z) € C§°(§2) and choose a
fixed y € 2. Then we take a sequence of auxiliary functions
Xk = xx(z) € C*°(R™, [0, 1]) satisfying

xk(x) =0, z€U and xp(x) =1, 2€2\U, for k=123,...

350
For our operator (1) we define the coefficients

aj;(x) = xr(2)ai (@) + (1 - xk(@)dy, €2 ij=1,...,n
and observe their convergence

k
”a‘ij

—aijllps(2) =0 for k— oo

with arbitrary numbers 1 < s < +o00. The differential operator L£; possesses
the approximate Green’s function ¢* for & = 1,2,... and Proposition 9.1
implies the following representation:

/ (3 b (), (2)gE, (2,9)) i = u(y). (27)
o g=1

Due to Proposition 9.5 the sequence g’;j (x,y), k=1,2,...is bounded in the
LP(2)-norm for the given p and all indices j = 1,...,n. Then Theorem 8.9
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in Section 8 of Chapter 2 allows the transition to a weakly convergent subse-
quence

gﬁ;(z,y)ﬁDejG(l’,y) (k' = o00) for j=1,...,n

Here the limit function G = G(.,y) belongs to the Sobolev space WP ().
The sequence ¢*(.,y), k = 1,2,... satisfies the growth conditions from
Proposition 9.4 and is therefore uniformly bounded in each compact set
K C 2\ {y}. Consequently, we can estimate these functions in the C2+#(K)-
norm by the Schauder estimates derived in Chapter 9. Finally, the limit func-
tion G belongs to the class Wy *(2) N C2#(2\ {y}).

We pass to the limit &’ — oo in (27) and observe the weak convergence of
the derivatives and the strong convergence of the coefficients. We use familiar
arguments for Hilbert spaces - see the Remark 3.) on weak convergence in
Chapter 8, Section 6 - which pertain to these Lebesgue spaces. Then we obtain
the representation formula stated in the theorem for test functions.

Finally, we approximate the Sobolev functions u € T/VO1 "1(£2) with the exponent
q > n by test functions and take Theorem 2.2 from Section 2 into account.
We then obtain the representation formula even in the Sobolev class. q.e.d.

Definition 9.7. We call the function G(z,y) from Theorem 9.6 the general-
ized Green’s function for the operator L on the domain 2.

For twice differentiable functions we obtain the following corollary:

Theorem 9.8. With the generalized Green’s function from Theorem 9.6 we
have the representation

u(y) =— | Lu(z) - G(z,y)dz, ye N
/

for all functions u € C?(2) with u =0 on 912.

Proof: We integrate the relation

n

> a(@)us, ()G, (2,9) Z s (Zaw )Glz,y)) = Gla,y)L(w)

ij=1

over the domain (2. via the Gaussian integral theorem. The boundary integrals
vanish for ¢ — 04 because of the growth condition, and we evaluate the
integral on the left-hand side by Theorem 9.6. This gives us the representation
formula stated above. q.e.d.

Remarks:
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1. Originally the Green function for elliptic differential operators in diver-
gence form has been considered by W. Littman, G. Stampacchia, and
H.F. Weinberger. Later M. Griiter constructed Green’s function for ellip-
tic operators with L°°-coefficients in the Sobolev space and derived global
estimates together with K.-O. Widman. Here we refer the reader to the
original paper of M. Griiter and K.-O. Widman quoted at the end of
Chapter 8 in Section9.

2. In his graduate seminar at the University of Gottingen, E. Heinz gave us
the present approach to Green’s function via the Schauder theory in the
winter-semester 1985/86. I am grateful to H.-C. Grunau for an elaborate
copy of these beautiful lectures on Green’s function and for valuable dis-
cussions.

3. One can even derive the familiar growth estimates for the first and second
partial derivatives of Green’s function near the singularity:

|G, (z,9)| < cs(M,n)|z —y|*™, i=1,...,n for z€02, z#y
and
|Geio; (2, y)] S ca(M,n)|z —y[™", 4,j=1,....,n for ze€, x#y.

Here we utilize the weighted Schauder estimates in Theorem 7.9 of Sec-
tion 7 from Chapter 9 without boundary conditions. We apply them to
the generalized Green’s function G(z,y) at all midpoints z € 2\ {y} in
the full disc B(z, R) of radius R = |y — z| outside the singularity.

4. We infer the symmetry of the generalized Green’s function from the sym-
metry of the Riemann-Dirichlet bilinear form above. Here we proceed as
in Section 1 of Chapter 8 for the ordinary Green’s function and utilize the
representation formula in Theorem 9.6.

5. When we take only L (§2)-coefficients for the differential operator, our
approximation method described in the proof of Theorem 9.6 gives us a
generalized Green’s function even in this situation. Here we approximate
the coefficients by C17%(§2)-coefficients and control the representation for-
mula in the limit. This generalized Green’s function belongs to the Sobolev
space in Theorem 9.6, satisfies the given growth condition, and is Holder
continuous outside the singularity - according to the regularity result of de
Georgi and Nash from Theorem 5.2 in Section 5. However, differentiability
and growth conditions for the derivatives of Green’s function cannot be
attained in this situation.

10 Spectral Theory of the Laplace-Beltrami Operator

Let 2 Cc R™ denote a bounded domain with the C?*#-boundary 92 and
0 < p < 1. Here we prescribe the elliptic Riemannian metric
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of the class C1T#(2) with its Gramian determinant
g(z) := det(gij(z))i’j:hwn
and its inverse matrix

(9" (), . x € (.

— )
4,7=1,...,n

For the functions ¢ = (z) € C**#(§2) we consider the Laplace-Beltrami
operator

Ay(x) Vola Zg” V(@) (1)

\/—Zaxl(

introduced in Section 8 of Chapter 1. Of central interest is the following eigen-
value problem

—AY(z) = \p(x), € and ¢Y(x)=0, x€dR (2)
for real eigenvalues A € R. We recall the Beltrami operator of first order

Zg )bz, (2)1ha, (7)

i,j=1

and obtain the invariant Riemann-Dirichlet bilinear form
D)= | Vio)atade = [ { Z Va@)g" (@6, (@), (2) } .

Furthermore, we introduce the canonical bilinear form on the Riemannian
manifold

B(, ) = /Q (D))} a@dr; 61 € IX(9).

Now we multiply (2) by an arbitrary test function and we arrive at the weak
etgenvalue equation

D(¢,9) = AB(¢, ), ¢ € C5°(£2). (3)

As described in Section 9, we determine the symmetric Green’s function to
the elliptic operator




10 Spectral Theory of the Laplace-Beltrami Operator 259

with the coefficients

aij(r) == /g(x)g"(x), € for i,j=1,...,n.

Now we insert G(.,y) into the weak eigenvalue equation and obtain the fol-
lowing identity

A /Q G, 1) (@) Va(@)de = AB(G(. ), ) =

— DGy, ) = /Q (Y a45(2)Ga (2, y)ibn, (2) b = (y)

ij=1

for all points y € (2. Finally, we define the weakly singular integral operator

ko) = | Gla)i@)Valade, ye.

We have transformed the eigenvalue problem (1) into the equivalent eigenvalue
problem

1 —
Ky(y) = 1oy, ye (5)
for the weakly singular integral operator K.

Now we can proceed as in Chapter 8 in order to study the eigenvalue problem
of this integral operator. We only have to integrate with respect to the surface
element

g(z), ze

over the manifold. This constitutes a positive C1T#((2)-function: We obtain
Hilbert-Schmidt integral operators with respect to the Riemannian metric
ds?, where their kernels are symmetric and weakly singular. We construct our
eigenfunctions and their eigenvalues in the Hilbert space H, endowed with
the inner product B(.,.), via Rellich’s spectral theorem. Then we regularize
the eigenfunctions with the aid of Schur’s theory of iterated kernels. Thus we
arrive at the following result, whose complete proof can be taken from the
Sections 1, 2, 6, 7, and 9 in Chapter 8.

Theorem 10.1. To the Laplace-Beltrami operator from above, there exists
a complete orthonormal system in H of eigenfunctions iy (z) € C*TH(02)
satisfying

—Ayp(z) = (), €2 and Yr(z)=0, z€0N
for the eigenvalues A\, with k =1,2,3.... such that
O0< A< <3<, > +00

holds true.
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11 Some Historical Notices to Chapter 10

The concept of weak solutions for partial differential equations was created
by D. Hilbert already in 1900. His theory of integral equations from Chapter 8
provides the transition from the classical to the modern approach for partial
differential equations.

Before they became widely known under the present name, Sobolev spaces
have already been applied by K. Friedrichs and F. Rellich to spectral problems,
as described in Chapter 8. Especially, Rellich’s selection theorem from 1930
provided the decisive tool treating weak partial differential equations.

About 1957, E.de Georgi and independently J.Nash achieved the break-
through in the regularity theory from weak to classical solutions. This was
substantially simplified by J. Moser in 1960 by his iteration technique, con-
sisting of inverse Holder inequalities. Finally, W. Littman, G.Stampacchia,
and H. Weinberger constructed even the Green’s function for weak elliptic
differential equations in 1963.

Figure 2.5 PoRTRAIT OF K. FRIEDRICHS (1901-1982)
taken from the biography by C. Reid: Courant, in Géttingen and New York -
An Album; Springer-Verlag, Berlin... (1976).




Chapter 11

Nonlinear Partial Differential Equations

In this chapter we consider geometric partial differential equations, which ap-
pear for two-dimensional surfaces in their state of equilibrium. Here we give
the differential-geometric foundations in Section 1 and determine in Section 2
the Euler equations of 2-dimensional, parametric functionals. In Section 3 we
present the theory of characteristics for quasilinear hyperbolic differential
equations, and Section4 is devoted to the solution of Cauchy’s initial value
problem with the aid of successive approximation. In Section5 we treat the
Riemannian integration method for linear hyperbolic differential equations.
Finally, we prove S. Bernstein’s analyticity theorem in Section 6 using ideas
of H. Lewy.

1 The Fundamental Forms and Curvatures of a Surface

In the first part of this section, we consider the differential-geometrically reg-
ular surface on the parameter domain 2 C R?:

x(u,v) = (2(u,v),y(u,v), 2(u,v))* : 2 = R> € C?(N2,R?),
satisfying the condition
X (U, v) AXy(u,v) £ 0 for all (u,v) € £2. (1)
Here A denotes the exterior product in R?. Now the surface x has the normal

N(u,v) := %4 A Xy (u,0)| 1y Axy(u,v) @ 2 — 2 (2)

with §% := {y € R® : |y| = 1} and the tangential space
Teww = {y €R® : y N(u,0) =0}, 3)
For each point (u,v) € £2 we define the linear mapping

F. Sauvigny, Partial Differential Equations 2, Universitext, 261
DOI 10.1007/978-1-4471-2984-4 5, (C) Springer-Verlag London 2012
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dx(u, U) : R? — Tx(u,v)7
du
(du, dv) — (Xy,Xy) - <dv) = xy(u, v) du + x, (u, v) dv
with its adjoint mapping
dx(u,v)*:  (du,dv) — (du,dv) - (:((9 = Xy (u, v)* du + x, (u, v)* dv.  (5)

We remark that the relation 1 = N* - N implies
N*-N,=0=N"-N, in (2. (6)
Consequently, we obtain a further linear mapping
dN(u, U) : R? — Tx(u,'u)7
(du, dv) — (N, N,) - (ZZ) = Ny (u,v) du + Ny (u,v) dv
with the adjoint mapping
dN(u,v)" :  (du,dv) — (du,dv) - @9 = Ny (u,v)" du+ Ny (u,v)* dv. (8)
We now define three quadratic forms on the space R? depending on the point
(u,v) € 2. The first fundamental form is given by
I(u,v) := dx(u,v)* - dx(u,v)
= x} - xy(u,v) du® + 2x7 - x, (v, v) dudv + x5 - x, (u,v) dv?  (9)
=: E(u,v) du® + 2F (u,v) du dv + G(u,v) dv?,
and the second fundamental form is defined by
I (u,v) := —dx(u,v)* - dN(u, v)
= —(x}-N,)du? — (x5 N, + x5 - N,)dudv — (x - N,) dv?
= (N* - xy0) du? + 2(N* - xy,,) dudv + (N* - X)) dv?
=: L(u,v) du?® + 2M (u,v) dudv + N (u,v) dv?.

(10)

Here we have used that the relation N* - x,, = 0 = N* - x,, implies
=N %y, =N - x4, =N - x, = N* - Xy, etc.
Finally, we define the third fundamental form
I (u,v) := dN(u,v)* - dN(u,v)
= (N: -N,)du? +2(N? - N,) dudv + (N} - N,) dv? (11)
=: e(u,v) du® + 2f (u,v) dudv + g(u,v) dv?.
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The behavior as far as the curvatures of a surface are concerned is determined
by the Weingarten mapping or alternatively the shape operator

W (u,v) := —dN(u,v) o (dx(u,v))” " : Txtuw) = Tx(u,v)- (12)

The parameters (u,v) € (2 being fixed, the mapping W (u,v) attributes the
vectors x,, — —IN,, and x,, — —N,,.

Geometric interpretation:
The tangential vector y € Ty(, ,) given, we consider a regular curve

x(t) == x(u(t),v(t)), —e<t<e
on the surface x satisfying
x(0) = x(u(0),v(0)) = x(u, v) and  x'(0) =y € Tx(u,v)-
We then observe the curve
N(t) := =N(u(t),v(t)),—e <t <e
with the tangent vector N’(0) € Tyx(y,»). The mapping
y =x'(0) — N'(0) = =VyN(u,v) : Txu) = Tx(u)

is usually denoted as covariant derivative of the vector-field N in direction
y. Since this linear mapping coincides with the Weingarten mapping on the
basis {xy,X,}, the Weingarten mapping is the negative covariant derivative
of the normal N in the direction of the tangential vector y. Consequently, the
Weingarten mapping is invariant with respect to positive-oriented parameter
transformations.

With respect to the basis {x,,x,} in the tangential space Ty (u,v) the Wein-
garten map W (u,v) is described by the symmetric matrix

—N, -x, —Ny, - x,
. (13)
—N, -x, —N, - x,

Therefore, W (u,v) is a symmetric linear mapping. The latter possesses two
real eigenvalues r;(u,v) belonging to the eigenvectors e;(u,v) € Tx(y,) With
lej(u,v)| = 1 for j = 1,2. We obtain the principal curvatures with r;(u,v)
attributed to the principal curvature directions e;(u,v). We summarize

W (u,v)oej(u,v) = Kj(u,v)e;(u,v) for j=1,2. (14)

Let y = cos e (u,v) + sind es(u,v), 0 < 9 < 2m, be an arbitrary tangential
vector to the surface x(u,v). Then we consider the quadratic form
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Qy) = (W(u,v)oy) -y
= (W(u,v) o (cosve; +sindes)) - (cosdey +sindey)
= (cosV Kkie] + sind koeg) - (cosd e; + sind ey)
= 11 (u,v) cos® ¥ + ky(u,v) sin? V.

Consequently, we obtain the

Theorem 1.1. (Euler’s formula for the normal curvature)
We determine the normal curvature of the surface in the direction y =
cosd e (u,v) +sind ex(u,v) by

Q(y) = r1(u,v) cos® ¥ + ry(u, v) sin V. (15)

In the case k1(u,v) < ka(u,v), the normal curvature is minimized in the
direction e1(u,v) and mazimized in the direction es(u,v).

Definition 1.2. A point x(u,v) of the surface x is called an umbilical point,
if k1(u,v) = ka(u,v) is satisfied.

Definition 1.3. We define the Gaussian curvature of the surface by
K(u,v) := £1(u, v)ka(u,v) = det W (u,v), (u,v) € £2. (16)

The mean curvature is given by

H(u,v) == = (k1(u,v) + k2(u,v)) = % trW(u,v), (u,v) € £2. (17)

DN | =

Here det and tr denote the determinant and the trace of a matriz.

With respect to the bases {x,,%,}, {(1,0),(0,1)}, {xy,X,} the Weingarten
mapping is described by the matrices

L M\ [EF ’1_ 1 LM\ /[ G —F "
MN)\FaG CEG-F2\MN/)\-F E ) (18)

This reveals the following formulas

LN — M?
K@) = Fa—p 19)
and 1GL —-2FM + EN
Huv) = 2 22— 22 1 (20)

2 EG — F?
Finally, we show the
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Theorem 1.4. We have the following relation between the three fundamental

forms
(o) () ()=o)
—2H +K = . (21)
fa M N F G 00

Proof: From the theorem of Hamilton-Cayley we infer that a symmetric matrix
represents a zero of its characteristic polynomial. Noting the symmetry of
W (u,v) we obtain

0=W(u,v)* o W(u,v) —2H (u,v)W (u,v) + K(u,v)Id
= (dN o (dx)"')* 0 dN o (dx)™! + 2HdN o (dx)~' + K I1d
= (dx*) ' 0odN* o dN o (dx)™' +2HdN o (dx)~' + K Id.

Applying the operations dx*o and odx to this equation, we attain the identity

0=dN"odN + 2H dx* o dN + K dx* o dx
= Il (u,v) — 2H I (u,v) + K I(u,v),

and (21) follows. q.e.d.

In the second part of this section we investigate graphs in arbitrary dimensions
n > 2:

z(z) = z(z1,...,20) = (T1,. .., 20, ((T1, ... 2p)) + 2> RMTL (22)
Here we defined the height function
z=((x) = (1, .., 2,) € CHN) (23)
on the domain {2 C R". We determine the tangential vectors
Zo,(2) = (0i1, - Oins Coy (7)), 2 €02 for i=1,...,n (24)
We have the upper unit normal
N(@) = (1+|V¢@)D) 2 (= Coro o —Cann 1), €0 (25)
and the tangential space
Ty = {y € R™y - N(z) = 0}. (26)
As above we introduce the first fundamental form with the coefficients
Gij (%) := By, 2z, (T) = 035+ (o, (2) (o, (), x €2 for 4,5=1,...,n. (27)

The tangential map
dZ(.’t) :R" — Tz(z) (28)
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with respect to the bases e; = (d;1,...,0in) € R" and z,,(x) € Ty, for
i=1,...,n is given by the matrix

=1,...,

We now consider the family of matrices

and observe
G*w) 0 V() = (1 + AV¢(2) ) VE(w) (30)
with an arbitrary parameter A € R. Furthermore, we note that
GMz)oy =y forall yeR" with y-V((z)=0. (31)
We deduce

GMNz) o G'(x) 0 V((x) = (14 A[V¢(2)[*) (1 + [V¢(2) )V ()
and choose \ such that

1= (14+MNV¢()))(1+|V¢(z)>) or equivalently

1
T+ [V¢(@)P? 1= A[V{(2)|* or equivalently
-1
I S |
1+ |Vi(2)P A holds true

Introducing the matrix

9" (x) := 0

we obtain N _
g (z)gjk(z) =6}, x €8 (33)

via the Einstein summation convention.
As above we can introduce the second fundamental form with the coefficients

hij(@) := =Ny,  2g, () = N 24,5, (2) = (N(z) - €)Cpia, (x), x €02 (34)

for i,7 = 1,...,n. Here we used the unit vector e = (0,...,0,1) € R*"*!. The
linear map

— dN(iE) :R” — TZ(I) (35)

is represented by the matrix (hg;(x)) with respect to the canonical

i,j=1,...n
bases.

We summarize to the
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Theorem 1.5. The Weingarten mapping for n-dimensional graphs is given
by the matrices

W16) = (N0 ) G (3 SER) o e

- (36)

with respect to the canonical bases.

Remarks: From this theorem we can deduce curvature equations for graphs in
arbitrary dimensions. Especially for the equation

trace W(x)=0, ze€ (37)

we obtain the quasilinear n-dimensional minimal surface equation

- G (2)G, () o
Z (&j - W)szJ (x)=0 in £ (38)

i

We now calculate
VIF V(@) Pdiv((1+[V¢(2)]?) "2 V((2) =
AL(x) - sareeer (Vi ) - (Vi() =
AL(x) — Trrotmr et (i1 Gos o, oy (@) =
A(@) = TrveaE 2ot get SoiGay Goin, (2)-

By the identity (39) we transform (38) into the minimal surface equation in
divergence form

V@,
Urvwvear =0 ™ 7 o

Geometrically, the arithmetic means of the n principal curvatures vanishes for
these graphs at each point.

2 Two-dimensional Parametric Integrals

We consider differential-geometrically regular surfaces on the parameter do-
main (u,v) € 2 C R%, namely

x = x(u,v) = (xl(u,v),xg(u,v),xg(u, v)) = (x(u,v),y(u,v),z(u,v)),

PR 1)
x: 2 =R e C(N)

satisfying |x, A x,(u,v)| > 0 for all (u,v) € 2 and
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// |xy A Xy (u, v)| dudv < +00.
7]

Denoting by S? := {z € R® : |z| = 1} the unit sphere in R3, the normal X
of the surface x is given as follows:

X (u,v) := Xy A Xo| " 1xy A Xy (u,0) 1 2 = S € C*(02). (2)
We consider a density function
F = F(x,p) = F(z1,72,73;p1,p2,P3),
F:R3xR*—=Re CQ(R3 x (R3\ {0})) NCO%R3 x R?),
which we assume to be positive-homogeneous of degree 1; that means
F(x,Ap) = A\F(x,p) for all A > 0. (3)

From the relation (3) we obtain the following condition by differentiation with
respect to A at A = 1:

Fp(x,p)-p" = F(x,p), polFpp(x,p)op”=0 for p#0. (4)
Furthermore, Fyx(x, Ap) = A\Fx(x,p) implies
Fep(x,p)op® = Fx(x,p)  for p#0. (5)
Here we have abbreviated Iy, := (Fp,, Fp,, Fp,), Fpp = (Fp,p; )i j=1,2,3, etc.

We define the generalized area integral

Ax) = // F(x(u,v), X(u,v))|xy A xp(u,v)| dudv
Q

_ // P, 0), X0 A %o (1, 0)) du do.
(]

Evidently, an arbitrary positive-oriented diffeomorphism
f=fla,8) = (u(a, B),v(ex, B)) : © = 2 € C1(O,R?)

satisfies the identity
A(x) = A(xo f).

Consequently, A represents a parametric functional. We can show that the
expression A from (6) gives us the most general two-dimensional parameter-
invariant functional in R3.

Ezxamples:
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1. For F = F(x,p) := |p| we obtain the ordinary area functional.
2. In the case

2H
F:F(Xap):|p|+?xpv HGR?

we get the functional of E. Heinz
2H
A(x) ://{|xu/\xv|+?(x,xu,xv)}dudv, (7)
Q

abbreviating the triple product as follows:
(x,y,2) =% (y Nz), x,y,z € R3.

In (7) we have to comprehend H as a Lagrange parameter. Therefore, one
minimizes the ordinary area functional with the subsidiary condition of
keeping the volume constant:

2H
5 //(x,xu,xv) dudv = 1.
7}

3. When we finally consider
Q:R? - R3 € C?(R?) with divQ(x) = H(x),

we obtain the functional of S. Hildebrandt

Ax) = // {|xu A Xyl + 2(Q(x),xu7xv))}dudv. ()
7}

Here one minimizes the ordinary area functional with respect to constant
weighted volume as a subsidiary condition:

24/(Q(x)7xu,xv)dudv =1.

We shall now determine the Euler equations of our generalized area integral
A: Therefore, we consider the surface varied in the normal direction, when we
take an arbitrary test function ¢ = p(u,v) € C§°(2), namely

X(u, v;t) == x(u,v) + to(u, v)X(u,v) : 2 x (—¢,&) — R, 9)

When we choose the number € > 0 sufficiently small, these surfaces remain
differential-geometrically regular. We calculate



270 Chapter 11 Nonlinear Partial Differential Equations
Xy = Xy + t(@X)ua Xy =Xy + t(QOX)v,
Xy ANXy = Xy A Xy + t{xu A (X)y + (X)u A XU} + 12 (X)) A (9X),.

(10)
8t// (X, Xy AXy) dudv

// (X, Xy AXy) - X)gpdudv

This implies

(11)
+ // Fo(X,Xu AXy) - {xu A (0X)y + (9X)y A Xy } dudo

+2¢ // (X, Xy AXy)s (9X)u, (9X)y) dudv.

Then we obtain the Euler equations in the weak form

0= %A(E)‘

t=0

:/ [Fe(x,X) - X} 0 30 A, | dudo
// b (%, X), Xy, 9X) +(Fp(x,X),<pX,xv)u}dudv
// o (%, X))y, Xu, 0X) + ((Fp(x7X))u,<pX,xv)}dudv
:/ [X 0 Fe (3, X) 0 X*} 0 |5 A x| du
+//{(xu,pr(x, X) 0%y, X) + (Fpx(x, X) oxu,xv,X)}godudv

+ // {(xu, Fop(%,X) 0 Xy, X) + (Fpp(x, X) 0 Xy, X0, X)}<p dudv.

(12)
We now set
2H (x,p) := div Fp(x, p) = tr Fpx (X, P).

(tr Fpx denotes the trace of the matrix Fpx.) Consequently, the following
parameter invariant equation holds true:
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(pr(x, X) 0 Xy, Xy, X) + (xu, Fox(x,X) 0 me) + (mev, Fox(x,X) 0 X)
= 2H (x, X)(xy, Xy, X).

(13)
Therefore, the weak Euler differential equation (12) appears in the form
0= // { (Fop (x,X) 0 Xy %0, X) + (0, Fop(x, X) 0 X, X)
[e] (14)
+2H (x, X)|x, A xv|}gp(u,v) du dv for all ¢ € C§°(£2).
We obtain the Euler equation as follows:
0= (Fpp(x7X)OXU,me) + (xu,Fpp(x,X)OXU,X) a1s)
15
+2H (%, X)Xy A Xy | in f£2.
This equation is obviously equivalent to the system
0 = {Fpp(x,X) 0 Xy } Axy + Xy A { Fpp(x,X) 0 X, } 16)
16

+2H (x, X)Xy, A Xy in £2.

Following the arguments in Section 3.6 of the book [K] by W. Klingenberg: Fine
Vorlesung tiber Differentialgeometrie, we now introduce the lines of principal
curvatures as parameters u, v into the surface. We obtain

Xy * Xy :OZXu'X'u:X’U'Xua
(17)
Xy = —K1Xy, Xy = —KoXy in 2
with the principal curvatures k1, k2. Furthermore, we define the weight factors

01(1,v) =[xy A Xy |7 (Fpp(x, X) 0 Xy, Xy, X) (18)

and
02(u,v) 1= |xy A xv|_1 (xu, Fop(x,X) 0 XU,X>. (19)

Then the relation (15) is transformed into the quasilinear curvature equation
01(u,v)k1(u,v) + 02(u, v)Kka(u,v) = 2H (x(u, v), X(u, v)) in 2. (20)

The weight factors g and g2 have the same positive (different) sign if and only
if the matrix Fpp(x, p) is positive-definite (indefinite) on the space orthogonal
to p.

Theorem 2.1. The quasilinear curvature equation (20) represents the Euler
equation of the parametric functional (6).
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In the case of Hildebrandt’s functional (8) we observe

F(x,p) = |p|+2Q(x) - p =

with div Q(x) = H(x). We calculate
Fpo= 2 1240, By, =l D

Pi 3 PiDj 3 - 3
\[ 2 P > D 2
P P kz::lpk

for i,j = 1,2,3. The weight factors reduce to g1 (u,v) =1 = g2(u,v) in 2 and
the equation (20) specializes to

%(ﬁl(u, v) + Ka(u,v)) = %div Fp=divQ(x) = H(x) in £ (21)
Then the system (16) appears in the form
Xy AXy + x4y AN Xy +2H(X)x, AX, =0 in 2 (22)
or equivalently
— (X AXp)y + (XAXy)y = 2H(X)Xy A Xy in 2. (23)

The equations (23) become transparent if we introduce conformal parameters
into the surface as follows:

Xy Xy = 0 = [x,)? — |2 in £2. (24)
We now observe
XAX, =Xy, XAXy=—Xy in 2. (25)
Inserting (25) into (23), we obtain the H-surface system
Ax(u,v) = 2H (X)X A Xy in £. (26)
We summarize our considerations to the following

Theorem 2.2. (F. Rellich)

A conformally parametrized surface x = x(u,v) : 2 — R3 with (24) has the
prescribed mean curvature H = H(x) if and only if x fulfills the H-surface
system (26).

Remark: If the matrix Fpp(x, p) is positive-definite on the space orthogonal to
p, we can introduce conformal parameters into a weighted first fundamental
form. We then obtain the following elliptic system for the mapping
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y(u,v) = (x(u,v), X(u,v)) : 2 — RS,

namely
| Ay (u,v)| < c|Vy (u,v)|? in £.
In this context we refer the reader to

F.Sauvigny: Curvature estimates for immersions of minimal surface type
via uniformization and theorems of Bernstein type. Manuscripta math. 67
(1990), 69-97.

On the domain {2 C R? we now define the surface

x(z,y) == (z,9,((z,9)), (z,y) € £2, (27)

given as a graph above the z,y-plane. The normal to the surface x is then
represented by

1
V1+ IV, y))?

and the surface element by

e Axy| = 1+ [VC(z, )P = /. (29)

We determine the derivatives

Xl‘(x’y) = (170a<x(may))v Xy(xay) = (O’ laCy(J;?y)) (30)

X({,C,y) =

(_CI’ _Cyv 1)7 (:my) € Qa (28)

and

1 1
Xac = ?(74.:6:87 _Cacyao) + /\1X7 Xy = \_/(7@62/’ _CZJZN 0) + >\2X (31)

with certain functions A1, A2. When we insert the relations (30) and (31) into
(15), we get the differential equation

*C:mc O 7(%

0= Fpp(x,X)o | Gy |, | 1] |-G
0 ¢y 1
1 _Ca:y _Ca: (32)
+ 0 »Fpp(xv X) ° _ny ’ _Cy
Ca 0 1

+2H(x, X)/ 1+ [V(m,p)?  in Q.

This represents a quasilinear differential equation of the form

a(z,y, ((x,y), VE(x,y)) oz +20(. . ) oy + (.. ) yy +d(...) =0 in 2.
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In particular, for Hildebrandt’s functional we obtain

_C:m 0 _QE 1 _Cwy _Cz 3
0=|~Coy 1 —Cy|+|0 —Cyy —Cy | +2H(x)\/1+|V((z,y)[?
0 ¢ 1 ¢ 0 1

= (14 ) + 2aCyCay — (14 )y + 2HE)VT + V(g

or equivalently
MC = (1 + C;)sz - QC:ECyCa:y + (1 + Cg)ny

= 2H(x)\/I+ [VC(@ g i .

Theorem 2.3. (Lagrange, Gauf})

The graph z = ((x,y), (x,y) € 2, possesses the prescribed mean curvature
H = H(x,y, z) if and only if the function ( satisfies the nonparametric equa-
tion of prescribed mean curvature (34).

(34)

Remark: In the case H = 0 we obtain the minimal surface equation
Ml(z,y) =0 in .

Example 2.4. The minimal surface of H. F. Scherk.
With the aid of the ansatz z = {(z,y) = f(x)+g(y) we search for all minimal
surfaces of this form satisfying ¢(0,0) = 0, V((0,0) = 0. Inserting into the
minimal surface equation we obtain
0= (1 + Ci)Cza: = 2C2CyCay + (1 + Ca%)ny
= {1+ W)} (@) + {1+ (f'(2)*}g"(y) n 2

This is equivalent to

/() W,

= m

L+ (@) 1+ (g )

Consequently, the condition

e d'W)
1+ (f'(2))? 1+ (g'(w)*

holds true, and we assume a > 0 without loss of generality. We deduce

a €R,

a = —(arctan f'(x))’, arctan f'(x) = —az + b
and via b = 0 we obtain

f'(x) = tan(—ax), flx)= %log cos(ax).
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Similarly we comprehend

1
9(y) = — logcos(ay)

and consequently

1 cos ax

C(z,y) = f(z) + g(y) = —log

a ~cosay’

This surface is defined on the open square

a > 0.

s T
Q::{ , R2 . — —}
(z,y) € ol < o Il < 5

)
a

and cannot be extended beyond this domain.

Figure 2.6 GRAPHIC OF SCHERK’S MINIMAL SURFACE

L,
i
7144
sarrt /]
FHETHE

3 Quasilinear Hyperbolic Differential Equations and
Systems of Second Order (Characteristic Parameters)
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Let the solution z = ((z,y) : 2 — R € C3(£2) of the quasilinear differential

equation

*CC(*Ta y) = a(xv Y, C(“Lv y), VC(I’, y))<mx(lv y) + Qb(' . )Cry + C(' . )ny

+d($7y7C($,y>7VC(x7y)) =0 in

(1)
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be given on the domain 2 C R2. Here the coefficients b and ¢ depend on the
same quantities as a does. In the sequel, we often use the abbreviations

Z($7y) = C(x’y)a p(xay) = ng(x,y), Q(xvy) = Cy(xvy)a
T(%,y) = <mm(xay)7 S(’l},y) = Cmy(xay)v t(%,y) = ny(l',y) in £2.

For a given solution z = {(x,y) of (1) we set

a(x,y) = a(z,y,{(z,y), V{(z,y)),
b(z,y) = b(z,y,((2,y), V((,y)), (3)
c(z,y) == c(z,y,((z,y), V((x,y))  in £

and obtain the differential equation

0 = a(z,y)Cea(z,y) + 26(2, y)Cay (2, y) + c(,Y)Cyy (2, y)

. (4)
+d(x7ya<(x7y)avC(x;y)) in f2.

We now assume the differential equation (4) to be hyperbolic, which means

a(ﬂf, y)C(.’ﬂ, y) - b((ﬂ, y)2 <0 in (2. (5)

We observe that this condition depends on the coefficients a(x,y, z,p,q), ...
and on the solution ¢ and its gradient V( as well.

We now intend to bring the differential equation (1) or equivalently (4) into
a form as simple as possible. To this aim we consider the following transfor-
mation of variables in the neighborhood U (xg,yo) C {2, namely

§ = f(x,y), n= 77(1:? y) € 02(1/{(1‘0, yO))a

&0 = &(z0,0), M0 = 1(x0,%0), ggi’ Z)) # 0 in U(zo, yo), (6)

with the inverse mapping x = x(¢,n), v =y(&,n) € CQ(Z/{(g07 70))-
We calculate
z=((@,y) =2 y),n(x,y),  (2.y) €U(xo,yo),
Co = 2eba + ZnTas Gy = ze&y + 2nny,
Con = 26683 + 22e9€anle + Zgns + 2e€aa + Znllna (7)
Coy = 2e66ay + 2en(Eanly + EyMa) + 2Nty + 2e€ay + 2nTay
Cyy = 25555 + 22¢n&yny + Znnns + 268y + Znyy-

Therefore, the relation (4) yields the transformed differential equation
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0 = a(@,y)Cea + 2b(2,y)Cay + c(x,y)Cyy + d(z,y,(, V)
= A(SL’, y)Z§§ + 23(1'7 y)zéﬂ + C(LE, y)znn + D(.’E, Y, z, VZ)

A(z,y) = a(z,y)&3 4 2b(x, y)&x&y + c(z,9)E; =: Q(&, §),
B(z,y) = a(@,y)&ns + b(@, y)(Eany + Eyna) + c(@,y)Eymy = Q(E,m),  (9)
C(z,y) = a(x,y)ns + 20(x, y)nany + c(z,y)n, =: Q(n,1).

The quadratic form

Q) = (6o () oY) o () (10)

is called the characteristic form of the differential equation (4); we finally
set Q(¢) :=Q(p, ¢). We summarize our relations (9) to the following matrix
equation:

(s o) = (o) Goreor) o (&)

This implies

AC— B = (ggiizg)Q(ac—bQ) <0, (12)

and the transformed equation (8) is hyperbolic as well. Those level curves
I': p(x,y) = const

satisfying

Qp) == Q(p,¢) = (ap’ + 2bpay + cpy)| =0,

F =
are the characteristic curves of the hyperbolic differential equation (4) (com-
pare Chapter 6, Section4). Choosing the parameter transformation & =

&(x,y), n = n(x,y) such that
Alz,y) =Q(&) =0, C(z,y)=Q(n)=0 in U(zo,y0), (13)

then the curves &£(z,y) =const and n(x,y) =const are the characteristic
curves of (4). From the relation (12) we infer the identity

|B(x,y)| = Vb* —ac

(&)
8(:1:,@/)’ >0, (14)

and (8) is reduced to the hyperbolic normal form

1
zen(§,m) = —{MD(%%Z,]% Q)} ema(em)’

y=y(&n)



278 Chapter 11 Nonlinear Partial Differential Equations

We remind the reader that introducing characteristic parameters &, n has al-
ready been essential for the treatment of the one-dimensional wave equation
Cwz — Cyy = 0 in Chapter 6, Section 5.

We now show the existence of a local parameter transformation (6) with the
property (13). The transition to inverse matrices in the relation (11) yields

1 C -B Te Ye 1 c —b Te Ty
- = !
AC — B? (_B A > (3377 Yn “ac—?\~ba)® Ye Yn (16)

Taking the equation (12) into account, we deduce

8 2
(Cde* — 2B de dn + Aan)(a((z’z))>
ac — b?

- C -B dg

=10 5 (d€,dn) o (—B A >O (dn)

- reve (¢ b, (weay) (A
c —b dx

= (dz,dy) o (—b a ) © <dy)

= cda? — 2bdx dy + a dy®.

Therefore, we obtain the transformation formula

c(z,y) da? — 2b(x,y) dz dy + a(x,y) dy?
(17)

= (ZEZ 55)2{0@,@/) d? — 2B(z,y) d€ dn + A(w,y) dn* }.

Since the coefficient matrix is transformed under parameter transformations
according to (11), a rotation of the x, y-plane allows us to achieve the condition

a(z,y)e(z,y) #0  in Uz, yo). (18)
We now solve the differential equation

0 = a(z,y) dy* — 2b(z,y) dz dy + c(z,y) dz*

b
:a<dy2—2fdzdy+gdx2) (19)
a a

a(dy — AT dx)(dy — A\~ dz)
with
bV —ac

a

AE (20)
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Respecting A* € C?(U(z0,yo)), the solutions of the regular first-order differ-
ential equation

dy — A" dz =0 (21)
are constructed as level lines n(x,y) = const of a function n € C%(U(xo,yo))-
In the same way we find the solutions of

dy— A" dz=0 (22)

in the form &(z,y) = const for £ € C?(U(zo,yo)). On account of A\*(zg, yo) #
A~ (z0,y0) the vectors (1, AT (zg, yo)) and (1, A\~ (z0,y0)) are linearly indepen-
dent. The vectors VE&(xo,yo) and Vn(zg,yo), respectively, are orthogonal to
them, and we see

) (5 3 ) :
=det [ >* Y 0 in U(xo,yo). 23
Therefore, the inverse mapping exists as well x = z(§,n),y = y(&,n) €
C?(U(&o,m0)) in a sufficiently small neighborhood U (&, 7). Along the ¢é-curve

n(z,y) = const we have
ye — Aae =0, (24)

and (17) implies C(x,y) = Q(n) = 0. Along the n-curve &(z,y) = const we
have
Yp — A xy =0, (25)

and (17) yields A(z,y) = Q(£) = 0. Consequently, we arrive at the following

Theorem 3.1. (Linear hyperbolic differential equations)
For the hyperbolic differential equation with linear principal part (4), (5) given,
we have a transformation of variables (6) with

QE)=0=0Q(n)  in Uz, y0)- (26)

The differential equation appears in the hyperbolic normal form (15) and the
parameter transformation x = x(§,n), v = y(&,n) satisfies the first-order

system (24), (25).

We now consider the case a = a(z,y,2), b = b(z,y,2), ¢ = ¢(x,y,2) and
consequently A* = A*(z,y, 2). The characteristic differential equations (24),
(25) now additionally depend on the solution z = ((x,y). Differentiating (24)
with respect to 7 and (25) with respect to &, we see

Yen — N @en = A e = N ayxe + A\ ynme + M 27 (27)
and
Yen — A" Ten = A Ty = Ay TeXy + Ay YeTy + A, 2eTy, (28)

respectively. The coefficient matrix for this linear system of equations is non-
singular due to AT # A7, and we can therefore resolve the equations (27),
(28) to xep, Yen. Then we arrive at the following
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Theorem 3.2. A quasilinear differential equation (1) with the coefficients a =
a(z,y,2), b = b(z,y,2), ¢ = c(x,y,z), which is hyperbolic according to (5)
with respect to its solution z = ((x,y), appears as the following system in
characteristic parameters (24), (25), namely

xen(€,m) = h(&,n,x(£,1),%x(€, 1), %,(&,m)) (29)
for the vector-valued function x(&,n) := (z(&,n),y(&,n),2(&,n)).

We now consider the general case

a:a(x,y,Z,p,q), b:b(m,y72,p,q), c:c(x,y,z,p,q).

Noting that A* = A* (2,9, 2, p, ¢) holds true in this situation, the character-
istic curves depend on the solution z = {(z,y) and its gradient V{(z,y). The
equations (27) and (28) are modified to

Yen — N @ey = M age + A yn@e + Al 2yt + A pyre + Ajanze  (30)
and
Yen — A" Ten = Ay TeXy + Ay Yely + AL 26Ty + Ay Deny + Ay qen, (31)

respectively. In order to obtain a complete system, we derive two additional
differential equations of the first order for the functions p = p(€,n), ¢ = q(&, 1)
in characteristic parameters: Let z = ((z,y) be a given solution of (1). The
second derivatives (zx, (zy, Cyy then satisfy three linear equations

aCrey + QbCzy + Cny =—d
dzxCry + dyCyy = dq.

We refer the reader to the considerations in Chapter 6, Section 4: Posing the
Cauchy initial value problem along a characteristic curve I C {2

LE=0 in 2,

((z,y)=f(z,y) on I, (33)

B
6—5(% y)=g(x,y) on I,

not all the second derivatives (zz, 2y, (yy are determined by the data L, f, g.
Since dp and dq are known along a characteristic, the linear system of equa-
tions (32) could be resolved to (3¢, Cay, Cyy, if the determinant of the coefficient
matrix did not vanish. Therefore, the relation

a 2b ¢
0=|dxdy 0 |=ady®—2bdxdy+ cda? (34)
0 dz dy
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is valid along a characteristic, which has already been shown alternatively with
the aid of (17). On the other hand, the system of equations (32) possesses the
solution {Czz, Czy, Cyy }- Consequently, the relation

a 2b ¢ d
rank | de dy 0 —dp | =2 (35)
0 dx dy —dq

holds true along the characteristics. In particular, we obtain

a ¢ d
0=|dzr 0 —dp|=adydp+ cdxdq+ ddxdy. (36)
0 dy —dq

Evaluating this equation along the ¢-characteristic, the multiplication by
(adyd¢)~! together with relation (21) yields

dx

d 1 d
B AT AT — =
dng-l-a:Eg Pe + /\+q§+ax5

c
0= —
pe +
and consequently
d
De + A qe + ST = 0. (37)

Along the n-characteristic the relation (36) together with (22) implies the
following equation by multiplication with (a dy dn)~!, namely

cdx d _ 1 d
Ozpn+a@qn+a.’[n:pn+A+)\ )\—_qn+a$n
and consequently
d
Py + )\+qn + axn =0. (38)

Finally, the differential equation dz = pdx + gdy along the {-characteristic
yields
ze — pre — qye = 0. (39)

We now prove the interesting

Theorem 3.3. (Hyperbolic normal form for quasilinear differential
equations)

The quasilinear differential equation (1), which is hyperbolic with respect to
its solution z = ((z,y) acccording to (5), can be equivalently transformed into
the following first-order system by the local parameter transformation (6):

ye — Atz =0, Yy — A2y =0,
_ d i d
pe+ A q§+ax§:O, Dy + A qn+ax,,:O, (40)

2g —pre — qye = 0.
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For the function y(§,n) == (x(§,n),y(& n), 2(§;n), (€, n),a(§,m)) we obtain a
hyperbolic system of the second order

y§7l (gv 77) = h(f? 777 Y(gv n)a yf (ga 77)7 y77 (67 77))7 (41)

where the right-hand side is quadratic in the first derivatives x¢, ye, . .., Dy, dn-

Proof:

1. Starting from the solution (40) we show the validity of the differential
equation (1). The first and second equation from (40) together with the
matrix equation

(63)- (5933 (1
Ye Yn N Ty &) \ e &
imply the relations

Ne + AT, =0, & +A7¢E =0.
Therefore, we obtain

Zgx = Px = pgfx + DnNa

—()\_qg + gxg)fx — ()\+qn + gxn)nw

_ _ d
= _(/\+ + A )(Q5€w + Q1777w) — At (qﬁgy + Q’qny) - E
2b c d

= — s — —Zyy — —
a’V aV @

which reveals that azy, + 2bzyy + czyy +d = 0.
2. Differentiating all the equations of (40) containing only ¢-derivatives with
respect to n and vice-versa, we obtain

7/\+£C§n + Yen =...

—A"Ten + Yep =...

d + A gey =
o ven + Pen Qe¢n = - -- (42)

d
~ag, + Doy + Aen = -

—PTen — QYen t Zey =

On the right-hand side only quadratic terms in the first derivatives of
x,y, 7, p,q appear. We treat (42) as a linear system of equations in the
unknowns ey, Yen, Zen, Pens den- The coefficient matrix of this system is
nonsingular due to
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-t 1

A7 1

d - b% — ac

o 00 A= (43)
d 0 0 1 XF

a

-p —q 1 0 O

Therefore, we can resolve the system (42) in the form (41).

4 Cauchy’s Initial Value Problem for Quasilinear
Hyperbolic Differential Equations and Systems of
Second Order

Theorem 5.1 (d’Alembert) in Chapter 6, Sectionb gives us the solution of
Cauchy’s initial value problem (briefly CIP) for the one-dimensional wave
equation

u=u(z,y) € C?*R x R,R),

Ou(z,y) = uyy(z,y) — Ugz(z,y) =0 in RxR, (1)

u(z,0) = f(z), (%u(az,O) =g(x) for all z € R,

namely
1 1 -ty
u(z,y) = §(f(m +y)+ fz— y)) + 3 / g(s) ds, (z,y) eRxR. (2)

Here we need f € C?(R) and g € C*(R). Since the problem (1) is uniquely
solvable, due to Theorem 4.7 from Section 4 in Chapter 6, we easily deduce the
regularity of the solution from d’Alembert’s solution formula (2). We obtain
the following;:

(a) With the assumptions f € C?**(R) and g € C'**(R) for k = 0,1,2,.. .,
we have the regularity u € C2T*(R x R) for the solution.

(b) We now require that the functions f and g can be expanded into convergent
power series in a disc of radius 2R € (0,+00). With the variable z =
r1 + ixo € C we have the representations

f(z) = Zakxk, g(z) = Zbkxl" for ze€C with |z]|<2R.
k=0 k=0

(3)
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In the dicylinder Zg := {(z,y) € C? : |z| < R, |y| < R} the function

Tty

(fesw+fa-n)+; [o0)ds @€z @

=y

u(ac,y) =

DN | =

then gives us a solution which is holomorphic in Zg of the following CIP:

02 0? .
Tygu(xay) - ﬁu(%y) =0 in Zpg,

u(z,0) = f(z), (%u(m?O) =g(x) forall zeC with |z| <R.

(5)
Here the complex derivatives are denoted by a% and a%'
We now perform a rotation about the angle —7 by the mapping
<§> cos(—%) —sin(=7) (gg) 1 ( 1 1> (x)
= o = o
n sin(—=%) cos(—=% Yy V2 \-11 Yy
and get the equations
£= (e +y) - 2) (6)
=—(z , = —(y—x).
2 Y n /2 Y

From the wave equation we determine the coefficients of the transformed dif-
ferential equation with the aid of formula (11) in Section 3 as follows:

(325250 )~

By this rotation, the z-axis y = 0 - where the Cauchy data are prescribed - is
transferred into the secondary diagonal

§+n=0.

The vector (0, 1) is transformed into the unit normal to the secondary diagonal
in the direction of the first quadrant, namely v = %(1, 1). Therefore, the CIP

(1) is transformed into the following CIP:
u=u(¢,n) € C*(R%R),
ufﬁ(fa 77) = O iIl R27

u(é, =€) = f(V26) for €€R, (8)

o6 €)= 5 (Uel€.~O) +un(6,-6) =a(VE)  for €ER
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The problem (5) is similarly transferred in the case of real-analytic initial
values f, g.

We summarize our considerations to the following

Theorem 4.1. The functions f = f(£) € C*(R) and g = g(¢) € C1(R) being
prescribed, the CIP (8) possesses exactly one solution u = u(&,n) € C?(R?).
If we assume f € C*E(R) and g € C1T*(R) with an integer k € {0,1,2,...},
we have u € C?TF(R?). If the functions f and g on {£¢ € C : [£] < V2R}
can be expanded into convergent power series, then the function uw = w(§,n) is
holomorphic in Zg, the differential equation

82
@U(&U) =0 in Zp
is fulfilled, and the initial conditions in (8) are valid for all § € C with |¢| < R.

In Section 3 we have transformed a quasilinear hyperbolic differential equation
of second order into a hyperbolic system in the normal form. In order to obtain
a solution of the CIP for the quasilinear equation, we solve the following CIP:

x=x(§n) € C*™(Qr,R"),  Qr:=[-R. R x[-R,E], neN,
Xgy(€:m) = B(&n,x(&, M), xe(&,m), %y (Em))  In Qr, 9)
x(6, €)= Q) ~x(E,-6)=g(e) for E€[-RH)
with the Cauchy data
f=f(¢)eC*™R,R") and g=g(&) e C"""R,R")
and the continuous right-hand side

h=h(¢,7,x,p,q).

Applying Theorem 4.1 to each component function, we find a uniquely deter-
mined solution of the CIP

y =y(&n) € C*TF(R?,R™),

Yen(§,m) =0 in R? (10)

0

Y(§7 _g) = f(f)’ 5)’(57 _g) = g(g)v § eR.

When we make the transition to
x(&m) =x(&n) —y(&n),

) (11)
h(&,n,%x,p,a) :=h(&n,y(En) +%,y:(&n) +Pyn(€n) +a),
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the problem (9) is equivalently transformed into the CIP
x =x(&,n) € C**M(Qr,R"),
Xen(€,1) = h(€, 0. %(€, ), Xe(€,1), %p(€,m)  In Qr, (12)

%(6,-6)=0= 2 %(6,~6) for £c[-RR)

In the sequel we suppress ~ in (12) and transform (12) equivalently into
an integro-differential-equation: Let the point (z,y) € Qgr be chosen with
x4y > 0. We then define the characteristic triangle to (z,y) by

T(x,y) = {(5,77) eR?: —z < —§<77<y} C Qrg.

We confine our considerations to the subset of Qr above the secondary diag-
onal. A solution beneath the secondary diagonal is constructed in the same
way, defining the characteristic triangle

T(e,y) = {(Em) R y<n< €< -a}.
We apply the Stokes integral theorem to the Pfaffian form

w = x,(&,n)dn —x¢(§,m) dE, & n) e T(x,y).

We deduce
2x(x,y) = / Xpdn —Xe d§ = //d(xndn—x5 d€)
T (z,y) T(z,y)
=2 //in(&n) d€ dn
T(z,y)
=2 [ i€ nxe.m.xe(€n) x, (€ m) d d
T(z,y)

and consequently

x(z,y) = // h(€, 0, x(6, 1), xe(6,7), % (Em) dEdn, (2,) € Qr. (13)

T(z,y)

On the contrary, we depart from a given solution of the integro-differential-
equation (13) and immediately comprehend x(z, —z) = 0 for all x € [-R, R].
From the representation

z Yy

x(r.y) = | ( / h(@mx(&n),Xg(é,m,xn(é,n))dn) e

-y =€



4 Cauchy’s Initial Value Problem 287

we infer the equation

Y

Xw(xvy):/h(xvnaX(xvn)axf(x’n)7xn(x,n))dn~ (14)

—XT

This representation implies x,(x, —z) = 0 for all z € [-R, R|. Furthermore,
the representation

Yy x

x(wy) = [ ( / h(f,n,X(&n),Xg(f,n),xn(&n))df) an
yields
x,(2,y) = / h(€, . x(€, ), xe (€, y), % (€, 1)) dE, (15)

and consequently x,(z,—xz) = 0 for « € [—R, R]. Finally, we can differen-
tiate (14) with respect to y and (15) with respect to z, and we obtain the
fundamental

Theorem 4.2. The function x = x(x,y) of the class

Cuy(Qr,R") := {y € CY(Qg,R") : Vay = Yya €Xist continuously in QR}
solves the CIP
Xay (2, y) = (2, 4, x(2,9), X (2, 9), Xy (2,9))  in Qr,
b (16)
x(z,—2)=0= ax(x, —x) for x € [—R,R]
if and only if x satisfies the integro-differential-equation (13).

For the right-hand side h = h(£, 7, x, p,q) we now require the following Lip-
schitz condition

|h(§777,xap7Q) - h(ganvivf)aélﬂ < L|(x,p,q) - (iaf)aQ)

(17
for all (€7naxa b, q>7 (§>77a5<7f)7(~l) € QR X R™ x R™ x R™ )

with the Lipschitz constant L € [0,400). With this assumption we derive a
contraction condition for the integro-differential-operator

10 = [[ b xEn.xeenxEm)dsdn, (@9) € Qn.
T(z,y)
(18)
For the function x,y € C'(Qg, R") we set
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X(x,y) = I(x)(z,y), y(z,y):=1(y)(zy), (z,y) € Qr.

Now we can estimate

x(z,y) —y(z,9)| < / |h(&,m,%x,x¢, %) —h(&,n,y,ye,¥y)| d€ dn
T(z,y)

<L //| 53 5 77) X¢ — Y£axn*yn)|d§d77

z+y
<L |z +y—71|p(1)dr
/
(19)
with
¢(T) = max |(X(§7 77) - Y(& 77)7 Xe— Yo Xp — Y7]) ’ (20)

(‘5777) GT(I7y)¢ §+n=r

Furthermore, the relation (14) implies the inequality

‘)A(w(:my) - yz('rvy)‘ S / ‘h(%??»x(xﬂ?%Xg»Xn) - h($7777}’(55a77)a}’§7yn>‘ dn

< L/ | (x(z,n) = y(z,m),%¢ = ye, x5 — y) | dn

y
<L o(r)dr
0
(21)
In the same way we deduce the following estimate via (15):
z+y
)(2,) = Syla) <L [ otr)dr (22
0

We summarize the inequalities (19), (21), and (22) to the following

Theorem 4.3. For arbitrary functions X,y € C*(Qgr, R"™) we have the subse-
quent estimate in Qg:

| (%6 ) = 3,9 %e0,9) = Fol2.9), %, (2,9) = o (2.9))|

z+y
<L [@+jty- o
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We define the set
Qn.s = {(2,,%,p,a) € Qn x R" x R" x R" : [x], |p|, al < 5},
and prove the central
Theorem 4.4. Let the parameter-dependent right-hand side
h=h(z,y,%x,p,q,A) : Qr,s X [A1, A2] = R"

of class C*(Qpr.s X [A1, Aa], R"™) with R >0, S > 0 and —00 < A\ < Ag < +00
be given. Then we have a number r € (0, R], such that the following CIP has
exactly one solution for all X € [A1, Aa]:

X = x(x, Yy, A) S Ca:y(QT7 Rn)7
Xzy(l‘,%)\) = h(xayax(xaya)‘)axz(xayv)‘)’xy(x’y’)\)’)\) n QT’ (23)

x(z,—z,\) =0= %x(aj, —xz, ) for x€[-rr].

Furthermore, the solution depends differentiably on the parameter as follows:
x(z,y,A) € CH(Qr x [M1, A2], R™).
Proof:

1. At first, we fix the parameter A € [A1, 2] and construct a solution
x(x,y, A) with the aid of Banach’s fixed point theorem. To this aim, we
define the Banach space

B:= {y e CYQgr,R") : y(z,—2)=0= %y(x, —z), x € [-R, R]}

endowed with the norm

Iyl == sup |(y(z,9),ye(z,v), yn(z, 1) (24)
(z,9)EQR

We extend the right-hand side h : Qg s X [A1, A2] = R™ onto the set
Qr X R" x R" x R™ X [A1, A2

in such a way that the Lipschitz condition (17) with a uniform Lipschitz
constant L > 0 is valid for arbitrary A € [A1, A2]. Due to Theorem 4.3 we
find a sufficiently small R > 0 such that the integro-differential-operator
I: B — B defined in (18) is contractible. This means, we have a constant
6 € [0, 1) satisfying

1H(x) = I(y)| <blx—y|  forall x,yeB. (25)
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Banach’s fixed point theorem (see Theorem 1.19 in Chapter 7, Section 1)
gives us the existence of a solution x = x(z,y,A) € B for the integro-
differential-equation

x(@,9, A / B(E, 7, X(E,1, N, Xe (6,1, A), % (€1, A), A) dEdp - (26)

T(z,y)

for all A € [A1, A2]. Parallel to the proof of Theorem 2, we see that
x(z,y, ) € Cpy(Qr,R™) holds true for each A € [A1, A2].

. We now show that the solution is independent of the extension of the

right-hand side h for sufficiently small R > 0 : Let x be a solution of the
CIP (23) to the fixed parameter A € [A1, A2], and we set

y@,y) = / h(¢,7,0,0,0,\) d¢ di.

T(z,y)

We apply Theorem 4.3 to the function

Mﬂ=wmgﬁﬂJ&@m—ﬂ%%&—ﬁxwwM

and obtain the following estimate

t

b(t) < A / (W) + Iyl dr (27)

0
with a constant A > 0. The comparison lemma (see Proposition 5.1 in

Section 5) yields
D(t) < [lyli(e = 1).
Choosing R > 0 sufficiently small, the inclusion

(x(z,9), xe(2,y), %y (2,y)) € Qr,s  forall (z,y) € Qr

is fulfilled. .
Let two solutions x = x(z,y,\) and X = X(x,y,A) to the parameters A
and A be given. Then we derive an inequality of the form

<A/) ) +e(\ ) dr (28)
for the function

P(t) := (wty)eglgxx-ky:t | (x(x,y) —X(x,y),Xe — X, Xy — fcn) ’,
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as in the proof of Theorem 4.3. Here £(\, \) — (A, \) = 0 for A — X is
satisfied. With the comparison lemma from above we infer

Y(t) < (A A) (e~ 1), (29)

which implies the continuous dependence of the solution on the parameter
in the Cl-norm. Furthermore, the equation £(\, \) = 0 gives us the unique
solvability of the CIP.

. In order to show the differentiable dependence on the parameter, we con-
sider the difference quotient as in the theory of ordinary differential equa-
tions and observe the limit in the integro-differential-equation. qed

Remarks:

1. The solution of the CIP (23) is constructed by successive approximation

X(O)(x,y) =0 in Qg,

J+1) / 5 n, X(J) &,mn),x (J)) d¢ dn in Qgr, (30)
T(z,y)
for j=0,1

2. Assuming higher regularity of the right-hand side h, we obtain the cor-

responding higher regularity for the solutions. This statement pertains
to the differentiability for the family of solutions with respect to the pa-
rameter A € [A1, A2]. Again one uses the method of difference quotients
indicated in part 4 of the proof above.

Theorem 4.5. Assumptions: Let the quasilinear differential equation

0= a(z,y,¢(2,9), Ca(:9), Gy (@, 9))Caw + 20(- - )Gy + (- - ) Cyy

(31)
+d(z,y,((2,y), G (2, y), Gz, y) =0 in 0

with the coefficients

a:a(:r7y7z7p7q)5"'?d:d(x7y’z7p’Q) 602(QXRXRXR7R)

be given, where 2 C R? is an open set. We consider a regular curve

I I:I(t), y:y(t)7 te [t07T7t0+T]a in {2

with the height function f = f(t) € C3([to — T,to + T),R) and the prescribed
derivative g = g(t) € C*([to — T, to + T, R) in the direction of its normal

1 ’ /
v=u(t):= m(_y (t), > (t))

The differential equation (31) is hyperbolic along this stripe, which means
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a(t)e(t) —b(t)> <0 forall t€ [ty —T,ty+T).
Here we have set a(t) := a(xz(t), y(t), f(t),p(t), q(t)) ete. with
ZOf(1) = V') +y'(1)*y' (g (t)
! (t)? +y'(t)? ’
o) = y' (O () + V') +y'(1)* 2" (t)g(t)
' o' (t)? +y/()? '

Finally, the curve I' with respect to this stripe shall represent a noncharacter-
istic curve for the differential equation (31), which means

c(t)' (1) = 2b()2’ (t)y' (1) + a(t)y' 1)* #0  forall t€ [to—T,to+T).

p(t) ==

Statement: Then we have a neighborhood © = O(2°,y°) of the point
(2°,94%) = (z(to),y(to)) and a function ( = ((x,y) € C?*(O), which solves
the Cauchy initial value problem

a(z,y, (7,Y), Cu, ) Caw + 26(- )ay + (.. )yy +d(...) =0  in O

0
Cla®),y(®) = f(t), 5 Ca(),y®)=9(t) on I'Nn6.
(32)
Here 8% denotes the derivative in the direction of the normal v to the curve

I'. The solution of (32) is uniquely determined.

Remark: We can locally supplement the prescribed noncharacteristic stripe
{I, f, g} to a solution of the given differential equation.

Proof: With the aid of Section 3, Theorem 3.3 we introduce characteristic
parameters (£,7) into the differential equation (31). Differentiating the first-
order system once, we obtain a system of the form

y57l (57 77) = h(f? 777 Y(§7 77); y'f (ga 77)7 y77 (57 77)) (33)

On account of a,b,c,d € C? the function h belongs to the class C' with
respect to y,ye¢,yy. From the Cauchy data

(l‘(t%y(t),f(t),g(t)) with tO -T S t S tO + T

we calculate the initial values for y. Since £ =const and 7 =const are the
characteristic curves, we can transfer the noncharacteristic curve I" into the
secondary diagonal £ + 1 = 0 by the transformation

§r o(&),n = Y(n).

With the aid of Theorem 4.1 we make the transition to homogeneous initial
values, and we solve the CIP for the system (33) by Theorem 4.4. Via resub-
stitution we obtain a solution of the CIP (32) (compare the proof of Section 3,
Theorem 3.3). The uniqueness follows from the corresponding statement for
the system (33).

q.e.d.
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5 Riemann’s Integration Method

In this paragraph we shall investigate linear hyperbolic differential equations.
Though we established only local solvability in Theorem 4.5 of Section4, we
now shall prove global solvability of the linear Cauchy initial value problem.
For the convenience of the reader we supply the preparatory

Proposition 5.1. (Comparison lemma)
The continuous function f : [§ — h,& + h] — [0,400) satisfies the integral
inequality

x

f(x)gA/(f(t)—i—e) ] forall € [E—h&+h]
3

with the constants A > 0 and € > 0. Then we have the estimate
0< f(=) Ss(eAll'_&‘ —EZ |x—§|k

for all z € [£ — h, &+ h).

Proof: We set M := max{f(z) : £ —h <z <&+ h} and show via complete
induction

n Ak . A "
k=1

From the integral inequality we deduce
flz) < MAlz — &+ cA|z — ¢ for all z € [¢—h,&+ h],

such that the case n = 1 is established. If the estimate above is valid for a
number n € N, we then find

o) < cAlr—€+ A / £(t)1dt

<€A|x—§|+A/{ |x—§|k+M—|x—§”}|dt|

Ak+1 n+1
= cAlz — £|+sz \x— glF+t 4 CES]

|£L’— |n+1

ntl n+1

A A
ZEZﬁ|x_€|k+ ( +1) |x_€|n+1

k=1
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We observe A o
o Al =)™

and the limit procedure in the estimate above yields

Z |x —&k = (eA‘””_£| - 1).

q.e.d.

Theorem 5.2. Let the functions f = f(t) € CZ(R) and g = g(t) € CA(R)
be given. Furthermore, the coefficient functions a = a(z,y), b = b(x,y), ¢ =
c(z,y), d = d(z,y) belong to the class CE(R?). Then the Cauchy initial value
problem

Uy (T,Y) + aug(z,y) + buy (z,y) + cu(z,y) = d(z,y) in R2,

(1
2u(:r:7 —x) =g(x) for zeR )

ule,—2) = f(@), 5

possesses exactly one solution. Here the symbol % again denotes the derivative
in the direction of the normal v = %(1, 1).

Proof: We write the differential equation in the form
Ugy = h(2, Yy, u, ug, uy) = d(2,y) — a(z,y)us — b(z,y)uy — c(z,y)u.

Here the right-hand side h globally satisfies a Lipschitz condition as in Sec-
tion4, formula (17), with the Lipschitz constant L € [0,+00). We consider
a solution v = u(x,y) existing in a neighborhood of the secondary diagonal
x4+ y = 0, and we investigate the function

o(t) = max,

(. ) = 0@ ), w2, 9) = v, ), vy (2, 9) = vy(2,9))|

with
’0(1‘7 y) = I(O)|(w,y)

Here I denotes the integro-differential-operator defined in Section 4, formula
(18). From Theorem 4.3 in Section 4 we infer the differential inequality

t
L/2—|—T —|—K)d forall 0<t<T < +o0
0

with a constant K > 0. Proposition 5.1 gives us the estimate
o(t) < K (PP —1)  forall 0<t<T <400

and consequently
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(T) < K(eXCHDT 1) for 0<T < +oo. (2)

Therefore, the solution of the Cauchy initial value problem remains bounded
in the C''-norm, and the procedure of successive approximation yields a global
solution on R2.

q.e.d.

We shall now prove an integral representation for the solution of Cauchy’s
initial value problem (1). This Riemannian integration method corresponds to
the representation for solutions of Poisson’s equation with the aid of Green’s
function. Together with the linear differential operator

Lu(z,y) = tay(2,y) + a(@,y)ue (2, y) + bz, y)uy (2, y) + (2, y)u(z,y) (3)
we consider the adjoint differential operator
M’U(Q?, y) = va(mv y) - [a(ma y)v(x, y)]l’ - [b($7 y)’l)(&?, y)]y"'c(m» y)’U(SC, y)' (4)

The operators £ and M coincide if and only if a = 0 = b is satisfied.

Proposition 5.3. We have
vLu — uMv = (—vyu+ auv), + (vug + bvu),. (5)
Proof: We calculate

v LU = VUgy + avu, + bvuy + cvu
= (VUg)y — Vyly + (avu)y; — (av)zu + (bvu), — (bv)yu + cvu
= (vug + bvu)y + (—vyu + avu)y + wvgy — u(av), — u(bv), + ucv
= (vug + bvu)y, + (—vyu + avu), +uMo.
q.e.d.

Let the closed, regular arc I' C R? be given, which represents a noncharac-
teristic curve for the differential equation (1). This means, the arc I" never
appears parallel to the coordinate axes. Therefore, we can find a continuous,
strictly monotonic function ¢ = ¢(x) : [z1, 22] — R such that

r={@y er?: y=p() o <z <mf
= {(w,y) R’ w=p7'(y), y2<y< y1}
holds true with y; = ¢(x1) and y2 = @(a2). (Without loss of generality we
assume yo < y1.) Furthermore, P = (z,y) & I represents a fixed point in the

square [z1,Z2] X [y2, y1] above the arc I', that means y > ¢(x). Then we define
the characteristic triangle
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T(,y) = {(&m) €R? : ¢(@) < @(&) <n<y}.
Furthermore, we use the abbreviation
I'(z,y) :=T'NoT(x,y).

Finally, v = (v1,12) denotes the exterior normal to T'(x,y), and we set A :=
(™ (), y), B = (z,0(x)) € T

With the aid of the Gaussian integral theorem we integrate (5) over the tri-
angle T'(x,y) and obtain

//(vﬁufu/\/lv)’ dé dn
(&m)
T(z,y)
= / {(—Uyu + auv)vy + (vug + b’Uu)Z/Q} do

OT (z,y)

= / {<_Uyu + auv)vy + (vu, + bvu)uz} do

—~

AB
+ /(—vy + av)udn + /(ux + bu)v d¢
BP pa
= / {(*Uyu + auv)vy + (vug + bvu)yg} do
AB
+ /(—vy + av)udn + /(—vm + bu)udé + /(uv)z d¢
BP PA PA
— / {(—vyu + auv)vy + (vu, + bvu)ug} do
AB
+ /(—Uy + av)udn + /(—vx + bv)u dé
BP pa

—u(P)v(P) + u(A)v(A).

Here AB = I’ (z,y) denotes the positive-oriented arc from A to B on the
boundary of T'(z,y) between the points A and B.

Definition 5.4. The function v(§,n) =: R(&§,n;2,y) is called Riemannian
function if the following conditions are fulfilled:
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1. The function v satisfies the differential equation Mv =0 in T(z,y).
2. We have v(z,y) = R(z,y;z,y) = 1.

—~

3. Along the arc BP we have —vy, + av = 0, and therefore
7
v(z,n) = exp { /a(x,t) dt}.
y

4. Along the arc PAA we have —v, + bv = 0, and therefore

£

v(&,y) :exp{/b(t,y) dt}.

x

If we can find a Riemannian function, we have the following

Theorem 5.5. (Riemannian integration method)

A solution of the hyperbolic differential equation Lu(&,n) = h(€,n) can be
represented by the Cauchy data with the aid of the Riemannian function
R(&,m;2,y) as follows: For the point P = (x,y) we have

u(P) = u(A)R(A; P) / / R(E, 1 PY(€. ) dE dny
T(x,y)
+ / {( = Ry(&m; P)u(€,m) + QUR)Vl + (Rue + bRu)yg} do.

I'(z,y)

(6)

Remark: The problem remains to construct a Riemannian function.

6 Bernstein’s Analyticity Theorem
On the unit disc B := {(u,v) : u? +v? < 1} we consider a solution
x = x(u,v) = (21(u,0),...,2,(u,v)) : B—R" € C*(B,R") (1)
of the quasilinear elliptic system
Ax(u,v) = F(u, v, x(u, v), Xy (u, v), Xy (0, v)), (u,v) € B. (2)
In an open neighborhood O C R23" of the surface
F = {(u,v,x(u,v),xu(u,v),xv(u, v)) 2 (u,v) € B}

the function



298 Chapter 11 Nonlinear Partial Differential Equations
F:0-R" is assumed to be real-analytic. (3)

At each point z € O we can locally expand the function F with 2 + 3n
variables into a power series whose coefficients belong to R™. This series also
converges in the complex variables w,v,21,...,2n,P1,-++,Pn>q1,---,qn € C.
This enables us to continue the right-hand side of (2) onto an open set O in
C?*+3" with F C O. Then we obtain

F=F(u,0,21, 20, D1, Prs Qs+ qn) : O = C" € CHO,C")  (4)

without relabeling our function. Then F satisfies the 2 + 3n Cauchy-Riemann
equations

Fo=F;=Fz=..=F-=F5;=.. =F-=Fg7=...=F;-=0 (5

n 1

in 0. With the assumptions (3) or equivalently (4)-(5), we shall show that
a solution (1) of (2) is real-analytic on the disc B. Then we have an open
neighborhood B C C? of B such that the following function extended to B

x(u,v) = (21 (u,v), ..., 2,(u,v)) : B—C" € C*(B,C") (6)

satisfies the Cauchy-Riemann equations

0 0
%xj(u,v)zOz%xj(u,v), (u,v) € B, for j=1,....,n (7)
or equivalently
Xg = (T13, . Tnm) =0= (T15,...,Tn3) = Xg in B. (8)

With the aid of ideas from H. Lewy, we shall analytically extend the solution
(1) of (2) from B onto B. This is achieved by solving initial value problems for
nonlinear hyperbolic differential equations with two variables. Starting from
an extension into the variables (u,v) = (o + i3,y + i) € B for the moment,
the system (2) appears in the form

Xaa (U, V) + Xyy (4, v) = F(u, v, X, X4 (4, v), X, (u,v)) in B. (9)
We can write the Cauchy-Riemann equations as follows:
xg(u,v) = ixq(u,v) in B (10)

and
xs(u, v) = ixy(u,v) in B. (11)

These imply the Laplace equations
Xaa (U, v) +x85(u,v) =0 in B (12)

and
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Xy (U, ) + x55(u,v) =0 in B. (13)
Inserting (12) and (10) into (9) we obtain
—x38(u, v) + Xy (u,v) = F(u,v,x, —ix3,X) in B. (14)
From (13), (11), and (9) we infer
Xaa (U, V) — Xs5(u, v) = F(u,v,X,Xq, —iXs) in B. (15)

Now we solve initial value problems for the hyperbolic equations (14) and (15)
with initial velocities given by (10) and (11), respectively.

We thus obtain the

Theorem 6.1. (Analyticity theorem of S. Bernstein)

Let the solution x = x(u,v) of the p.d.e. problem (1)-(2) be given with the
real-analytic right-hand side (3) or equivalently (4)-(5). Then the function x
is real-analytic in B.

Proof (H. Lewy):
1. Using the notations from above, we start with a solution x = x(a,7) :
B — R™ € C3(B,R") for the system of differential equations
xaa(a,’y) +X77(OZ,"}/) - F(Oé,"y7X,Xa(Oé,"}/),X7(Oz,’}/)) in B. (16)

We consider the Cauchy initial value problem

_xﬁﬁ(aaﬁ77) + X’Y’Y<a757’7) = F(a7ﬁ77,x, —iXﬂ,X»Y) in 8/7
x(a,0,7) =x(e,y)  in B, (17)
x5(,0,7) = ixo(,7) in B

with the parameter . Here B’ C R? denotes a suitable open set satisfy-
ing B C B’. According to Section 4, the problem (17) possesses a locally
unique solution x = x(«, 8,7), since the characteristic curves of the dif-
ferential equation point out of B. We emphasize the differentiable depen-
dence of the solution on the parameter a. We now define u := a + if.
Taking the Remark 2 following Theorem 4.4 from Section 4 into consider-
ation, we can apply the operator

9 o 0
7~ 3(5a* 135)

= a_a + Z%
to the differential equation in (17). For the function
y(aa 577) = (yl(a7ﬂ7’y)v e 72/77,(047577)) = Xﬂ(%ﬁﬁ)

we obtain the system of differential equations
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- yBﬁ(Oé, ﬂf}/) + y’y’y(aa ﬁa 7) = Z {FZ]‘ Y; — injyjﬁ + quyj;y} in B/.

j=1
(18)
Noting (17) we comprehend
7(0,0,7) = 5 (xa(0,0,7) + ix5(0,0,7))
: (19)
= 5(xa(a,'y) +iixo(a,7)) =0  in B.

Furthermore, we observe (17) and (16) and calculate

1 .
YB(aa 07 FY) = 5 (Xaﬁ(a7 Oa ’7) + ’LX/}/@(O{, 07 7))

1 . .

= 5 (Xaﬂ(av Oa ’7) + ZX’Y’Y(aa Oa 7) - ZF(O(7 07 Vs X Xa X’Y))
1 .

= i(xaﬁ(avoav) - Zxaa(avv))
10 ) .

= 5%(x5(a,0,w)—zxa(a,7)) =0 in B,

and consequently
yvp(e,0,7) =0 in B. (20)

The homogeneous Cauchy initial value problem (18)-(20) is uniquely solv-
able by y(a, 8,7) =0 in B’, and we see

xz(a, 8,7) =0 in B. (21)

2. We now extend x from B’ onto B C C2. In this context we solve the
Cauchy initial value problem

Xaa(aa65776)_X55(a767776) :F(a7577767xaxa7_ixé> in 87
x(aa/Ba’y,O) = X(O[’IB,’}/) in B/a

X(S(CV,B,’Y,O) :iXV(OZ?ﬂv’Y) in B
(22)
The solution depends differentiably on the parameters f,~, and higher
regularity follows as in Section4. At first, we consider the function

y(e, 8,7,6) = (y1(a, 8,7,0), - yn(a, B,7,0)) = xz(a, B,7,9).
Due to (22), this function satisfies the hyperbolic system
Yaa (aa ﬁv Y 6) - y55(017 ﬁv Y5 6) = Z {Fz] Y; + ijyj,a - injyj,zS} in B.

Jj=1

(23)
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Due to (21) we have the initial conditions

1
yaaﬁa ,0) = - (Xa 0576, ,0) +ix a7ﬂ7730
(@820 = glral B30 Fixs(a B 0)
:Xﬂ(a76a7)20 in B/
and 1
yé(a,ﬂ,’)’, ) i(xcxﬁ( ,ﬂ,V,O)‘FiX[ﬁ(O[,ﬂ,’Y,O))
) .
5 (Xay (@, 8,7) + ixgy (o, 5,7)) (25)
= iixf(a B,y)=0 in B
- 6'7 U y P Y) = :
From (23)-(25) we deduce y(«, 8,7,d) = 0 in B and consequently
xz(a, 8,7,8) =0 in B. (26)

Finally, we investigate the function

Z(O‘aﬁaf%a) = (2’1(0&, 5;775)3 R Zn(Oé, 63775)) = Xg(@,ﬂ,"}’, 5)
and infer the following system of differential equations from (22):

n

Zaa(aa ,6, v 5) - Z66( ﬂ 77 Z {Fz] zj + ij Zj,a inij,zS} in B.

j=1
(27)
For the function z we determine the initial conditions
1 .
Z(a,ﬁ,%O) = E(X’Y(a757770) +ZX5(OZ,ﬂ,’Y,O))
X (28)
:§(X’Y(aaﬂa7)+iix7(a?/g77)):O iIl B/
and
1 .
Z(;(Oé,ﬁ,")/, ) E(X'yﬁ( 67770)+1X65(O"ﬂ7770))
1 . .
= 5 (X’y5<a7 57 ,77 0) + ZXaa<O[, ﬁa 77 O) - ZF(O&, 67 ’77 07 X, Xy X’y))
1 .
= 5 (X’y(s(aa ﬂa Y O) - ZX’Y’Y(aa Ba 7))
01 . . /
_8_ ( ( ﬁ’)/? )_wa(a757’7)):0 mn 67

(29)
nd (16). The equation (16) remains valid in B’ due to (21).
9) we infer z(a, 8,7,0) = 0 in B and finally

using (22) an
From (27)-(2
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xz(a, 8,7,6) =0 in B. (30)

Consequently, we have extended the solution x = x(«,7) of (16) to a
function x = x(«, 8,7, ) : B — C™, which is holomorphic in the variables
u=a+1if and v = v+ id due to (26) and (30). Therefore, the function

X(OZ, 7) = X(a7 67 v 6) |B:5:O
is real-analytic in « and . q.e.d.

The theorems about holomorphic mappings necessary for the next proof are
contained in the beautiful book [GF] of H.Grauert and K. Fritzsche, especially
in Chapter 1, Sections 6 and 7.

Theorem 6.2. On the open set 2 C R? let us consider a solution z =
C(x,y) € C3(2,R) of the nonparametric H-surface equation

M(z,y) = (1+ () oa(@,y) — 26 CyCay(@,y) + (1 + () yy (2, y) o
= 2H(z,y,¢(z,9)) (1 + |VC¢(z,9))2  in L.

The mean curvature H = H(x,y, z) is assumed to be real-analytic in a three-
dimensional open neighborhood of the surface

F = {(m,y,((m,y)) : (z,y) € Q}

Then the solution z = ((z,y) : 2 — R is real-analytic in 2.

Proof: We choose the point (z°,y°) € 2 arbitrarily and determine r > 0 such
that the corresponding disc satisfies

B, (2°,¢%) := {(z,y) eR?: (2 -2+ (y—y")? < r2} cC .
We consider the C2-metric
ds® = (1+ () da® +2(,¢ydedy+ (1+¢)dy* in B(ay°)
and introduce isothermal parameters via the diffeomorphic mapping
flu,v) = (2(u,v),y(u,v)) : B — B, (a,y") € C*(B).

The function
x(u,v) == (f(u,v), 2(u,v)) € C*(B,R?) (32)

with
z(u,v) = (o f(u,v), (u,v) € B

satisfies Rellich’s system

Ax(u,v) = 2H (x(u,v)) Xy A Xy (u, v) in B. (33)
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Due to Theorem 6.1, the function x is real-analytic in B and the mapping
[ B — B;(2°,9°) as well. Since J¢(u,v) # 0 in B holds true, also the inverse
mapping f~1: B.(2°,9y°) — B is real-analytic. Consequently, the function

Cla,y)=z0fHayy),  (2,y) € B2 y”), (34)

is real-analytic in B,.(x°,y°). This holds true in {2 as well, since the point

(2°,9°) € 2 has been chosen arbitrarily. qed.

Remarks:

a) The introduction of conformal parameters by the uniformization theorem
(see Chapter 12, Section 8) can be achieved by various methods: A conti-
nuity method is presented in the paper by

F.Sauvigny: Introduction of isothermal parameters into a Riemannian
metric by the continuity method. Analysis 19 (1999), 235-243.

A variational method is applied by the authors

S. Hildebrandt, H. von der Mosel: On Lichtenstein’s theorem about globally
conformal mappings. Calc. Var. 23 (2005), 415-424.

b) For arbitrary quasilinear, real-analytic, elliptic differential equations in two
variables, F. Miiller has proved the Bernstein analyticity theorem by the
uniformization method used in Theorem 6.2. In this context we refer the
reader to the treatises:

F.Miller: On the continuation of solutions for elliptic equations in two
variables. Ann. Inst. H. Poincaré - Analyse Non Linéaire 19 (2002), 745-
776;

F. Miller: Analyticity of solutions for semilinear elliptic systems of second
order. Calc. Var. and PDE 15 (2002), 257-288.
c¢) Finally, the reader should consider Hans Lewy’s original treatise:

H. Lewy: Neuer Beweis des analytischen Charakters der Losungen ellipti-
scher Differentialgleichungen. Math. Annalen 101 (1929), 609-619.

7 Some Historical Notices to Chapter 11

The Bernstein analyticity theorem represents the first regularity result in
the theory of partial differential equations. This question was proposed by
D. Hilbert to S.Bernstein, who solved this problem by intricate methods in
1904.

K. Friedrichs and H.Lewy treated the initial value problem for hyperbolic
equations in 1927. Their method of successive approximations, which is nowa-
days established via Banach’s fixed point theorem, has been invented already
by E.Picard. Two years later in 1929, H. Lewy ingeniously built the bridge
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from hyperbolic to elliptic equations with his approach to Bernstein’s analyt-
icity theorem. We would like to mention that H.Lewy attended lectures of
J. Hadamard (1865-1963) during his research visit to Paris in 1930.

In his wonderful book Partial Differential Equations, P. Garabedian observed
that Lewy’s proof is substantially simplified when the principal part of the
equation reduces to the Laplacian. With the uniformization theorem for non-
analytic Riemannian metrics, we present the decisive tool to investigate arbi-
trary elliptic equations in the next chapter.

Figure 2.7 PorTRAIT OF H. LEwY (1904-1988)
taken from the biography by C. Reid: Courant, in Géttingen and New York —
An Album, Springer-Verlag, Berlin. .. (1976).




Chapter 12

Nonlinear Elliptic Systems

We present a maximum principle of W. Jager for the H-surface system in Sec-
tion 1. Then we prove the fundamental gradient estimate of E. Heinz for non-
linear elliptic systems of differential equations in Section 2. Global estimates
are established in Section 3. In combination with the Leray-Schauder degree
of mapping, we deduce an existence theorem for nonlinear elliptic systems in
Section 4. Especially for the system Ax = 2Hx, A X, which was discovered
by F. Rellich, this result was proved by E. Heinz already in 1954. In Section 5
we derive an inner distortion estimate for plane nonlinear elliptic systems,
which implies a curvature estimate presented in Section 6. In the next Sec-
tions 7-8 we introduce conformal parameters into a Riemannian metric and
establish apriori estimates up to the boundary in this context. Finally, we ex-
plain the uniformization method for quasilinear elliptic differential equations
in Section9.

1 Maximum Principles for the H-surface System

Let B:={w=u+iv € C : |w| <1} denote the unit disc. We prescribe the
function B o
H=H(w,x):BxR* =R € C'B xR*R) (1)
with the bounds
[H(w,x)| < ho,  [H(w,x) = H(w,y)| < hfx -y
forall weB, x,yeR?

(2)

and consider Rellich’s H-surface system

x = x(u,v) € C?(B,R?) N C°(B,R?),
Ax(u,v) = 2H (w,x(w)) Xy A Xy, w € B.

If a solution of (3) additionally satisfies the relations

F. Sauvigny, Partial Differential Equations 2, Universitext, 305
DOI 10.1007/978-1-4471-2984-4 6, (C) Springer-Verlag London 2012
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IXu|? = [%0]?, Xy %X, =0 in B,

which means x represents a conformally parametrized surface, then x pos-
sesses the prescribed mean curvature H = H(w,x(w)). We now start with
two suitable solutions x,y of (3), consider the difference function

z(w) :=x(w) —y(w), w€B
and deduce an inequality of the form

sup [2(w)] < Clho,h, .-.) sup. |a(w)]. (4)
wEB wedB

The latter implies unique solvability of the Dirichlet problem for (3) and its
stability with respect to perturbations of the boundary values in the C°-
topology.

The special case H = 0: Let the two solutions x,y of the system (3) with
H = 0 be given. Then their difference

z(u,v) = x(u,v) — y(u,v) € C*(B) N C°(B)

is a harmonic function as well. We consider the auxiliary function

fu,v) := |z(u,v)|* = z(u,v) - z(u,v) = z(u,v)?, (u,v) € B, (5)
and calculate
Af(u,v) =V - -Vf(u,v) =V -V(z-2)
=2V(z-Vz) =2(|Vz|> + z- Az)
=2|Vz(u,v)* >0 in B.

7]

ou’ Ov
2-Vz = (2-2,,22,) € R?. The maximum principle for subharmonic functions
yields

Here we used the gradient V = ( ) and abbreviated the expression

sup |z(w)| < sup |z(w)]. (6)
weB weOB

In the general case H # 0, we start with two solutions x,y of (3) and
consider the difference function z(u, v) = x(u,v) — y(u, v). Then we introduce
the weighted distance function of W. Jager

F(u,0) = a(,0) P exp {3 (6(1x 0)) + ol (w,0))) b w =t iv € B,
(")

Here the symbol
¢ =¢(t) : [0,M*) — R € C([0,M?)) (8)
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denotes an auxiliary function, still to be determined, with an appropriate
quantity M > 0. In the distance function (7), we obviously can consider only
small solutions satisfying

|x(u,v)| < M, |y(u,v)] <M for all w=wu+iv € B. 9)

Now we shall choose ¢ in such a way that F fulfills a differential inequality
subject to the maximum principle. At first, we note that

Ve (06 +6(v?) — o3 (66 +6(y?)) [¢/(X2)(X Vx) + ¢ (y2)(y - Vy)} (10)
holds true. Then we calculate
VF = b0 NG (22) + 22! (x) (x - V) + ¢ () (v - V)] |
and consequently
e HNIHNTE = V(22) + 2o/ () (x- V) + ¢/ () (y - V) (1)
Applying the operator V to this identity, we obtain the subsequent

Proposition 1.1. The function F(u,v) defined in (7) satisfies the following
differential equation in B:

LF — (ef%<¢(x2)+¢(y2)>pu) + (ef%w(x?)w(y?))g))
1
= A2) + 522 [¢ () AR) + ¢/ () Aly?)]
+222 ¢/ (x%) (x - VX)? + ¢ (y*)(y - Vy)?]

+2(z2- V2) - [¢/ () (x - VX) + ¢/ (y?)(y - Vy)]

We intend to choose ¢ in such a way that LF > 0 in B holds true. At first,
we note that
|Ax| < 2|H| %, A Xy| < ho|Vx/|?

and obtain
Ax?) = 2(|Vx[? + x - Ax) > 2(|Vx]? — [x] | Ax])
> 9| Vx[2(1 — ho|x]),
A(y?) =2(IVyl* +y - Ay) > 2(|Vy|* - |y||Ay])
>2[Vy|*(1 = holy]) in B.

(12)
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Proposition 1.2. For allw € B' := {¢ € B | |2(¢)| # 0} we have
Alz2) — o 2. 2 (12 2 2 2
(z7) -2 2 V2 2 (hg + k) |27 (IVx[” + [Vy[7).

Proof: We evaluate A(z?) = 2(|Vz|? + z - Az) and estimate as follows:
z- Az| = |z (Ax — Ay)| = |z (2H (w,x)xy A Xy — 2H (w0, y)yu A Yo)|
< 2/H(w,X)[ |z (xu A Xo = yu AY)|
+2|H (w,x) — H(w,y)||2|[yu Ayl

< 2ho|(2, Zu, Xo) + (2, Yu, 20)| + I |2|*|Vy [

Z N\ Zy, Z N\ Zy
< 2o (0l o+ 0 b o) + 22
|z Azy|?  |zAz,)?
= |Z|2 |Z|2 +h8|z‘2(|xﬂ|2+|yu‘2)+h1|z|2|v}’|2
1
= [Vz|* — W{(Z -24)? + (2 2,)°}

+hilz? (|xo]? + |yul?) + hulzl*|Vy]*.

Interchanging x and y we add both inequalities and obtain
2
2|z - Az| < 2|Vaz|* - 2 ‘2( -Vz)? + hi|z*(|Vx|]? + |[Vy|*)

+ha |z (| Vx[* + [Vy[?).

Finally, we arrive at

A(z*) > 2 |Z|2( - Vz)? = (h§ + ha)l2*(IVx[* + [Vy[).

q.e.d.

We now combine the Propositions 1.1 and 1.2 with the formula (12) and
deduce
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LF = { = (b + k) + ¢/ (%) (1 = holx) ] |V

#{ = 03+ ) + S 571 = holyl) Y19y +2( % - va)”

2|
2|

o 2v2 (e Va) {d 600 T30+ 06 - V) b

2]
+2022{ 6" (x%) (x - Vx)? + ¢ (y*) (v - Vy)*}
> b (|x]) |2 Vx[2 + p(|y]) 2 | Vy[?

eI ()6 V) + vy TP

+2022{ 6" (x%) (x - VX)? + ¢ (y*)(y - Vy)*}.
Consequently, we obtain
LF > 3(|x) 2| Vx[? + b (|y )|z Vy [
2] 26" (x2) — ¢/ (x2)2) (x - VX)? + 26" (*) — ¢/ (v*)*)(y - Vy)*}
with the auxiliary function
P(t) == —(h§ + h1) + ¢'(t*)(1 — hot),  t € [0,M). (14)

In formula (13) we additionally required ¢'(t) > 0 for ¢t € [0, M?). Let us
determine a function ¢(t) : [0, M?) — R € C? such that

¢"(t) > =¢'(t)>  in [0, M?)

DN | =

holds true. This is obviously realized by the function
o(t) = —2log(M* —1), €0, M?),

with ¢/(t) = 2(M? — )71, ¢"(t) = 2(M? — )72 = %d)’(t)? for t € [0, M?).
Inserting this function ¢ and the corresponding function v into (13), we infer

that _
LF > y(x]) |2]* [Vx]* +¢(ly]) |2]*[Vy[*?  in B,

— (15)
if x| <M, ly|]<M in B

is correct. For all ¢ € [0, M) we have the estimate
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1— hot
M2 — 2

hi + ha 2 42 1 — hot
= 0T (M2
M2t2{ ( t)+2h3+h1

R24hi (o .- ho ho \?
ME ¢ 12+ +<hg+h1)

Y(t) = —(h§ + h1) +2

s PRI VE
(hR3+h1)?>  hi+h

h3 + hy 2(h3+h1)—h3_M2 0
= M2 —¢t2 (h3 + h1)? -

choosing

2
M= Vot 2 (16)

hE + hq
We therefore obtain the following

Theorem 1.3. (Jager’s maximum principle)
The function H = H(w,x) € C°(B x R?) is subject to the inequalities (2),
and by x = x(u,v), y = y(u,v) we denote two solutions of the H-surface
system (3). We now define

‘X(Uﬁ U) — Y(ua ’U)|2

FU ) = B () Y2 — [y (s o))

(u,v) € B. (17)

Here we assume |x(u,v)| < M, |y(u,v)| < M for all (u,v) € B with

V2 + 2hy

h%—f—hl

Statement: Then the function I satisfies the linear elliptic differential in-
equality

cr = {08 - B2 - PR} + {2 = xP) (M2 = [y}

Y]

0 mn  B.

Theorem 1.4. (Geometric maximum principle of E. Heinz) B
Let the function x(u,v) = (z1(u,v), ..., z,(u,v)) : B— R" € C?*(B)NC°(B)
denote a solution of the differential inequality

| Ax(u, v)| < a|Vx(u,v)|?, (u,v) € B. (18)

The smallness condition
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|x(u,v)| < M, (u,v) € B, (19)
may be fulfilled, and we have
aM <1 for the constants a € [0,+00), M € (0,400). (20)
Statement: Then we infer

sup [x(u,v)] < sup |x(u,v)|.
(u,v)EB (u,v)€0B

Proof: The auxiliary function  f(u,v) := |x(u,v)|?, (u,v) € B satisfies the
differential inequality

Af(u,0) = 2<|Vx(u,v)|2 +x(u,v) - Ax(u,v))
> 2(|Vx(u,v)]? = (s, v)| | Ax(u, v))
> 2(|Vx(u,0)? = alx(u,0)|[Vx(u,0))
> 2|Vx(u,v)[*(1 —aM) > 0 in B.

The maximum principle for subharmonic functions yields the statement above.
q.e.d.

Remarks:

1. If |x(u,v)| Z M on B is valid, we deduce |x(u,v)| < M for all (u,v) € B.
2. Theorem 1.4 holds true especially for solutions of the H-surface system
(3) with a = ho.

Theorem 1.5. (Jager’s estimate)
The function H = H(w,x) satisfies (1) and (2), and we set

\/h2 + 2hy
M= —
h(2)+h1

Furthermore, the symbols x and 'y denote two solutions of the H-surface sys-
tem (3) such that

|x(u,v)| < M, |y(u,v)] <M for all (u,v) € B. (21)

Additionally, we require ||X||coapy := sup |[x(w)| < M and ||y|co@r) < M.
wedB
Statement: Then we have the inequality

HX—Y||200(aB)

(M2 = |[x[1Z005) (M2 = I Z005))
(22)

LORS(CI I

(M2 = |x(w)[2)(M? — |y (w)[?)

for all w € B.
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Proof: We shall apply the geometric maximum principle of E.Heinz to the
functions x and y with a = hg. In this context we note that aM < 1 is valid
if and only if
h3(h3 + 2hq)
(h§ +h1)? —

or equivalently hg + 2hZh; < h§ + 2h2h; + h3 is correct - and the latter
inequality is evidently fulfilled. Therefore, Theorem 1.4 yields

[xllcom) < IXllcoony <M and  lyllcom) < [[¥lleo@n) < M.

We apply E. Hopf’s maximum principle to the auxiliary function F(u,v) from

Theorem 1.3 and obtain (22). qed

Corollary: In addition to the assumptions of Theorem 1.5 let the inequalities
||X||CO(aB) < M/ <M and ||yHCO(aB) < MI <M
be satisfied. Then we have a constant k = k(M, M') > 0, such that

% = ¥llcom) < kM, M)|x = yllco@s)- (23)

Remark: In the original paper of

W.Jager: FEin Mazimumprinzip fiur ein System nichtlinearer Differential-
gleichungen; Nachr. Akad. Wiss. Gottingen, II. Math. Phys. KI. 1976, 157-
164.

a maximum principle is derived even for systems of the form
Ax(u,v) = F(u,v,x(u,v), Vx(u,v)), (u,v) € B, (24)

under certain structural conditions for the right-hand side.

2 Gradient Estimates for Nonlinear Elliptic Systems

We take a domain 2 C R? and consider solutions
x = x(u,v) = (21(u,v), ..., 2,(u,v)) € C*(2,R") N C°(2,R") (1)
of the differential inequality
| Ax(u,v)| < a|Vx(u,v)|? +b for all (u,v) € £2 (2)
with the constants a,b € [0, +00). We require the smallness condition

|x(u,v)] < M for all (u,v) € 2 (3)
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for the solution of (1), (2) with the constant M € (0, +0c0).

Remark: The H-surface system, linear systems as well as the Poisson equation
are covered by the differential inequality (2).

Now we shall estimate the quantity |Vx(u,v)| from above, in the interior of
{2 and on the boundary - with respect to adequate boundary conditions.

Proposition 2.1. Let x = x(u,v) denote a solution of (1)-(3). Then the
function f(u,v) := |x(u,v)|? in 2 satisfies the differential inequality

Af(u,v) > 2(1 — aM)|Vx(u,v)|* — 2bM, (u,v) € £2. (4)
Proof: At first, we have
Af(u,v) = 2(|Vx(u,v)|? +x - Ax(u,v)) in Q.
Furthermore, the relation (2) yields the inequality
Ix - Ax(u,v)| < aM|Vx(u,v)* +bM in £,
and we infer (4). q.e.d.

Proposition 2.2. (Inner energy estimate)

Let the condition aM < 1 be satisfied and ¥ € (0,1) be chosen. Furthermore,
the disc Br(wg) := {w € C : |w —wp| < R} with the center wy € 2 and the
radius R > 0 fulfills the inclusion Br(wg) C 2. Then all solutions of (1)-(3)
satisfy the inequality

//|VX u, v)|? du dv

By r(wo) ( )
1 2w M - Ixc(w) — x(wo)| + wbM R?
—1og 0 | 1= aM yepptwn) O o1 —a)

Proof: Theorem 2.4 from Chapter 5, Section 2 implies that arbitrary functions
¢ € C?(02) N CO(N) satisfy the identity

P(wo) = 27TR / ¢(w) do(w // log |)A¢(w) du dv.
OBR(wo) Br(wo)
(6)
Inserting ¢(w) = |w — wp|? = (u —up)? + (v — v9)?, w € R? we obtain

1 R
=R — log— )4
0=R 5 //(og w wo\) du dv

Br(wo)

and consequently
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R TR?
log ——— dudv = —. 7
G 4 7)
Br(wo)

Inserting ¢ = f(u,v) = |x(u,v)|? into (6), Proposition 2.1 yields

— M R?
1-alM // log )|quv)|2dudv—b 2R
BR(’w(])
1
<
<5 (log = |)Af(u v) du dv
BR(wo)
1
=5 (£(w) = f(wo)) do(w)
BBR('LUD)

<2M sup |x(w)—x(wo)l.
wEABR (wo)

This implies the estimate

// log ‘)|Vx(u v)|? du dv

Br(wo) (8)
2w M Ix(w) (wo)| + TbM R?

sup x(w) — x(wy

—aM wEDBR (wo)

2(1 —aM)’
The inequality now yields (5). q.e.d.

Proposition 2.3. (Boundary-energy-estimate)
We have the condition aM < 1 and choose 9 € (0,1). The disc Br(wq) with
the center wg € R and the radius R > 0 satisfies

Br(wy) N2 = {w € Br(wp) : Imw > 0} =: Hp(wo). (9)
We set 0Hgr(wo) = Cr(wg) U Ir(wp) with
Crlwo) = {w € 0Br(wo) : fmw >0},
Ir(wo) := [wy — R, wo + R).
For all solutions x € C*(2) of (1)-(3) satisfying the boundary condition

x(u,0) =0 for all u € Ig(wp)
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we have the following estimate

/ |Vx(u,v)|* du dv

Hyr(wo) (10)
1 { ™M oM R? }

< — —
— —logv sup  fx(w) = x(wo)| + 4(1 — aM)

1 —aM weCR (wo)

Proof:

1. With the aid of a reflection we continue x as follows:

(11)

x(u,v) :=

{x(u, v), w=u+iv e Hg(wp)
x(u, —v), w € Br(wo) \ Hr(wo)
The function %X(u,v) is continuous in Br(wy) and satisfies the differen-
tial inequality (2) in Bgr(wg) \ Ir(wp). However, the function x,(u,v)
may possess jump discontinuities on the interval I(wp). We consider the
function

¢(u,v) = [%(u,0)]%,  (u,v) € Br(wo), (12)

which is subject to the differential inequality (4) in Bgr(wo) \ Ir(wo).
Furthermore, we deduce

¢ € C*(Bpr(wo)) and d(u,0) =0 = ¢p(u,0) in Ig(wp). (13)

We now show that formula (6) is valid for the function ¢ = |%|? as well.
Continuing as in the proof of Proposition 2.2, we then obtain the relation
(5) for the reflected function %X(w). The estimate (10) finally follows by
means of symmetry arguments.

. Choosing the parameter 0 < € < g¢ sufficiently small, we define the sets

Bf::{wE(C: 0<e<|w—wy <R, j:Imw>0}

and set r := |w —wy| € [0, R]. At the point wg we utilize Green’s function
1 R
Y(w) = Y(u,v) = o log [w —wo]
1 : (19
= %(logR—logr), w € Br(wo) \ {wo}.
With the aid of Green’s formula we calculate
1 R
%// (1og m_—wO‘)A(;S(uw) dudv = //(¢A¢ — A dudv
BE BE
(15)

- [ (g -oq)

oBE
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for 0 < € < gg. From the boundary conditions (13) and (14) for ¢ and ¢
we infer the following identity from (15) by addition

o // o Y avtwmyauan= 1 [ swdo)

BfuBZ OBR(wo)

[ st [ ()0

|w—wo|=¢ |w wo|=¢

with 0 < & < g9. On account of ¢ € C*(Bgr(wp)) the transition to the
limit € — 0+ yields

sw) =5 [ owdow)

8BR ’UJ()
// log w0l )A(b(u, v) dudv.
BR ’u)()
Following part 1 of the proof, we now arrive at the statement above.

q.e.d.

With the aid of Proposition 2.2 and 2.3, we now can estimate the oscillation
of x via the Courant-Lebesgue lemma on selected circular lines. Using the
Wirtinger operators

0 _1<a 0

ow~ 2\ou  'ov ; 1(8 6)

) and =5 (e g

we consider the complex derivative function

y(w) 1= xy(w), w € {2 (16)
The differential inequality (2) can be rewritten into the form

41X (w)] < dalxy, (w)|* +b

or equivalently

1
lyw(w)| < aly(w)|* + Zb for all w e Q. (17)
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By the oscillation inequalities we now shall estimate the Cauchy integral of
the complex derivative function y for solutions of (2).

Proposition 2.4. Given the assumptions of Proposition 2.2, each number ¥ €
(0,1) admits a number A = A(¥) € [}, 3], such that the derivative function
y(w) = x4y (w) for a solution x(w) of (1)-(3) satisfies the following inequality:

L / y(w) dw‘ _ 81/M2+%bMR2 1 i
2mi w — wy = VIogdy/1 —aM Y¥/—logd R
0Bxor(wo) (18)

+g19R sup  |y(w)]* + gﬂR.

wEByr(wo)

Proof:
1. Proposition 2.2 yields the following estimate for arbitrary ¢ € (0,1):

(19)

b 2
Jr 2y M2+ MR
V 2dudv <
/ |Vx(u,v)| uv_\/—logﬁ N

Byr(wo)

On account of the Oscillation lemma of Courant and Lebesgue from Sec-

tion5 in Chapter 1, we have a number A = A(¥) € [, ] satisfying

\/ M2+ EMR?
dx(w)] < —2 : ! (20)

< .
= Viegd /1 —aM +/—logd

9B x9r(wo)

2. We set B := Byyr(wo) and p := AMJR. With the aid of the Gaussian
integral theorem in the complex form (see Chapter 4, Section4), we derive
the identity
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oB oB

w — Wy

(21// (w — wp)xy (w )}dudv>
- z/ (= 00) X () dudv

_ % / / (=) ym(w) du do.

B

3. We now estimate as follows:

1 dx(
—/ y(w) dw| < — L //\w wo|yz(w)| du dv
2mi ) w — wo 27r \w w0| 02

OB

<5 /Id |+Qbup lyw(w)|

9 ax M2+ EMR*

~ mIR1ogd V1—aM +/—log?d

IR , b
+5 (asu () +3)

B g M2+LtMR2

YR \/logdy/1 — aM /—log?

b

+29R sup  |y(w)|* + <9R.
weByr(wo) 8

q.e.d.
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Proposition 2.5. With the assumptions of Proposition 2.3 we consider the
reflected gradient function

ixy(w), w e Hr(wp)

z(w) := { . (21)

—iXg (W), w € Br(wg) \ Hr(wo)

This function belongs to the class C°(Bgr(wg)) N C*(Br(wo) \ Ir(wo)) and
satisfies the differential inequality

|zw(w)| < a|z(w)|* + Z for all w € Br(wo) \ Ir(wp). (22)

Furthermore, there exists a number A = \(¥) € [%, 1] for each 9 € (0,1), such

that
L / z(w) dw‘ _ 8\/M2+%bMR2 1 l
2mi w — wo ~ Vlog4y1—aM Y/—logd R
9Bx9r(wo) (23)
b
—l—gﬁR sup  |z(w)|? + ZYR.
wE By r(wo) 8
Proof:

1. According to the relation (11) we reflect x(u,v) and obtain the function
X(u,v) satisfying

| A% (u,v)| < a|Vx(u,v)[* +b for all  (u,v) € Br(wg) \ Ir(wp). (24)

We observe x,(u,0) =0 = Imz(u,0) in Ig(wp), and the function defined
in (21) is continuous in Br(wp). Furthermore, we have

. {xw(w) = —iz(w), w € Hp(wo)

N — ;o (25
xw(W) = iz(w), w € Br(wy) \ Hr(wo)

and (24) yields the inequality (22). In part 1 of the proof for Proposition
2.4 we replace x by the function %, and we deduce

4 ]\42-‘1-21\4}22 1
|d%(w) - : (26)

<
|*x/log4 Vi—aM /—log?¥

9Bx9r(wo)
with a suitable A = A(9) € [, ). The Courant-Lebesgue lemma is namely
applicable to the function %, whose derivatives might possess jump dis-
continuities at the interval Ig(wyp).
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We now follow the arguments in part 2 of the proof for Proposition 2.4,
and we additionally set

B* .= {w € Byor(wg) : £tlmw > 0},

c* .= {w € OByyr(wp) : tImw > O}.

The calculation there yields

C/i - iC[ = %(C/ (w0 — w0)i% (w) dw). (27)

We observe that the integrand (w — wy)iX, (w), approaching the interval
Ir(wg) from above or from below, is subject to a change of sign, and we

infer
/ Xy (W) dw + / — Xy (W) dio — i / dx(w) 4 / dx(w)
w — Wo w — Wy w — Wo w — Wo

c+ C- c+t c-

([ wmon)

OB+

+Qi( / <w—wo><—i>xw<w>dw)
S
o o)
—-2 // (= 00)Kur(w) dudy
-2 Z// (= w0) K (1) dut .

Taking (25) into account, we obtain the following estimate:

i. / _2(w) dw| = = / (W) dw + / Zu(w) dw

211 w — Wy 2 w — Wy w — Wy
0Bx9r(wo) c+ -

|dx(w)|

271' |w — wo| w0|
oB

/|w wo| |2z (w)| du dv.
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We now deduce the estimate (23) as in part 3 of the proof for Proposition
2.4. Therefore, we replace the function y by z and utilize besides (22) the

oscillation estimate (26). qed

Remark: With adequate assumptions, Proposition 2.5 remains true for the
discs with centers wg € C and Imwqy > 0 satisfying

Br(wy) N2 ={w € Br(wy) : Imw > 0}.

The estimate of Dirichlet’s integral in Proposition 2.3 remains correct - in a
slightly modified form - also in this situation. We shall use the Propositions
2.3 and 2.5 in the next section, in order to derive a global C'T“-estimate.

We are now prepared to prove the profound and central

Theorem 2.6. (Gradient estimate of E. Heinz)
A solution x = x(u,v) of the problem (1)-(3) with aM < 1 is given on the
bounded domain 2 C R%. We define

O0(w) == dist{w, 002} = inf |(—w|, weSN and d := sup 6(w).
CeC\n2 weN

Then we have a constant C' = C(a, M,bd?), such that the inequality
§(w)|Vx(w)| < C(a, M, bd?) for all we 2 (28)
is satisfied.

Proof:

1. At first, we assume x = x(u,v) € C*(£2,R") and consider the continuous
function

p(w) :==d(w)ly(w)l,  we (29)
with y(w) = x,(w), w € 2. Due to the boundary condition ¢|s; = 0 this

function attains its maximum at an interior point wy € 2. Setting R :=
d(wo) > 0 we obtain Br(wg) C (2. We then apply the Proposition 2.4:

For an arbitrary number 9 € (0,1) we find a quantity A = A\(¥) € [3, 1],
such that
2 2
L- / y(w) dwl < c1(a, M, bd?) n bd*
27i w — Wy Y/ —log ¥ 8
0By r(wo) a (30)
+-9R? sup |y(w)]?
2 wEByr(wo)

holds true with the constant

8y/ M2 + §bMd?
c1(a, M, bd?)

B Viogdy/1 —aM
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On the disc B := Byyr(wo) of radius ¢ := MR € (0,R) we infer the
following integral representation from Theorem 5.5 (Pompeiu, Vekua) in
Chapter 4, Section 5:

y(wo):i d dv. (31)
2m ) w— wo w — wo

OB

The first integral on the right-hand side of (31) has been estimated in
(30). We introduce polar coordinates and observe (17); then we obtain
the following inequality for the second integral in (31):

< — sup |yz(w |// dudv
T weB |U} -

< B (a sup  |y(w)]* + é)ZﬂiﬁR (32)

n wEByr(wo) 4

d dv
w — Wo

1
<a¥R?> sup |y(w)]® + ZbdQ.

weByr(wo)

2. From (29)-(32) we infer

$(wo) = d(wo)ly(wo)| = Rly(wo)|

< ala, M,bd%) bd ) §bd2 L3R swp |y (w)[?

Uy/—log 2 w€Byr(wo)
c1(a, M, bd*) bd?) 9 9 5(w) 2
—bd YR
ENaTA * 2“ we;ff(wo){R—ﬁRly(w”}
2
< ci1(a, M, bd?) n 3 e 3a ¥ sup (w2

— Jr -
¥y/—log ¥ 3 2 (1 - 19)2 wE By r(wo)
Consequently, we have the inequality

cl(aaM?bdQ) §bd2+3_a v

P(wo) < W 3 B m‘b(wO)Q (33)

for all ¥ € (0,1).
3. Taking ¥ € (0,1) we define

3a s

Ol( ) = Em >0 with ﬁgrg+a(ﬁ) =0
and
_ ci(a, M, bd%) bd?) 3., . . _
B = = s ghd > 0wt lim () = +oc.
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Then we deduce
3acy(a, M, bd?) 9abd?y9

a(®)BW) = I AT e 50, 9—=0+.

Setting ¢ := ¢(wp) we obtain the inequality

a()t? —t+B(W) >0  forall o€ (0,1). (34)

We note the equivalent statement

(-mm) = Thar - ve0n @

There now exists a quantity Jg = ¥o(a, M, bd?) € (0, 1) satisfying

0 < da(9)3W) < % for all 4 € (0, 0], (36)
which implies

1— 4a(9)B0) > for all 9 € (0, ). (37)

1
2
When we introduce the functions

) = 12V T0)

R 9 e (0,190],

the relation (35) yields the subsequent alternative for each number ¥ €
(0,90], namely
t<x" (9 or t>xT(0). (38)

Since the functions x~(¢) < x*(¥), ¥ € (0,9 depend continuously
on the parameter ¢ in the interval (0,vy] and the asymptotic behavior
19111%1 Xt (¥) = 400 is correct, we infer

—0+

t<x (¥ for all ¢ € (0,9].
This implies
1

t < X_(ﬁO) = X_(ﬁO(CL?M? bdz)) = §C(G,M, bd2) (39>
and consequently

sup 0(w)|Vx(w)| = 2 sup §(w)|y(w)| = 2 sup ¢(w)

wes? we? we 2

= 2¢p(wp) = 2t < C(a, M,bd?).

We thus obtain the desired estimate (28) in the case x € C1(£2,R").
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4. Now we assume only the regularity x € C?(£2) N C°(§2). Then we apply
the estimate (28) on the set

2, = {wEQ : dist{w,89}>5} for 0<e<eg
at first, and we obtain
(8(w) — &)|Vx(w)| < C(a, M, bd?) for all w € 2 (40)

with an arbitrary parameter 0 < & < eg. The transition to the limit
e — 0+ yields

§(w)|Vx(w)| < C(a, M, bd?) for all w e £2.

q.e.d.
We consider the compact set K C C and introduce the linear space
C'(K,R") := {x € CY(K,R") : sup [Vx(wy) = Vx(ws)] < +oo},
wi, w2 EK ‘wl _wQ‘a

w1 Fw2

where o € (0,1) has been chosen. When we endow this space with the C1T<-
Holder-norm

)

Vx(wy) — Vx(ws
Illencsey 2= sup bx(w)] + sup [Vx(u)] + sup (VX0 = Vx(wa)
weK weK wy, w2 €K |’lU1 - w2|
w1 Fws2
(41)
the set C17%(K,R") becomes a Banach space. We easily infer the following
result from Theorem 2.6 above, namely

Theorem 2.7. (Inner C'**-estimate)

Let a solution x = x(u,v) of (1)-(3) with aM < 1 be given on the bounded
domain 2 C R2. We choose an arbitrary number € > 0 and consider the
compact set

K. = {w € 2 dist{w,00} > 6},

and additionally we fiz the exponent a € (0,1). Then we have a constant
C=C(a,M,b,d,e,a) € (0,+00), such that

||X||C1+°‘(K5) < C(CL,M, b7 d7€7a)' (42)
Proof: At first, we infer the inequality

sup |x(w)| <M
weK.

from (3), and Theorem 2.6 yields the gradient estimate
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2C (a, M, bd?)

V()] < ==

for all we Ks. (43)

For all points wg € K. we have the representation

1 X (W) Xuww (W)
Xy (Wy) = 5 / — w* // pr—— dudv w, € B (wo)

aB%(wo) Ba(wo)

(44)
due to Theorem 5.5 (Pompeiu, Vekua) in Chapter 4, Section5. On account
of (43) the first parameter integral satisfies a Lipschitz condition in the disc
B%(wo), with a Lipschitz constant depending on a, M,bd?,s. Furthermore,
the relation (43) implies

sup |xym(w)| < Ci(a, M,b,d,e) < +oo.
weKe
2

We apply Theorem 4.12 (Hadamard’s estimate) from Section4 in Chapter
4 to the second parameter integral in Be(wg) and get a Holder condition
depending on a, M, b, d, ¢, a. Therefore, the relation (44) yields the inequality

X (w1) — X (w2)| < Cafa, M, b,d, e, a)|wy — wa|® (15)
for all wy,wq € K%E C 1.

Finally, we obtain the estimate (42). q.e.d.

3 Global Estimates for Nonlinear Systems

We continue our considerations from Section 2 and quote these results by the
additional symbol *. Let us define the unit disc £ := {{ =&+ in : |[¢| < 1}
and consider solutions of the problem

x =x(¢) = (x1(&n), .-, 2a(&m) € C*(B,R") N CH(E,R"),
|Ax(§,m)| < a|Vx(En) +b  forall (§n) € E,

x(n) <M forall (§n) €k,

x(&,m) =0 for all (¢,n) € OF

(1)

with the constants a,b € [0,+00) and M € (0,400). We intend to esti-
mate |Vx| in E from above and to establish an adequate apriori bound for
[[%[l¢1+a ) - To achieve this aim, we map the unit disc £ conformally onto the
upper half-plane C* := {w = u +iv : v > 0} with the aid of the following
Mobius transformation (compare Example 7.6 in Chapter 4, Section 7):

C+i
iC+1’

f(¢) = CeE;  [:O0E\{i} R (2)
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We now define the ray

S::{C:—it‘ogtgl}cE

and the interval

J:z{wziv‘OSvﬁl}C(C“‘.

The function

) ne [_1’0] (3)

then maps the ray S bijectively onto the interval J. The inverse mapping of
f is denoted by

(=gw): C" = E, R—=0FE\{i}, J—S. (4)

With the parameter p € [0,27) we consider the rotated rays

S, == {5 — ¢ (e S}
and the family of conformal mappings
gu(w) = eg(w),  weC*, ()
Evidently, we have
gu: CT < E conformal, g,:J < S, for 0<p <27 (6)

Setting
0= {w e Ct : dist{w, J} < 1}7

we have a constant 8 € (0,1) such that the distortion estimate
1
B < g, (w)| < 3 forall we N andall ue[0,2m) (7)

is correct. With the aid of arguments from Section 2, we now prove the fol-
lowing

Theorem 3.1. (Global C'*®-estimate)
Let x = x(&,n) denote a solution of (1) with aM < 1, and let the exponent
€ (0,1) be chosen. Then we have a constant C = C(a,b, M, &) satisfying

[%llcr+a @) < Cla,b, M, a). (8)

Proof:
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1. By the method of Theorem 2.6* we now shall estimate |Vx| in E from
above. In this context we consider the function

B(Q) = bec(Ql = 5 IVx(Q, €T, )

which attains its maximum at a point {; € E. For this point ¢y € E
we find a number p € [0,27) and a point wy € J C CT UR satisfying
gu(wo) = (o. We fix the angle p and suppress the index. Via the mapping
(5) we now introduce new parameters (u,v) into the function x = x(&,7)
and reflect x o g(u, v) at the real axis v = 0 as follows:

. xog(u,v), w=u+iveCrUR
x(u,v) :=

xog(u,—v), w=u+iweC :={weC: Imd <0}
(10)
A simple calculation shows

%(u,v) € C>(CTUCT)NCYHCT UR)NCY(C),

sup |x(u,v)| < M, X(u,0) =0 forall u € R,
u+iveC
| A% (u, v)| < a|Vx(u,v)]? +52 forall w=wu+ive NTUN,
(11)
where we abbreviate 27 := {w € C : w € 27}. We now choose R =1
as fixed and ¢ € (0,1) arbitrarily. Then we estimate the energy as in
Proposition 2.3*, namely

/ |V (u,v)|? du dv.
B19 (wg)
(Please observe the Remark following Proposition 2.5%.)

2. We now make the transition to the reflected complex derivative function

iXyp(w), w e Bi(wy)NCT

z(w) = { . - (12)

—iXg (W), w € By(we)NC~

from Proposition 2.5*. This function is continuous in Bj(wp) and satisfies
the differential inequality

|z (w)| < alz(w)|* + % for all w € By(wp) \ R. (13)

The integral representation from Theorem 5.5 (Pompeiu, Vekua) in Sec-
tion 5 of Chapter 4 is valid for z as well, and we have

z(wo):% /wz(wwo // 0 wod udv  (14)

OBy (wo) Bw(wo)
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with arbitrary parameters 9, A € (0,1). In the derivation of this formula
we integrate separately on the half-planes C*: Since z is continuous on
the real line R, the curvilinear integrals on the real line annul each other.
We use Proposition 2.5% and get a number A\ = A(J) € [}, 3], such that
Cauchy’s integral of z can be estimated as follows:

1 z(w) ‘ ci(a,b,M) b 5
—_ ———dw| < +—+ 19 su z(w 15
2mi / w — Wy 9v/—logd 8p2 wer()wO) [2(w)l” (15)

OBy (wo)

with the constant
8/ M? + gz M
ala,b M) = ————=—.
Viogdv/1 —aM

Parallel to (32)*, we deduce the following estimate from the differential
inequality (13):

dudv| < ad su z(w)]? + —. 16
//w o L ()
Bw (wo)
Noting that
|2(w)] = [%u(w)] = |x¢ 0 g(w)||g'(w)],  weCTUR,

the relation (7) yields the inequality

;|z( )| for all w € By(wg) NCH. (17)

We then obtain the following estimate from (14)-(16):

Blz(w)] < ¢(g(w)) <

6(Co) = d(g(un)) < ;|z<wo>|

ci(a,b, M) 3b 9
< + —= 19 sup |z(w
619\/ 710g 863 25 we By (wo) ‘ ( )|

ci(a,b,M)  3b 2

< o sup P(g(w
BYIy/—logd = 83 263 wEBy (g )ACF (9(w))
ci(a, b, M) +3_b+ 3a

= BY/—logd 8B3 2/33

Therefore, the subsequent inequality holds true

(o).

ci(a,b, M) +3_b+23ﬁ3 96(Co)?  forall 0<9<1. (18)

)= By Togd 8
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4. Parallel to part 3 of the proof for Theorem 2.6*, we obtain the existence
of a constant C7 = C1(a,b, M) from (18), such that

sup [Vx(¢)| = 2sup ¢(¢) < Ci(a, b, M) (19)
CeR CEE

holds true. We apply the representation formula (14) - valid in E - to the
function x,,. Then we find a constant Co = Cy(a, b, M, ) for the number
a € (0,1) given - as in the proof of Theorem 2.7* - such that

[Vx(C1) = Vx((2)| < CalCy — G|*  forall (,Ge B (20)

is valid. The statement (8) can now be inferred from the inequalities (19)

and (20). qed.

4 The Dirichlet Problem for Nonlinear Elliptic Systems

We choose the parameters « € (0,1) and M € (0, +00) and prescribe periodic
boundary values - with the period 27 - on the boundary of the unit disc
B:={w=u+iv : |w| <1}, namely

g=2g(t) = (91(t),...,9n(t)) : R = R" € C37*(R,R™),

1
lg(t)| < M for all t eR. (1)

Now we concentrate our interest on the Dirichlet problem

x = x(u,v) = (z1(u,v),...,7,(u,v)) € C**(B,R"),
Ax(u,v) = F(u,v,x(u,v), Vx(u,v)) for all (u,v) € B,
|x(u,v)| < M for all (u,v) € B,

x(cost,sint) = g(t) for all teR.

(2)

As our right-hand side F we prescribe a homogeneous quadratic polynomial
in the first derivatives

Vx(u,v) = (14 (w, v), . . ., Tpu (U, v), T10 (U, V), . . ., Tny(u,v)).

The coefficients are assumed to depend Holder-continuously on the variables
u,v and Lipschitz-continuously on the vector x, and we require that they
vanish on the exterior space |x| > M. More precisely, we define the function

F(u,v,x;p,q) = (F1(...),..., Fu(...)) : B xR® x R?" x R*" — R,
(3)

2n
Fk(U,'U,X;p,q) = Z fi];(uvvvx)pinv k:]-v"'vn'
ij=1
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Here the coefficients fulfill

F(w,x) =0 forall we B and x€R"™ with |x|> M,

|fh(w,x)| < K forall we B and x€R"™ with |x| < M,

£ (w, %) = 5 (@0, %) < L{Jw — @|* + |x — %[}

for all w,w € B and x,%x€R"”
fori,j=1,...,2n and k = 1,...,n; where the constants K, L € [0+ co) are

given. Finally, we use the following function F as the right-hand side in (2),
namely

F(u7v7x7 p) = F(u7,U7X; p7 p)) (u7 U) E F’ X e Rn? p e RQ"'

All elliptic systems appearing in differential geometry are of the following
form:

Ax(u,v) = F(u,v,x(u,v); Vx(u,v), Vx(u,v)) 5)
= F(u,v,x(u,v), Vx(u,v)), (u,v) € B.

Fixing (u,v,x) € B x R", the subsequent mapping

(p,a) = F(w,x;p,q) (6)

is bilinear but not necessarily symmetric.
Choosing a parameter a € [0, +00), we now require a growth condition for the
right-hand side F':

n 2n 2 2n
|F(w,x; p,p)| < alp|*or equivalently, | > ( > sz(w,x)pipj) <a) p}
i=1

k=1 Vij=1

forall we B, x€R" p=(p,...,p2n) € R?".

(7)
Remarks:

1. On the basis of (3) and (4) we can certainly find a constant a satisfying
(7). One should optimize this constant, however. Though the constants
K, L from (4) do not enter quantitatively into our later existence result,
this is the case for the constant a.

2. If the condition aM < 1 is fulfilled, then a solution x = x(u,v) of (2) is
subject to the geometric maximum principle of E. Heinz

sup_[x(u,v)| < sup |x(u,v)]. (8)
(u,v)EB (u,v)€OB

In order to solve (2), we make the transition to zero boundary values. In this
context we solve the following boundary value problem by potential-theoretic
methods (compare Theorem 6.8 in Chapter 9, Section 6):
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y = y(ua U) € 02+Q(F7 Rn)a
Ay(u,v) =0 for all (u,v) € B, 9)
y(cost,sint) = g(t) for all ¢teR.

The maximum principle for harmonic functions yields

suply(u,0)] < M. (10)
(u,v)EB

If x denotes a solution of (2), we then consider the difference function
z(u,v) = x(u,v) — y(u,v), (u,v) € B, (11)
which belongs to the space
2+ (B) = {Z(u,v) € C2*(B,R") : #(u,v) = 0 auf aB}.
Now the function z satisfies the following differential equation:
Az(u,v) = Ax(u,v) = F(u, v, x(u,v); Vx(u,v), Vx(u,v))
F(u,v,y(u,v) + z(u,v); Vy(u,v) + Vz(u,v), Vy(u,v) + Vz(u,v))
(

F(u,v,y(u,v) + z(u,v); Vz(u, v), Vz(u, v))
+F(u,v,y(u,v) + 2(u,v); Vy(u,v), Va(u, v))
+F(u,0,y(u,v) + 2(u, v); Va(u, v), Vy(u, v))
+F(u, v, y(u,v) + 2(u, v); Vy(u, v), Vy(u,v))
=: G(u,v,z(u,v), Vz(u,v)) for all (u,v) € B.

(12)
Therefore, the function z(u,v) € C2+%(B) satisfies an inhomogeneous differ-
ential equation with quadratic growth in its gradient. We choose an arbitrary
e > 0, and with the aid of (7) we deduce the following inequality

|Az(u,v)| = |F(u, v,y (u,v) + z(u,v), Vy(u,v) + Vz(u,v))|
< alVy(u,v) + Vaz(u,v)?

< o{|Vy(u,v)? + %wy(u,vn VEIVa(u,0)| + [ Va(u,v) ]

1
< a(1+9)|Va(u,v)* + a(1+ 2 ) [Vy(u,0)?
1
< a(l +¢)|Va(u,v)|* + a(l + —) sup |Vy(u,v)[?
€/ (u,v)eB
(13)
for all (u,v) € B. Very important is the subsequent
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Proposition 4.1. (A priori estimate)

Let the constants a € (0,1) and a € [0, +00), M € (0, +00) with 2aM < 1 be
chosen. Then we have an a-priori-constant Cy(a, M, o), such that all solutions
of the problem

z = z(u,v) € C2(B)NCY(B),
Az(u,v) = G(w, z(w), Vz(w)) forall we B, (14)
z(w) =0 forall we 0B
satisfy the following estimate:
2]l crsa @ ey < Cila, M, ). (15)
Proof:
1. At first, we verify the subsequent statement:

sup |z(w)| < 2M. (16)
weB

If this were violated, there would exist a point wy € B satisfying
2M < [z(wo)| < [y(wo) +z(wo)| + |y (wo)| < |y (wo) + z(wo)| + M

and consequently
M < |y(wo) + z(wo)|.

For continuity reasons we can find a disc B,(wp) C B such that
ly(w) + z(w)| > M for all w € B,(wy). (17)
On account of the assumption (4) for the coefficients Z’; we infer

Az(w) = F(w,y(w) + z(w); Vy(w) + Vz(w), Vy(w) + Vz(w))

(18)
= O, w e BQ(’U)O).
‘We now consider the function
o(w) = |z(w)\2, w € B,(wy), (19)

which is subharmonic due to
Ap(w) = 2(|Vz(w)[* + z(w) - Az(w)) = 2|Vz(w)|* > 0 in  By(wo).
Choosing wg € B in such a way that

|z(wo)| = sup |z(w)]
weB

holds true, the subharmonic function ¢(w), w € B,(wp) attains its maxi-
mum at the interior point wgy. Therefore, we obtain
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o(w) = ¢(wp) in  B,(wo). (20)
A continuation argument finally yields
d(w) = ¢p(wp) in B

contradicting the statement ¢(w) = 0 on 9B. Consequently, the relation
(16) is satisfied.
2. Formula (13) gives us the differential inequality

|Az(u,v)| < a(1 4+ €)|Vaz(u,v)|* + b(e), (u,v) € B, (21)

where we have set

1
be) := a(l + —) sup |Vy(u,v)|?
3 (u,v)€B
We choose € > 0 so small that a(1 +¢)2M < 1 is fulfilled, and Theorem

3.1 from Section 3 yields the following a priori estimate (15) on account of

(16) and (21). q.e.d.

We now transform (14) into an integral equation. We consider the Banach
space

B = {x e CY(B,R") : x(w) =0 on aB}

endowed with the norm
[-=1"llc:@rn)
and define the balls
By = {XE B x| < N}

with the radii N > 0. Taking 0 < A < 1 we investigate the nonlinear integral
operators (¢ = £ + in)

Vi@l = [[ o] |GG (0). Val) dedn. we B, (22
B

With the aid of the Leray-Schauder degree of mapping, we shall construct a
solution of the nonlinear integral equation z = V;(z). The latter then solves
(14), and by the transition (11) we obtain a solution of the problem (2). At
first, we need the following

Proposition 4.2. Green’s operator

ww) € COB) L)y = f%// log‘lciic‘u(g) dedy, we B,
B
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maps the space C°(B) continuously to the space
CH*A(B) = {v(w) e C*(B) : v(w) =0 for allw € 83}
for each number 5 € (0,1). Therefore, we have a constant Ca(B) satisfying

||L(U)HC1+/3(§) < CQ(ﬁ)HuHCD(E) forall we CO(E) (24)

Proof: One should utilize the potential-theoretic estimates from Chapter 9,
Section4 and Theorem 4.12 (Hadamard’s estimate) from Section 4 in Chapter

4 for the complex derivative a%}L(u). qed

Proposition 4.3. Let the number 8 € (0,1) be chosen arbitrarily. Then the
nonlinear integral operator Vy : B — CiJrﬁ(E, R™) is continuous and as the
operator Vy : B — B even completely continuous for all 0 < A < 1.

Proof: We observe the following connection for all 0 < A < 1, namely
Va(z) = A\L(G(+,z(-), Vz(+))), z € B. (25)
On account of (4), the function
F(,y+2,Vy+Vz Vy+ Vz) = G(-,z,Vz), z € By (26)

satisfies a Lipschitz condition in the ball By with an arbitrary radius N > 0
in all three components, where the Lipschitz constant may depend on N.
Therefore, we have a constant C5 = C5(K, L, N) satisfying

”G(v z, VZ) - G(a Z? VZ)HCO(E) < 03(Kﬂ La N)HZ - ZH

N (27)
for all z,z € By.
Proposition 4.2 now yields
IVa(2) = V@)l gres 5y < AC2(B)Cs(K, L, N)|[z — z| (28)

for all z,z € By.

Consequently, the operator Vy : By — cith (B) is continuous. Furthermore,
we infer the following estimate from Proposition 4.2 on account of (26) and
(4), namely

V(@) cres @) < AC2(B)G(- 2, V2| co )

(29)
< Cy(K, N, B), z € By.

Therefore, the operator Vy : B — B is completely continuous. q.e.d.

With the aid of topological methods we now prove the following
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Theorem 4.4. Let the constants o € (0,1) and a € [0,400), M € (0,400)
with aM < % be chosen. Furthermore, let the boundary values g from (1) be
prescribed, and let the right-hand side F be defined as in (3) satisfying (4) and
the growth condition (7). Then we have a solution x = x(u,v) of the Dirichlet
problem (2).

Proof: We choose the quantity N := Cy(a, M, «) + 1 with the constant C;

from Proposition 4.1 as radius for the ball By in the Banach space B. We
consider the family of operators

Id -V, : BN—>B, ZHZ—VA(Z), 0< A<, (30)

For A = 0 the mapping possesses a zero, namely z = 0 € 5. On account of
Proposition 4.3 the operator V) : By — B is completely continuous for each
A € ]0,1]. Furthermore, the family V, depends continuously on the parameter
A € ]0,1]. We now show that the statement

(Id—Vy)(z) #20  forall ze€dBy andal Xe][0,1] (31)

is correct. If z € OBy namely would be a zero of Id —V) with a parameter
A € ]0,1], we infer

z = V,(2). (32)
The solution of this integral equation represents a solution of the Dirichlet
problem

z = z(u,v) € C?(B) N C}(B),
Az(u,v) = AG(u, v, z(u,v), Vz(u, v)), (u,v) € B, (33)
z(u,v) =0, (u,v) € 0B.

In (14) we replace G(...) by AG(...), and Proposition 4.1 yields an evident
contradiction with the inequality

HZHCI+a(§’Rn) < Ol(a’a M, a) =N-1<N= ||Z||C1(§,Rn)~

Therefore, the relation (31) is fulfilled. Because of the Leray-Schauder theorem
(compare Chapter 7, Section 3) the mapping (30) possesses at least one zero
z = z(w) for each parameter A € [0, 1]. Specialized on the parameter A = 1,
this zero solves the Dirichlet problem (14). Theorem 4.4 from Chapter 9,
Section4 now implies z € C%+*(B,R"). If y = y(w) represents the solution
of (9), we obtain a solution of (2) with x(u,v) = y(u,v) + z(u,v), (u,v) € B.
The property
sup |x(u,v)| <M
(u,v)EB

is easily established as in part 1 of the proof for Proposition 4.1. q.e.d.
We now specialize our result to the H-surface system from Section 1. Taking

the boundary values g(t) from (1) in the case n = 3, we consider the Dirichlet
problem



336 Chapter 12 Nonlinear Elliptic Systems

x = x(u,v) = (21(u,v), 22(u, v), 23(u,v)) € C2+a(§7 Rg)a
Ax(u,v) = 2H (u, v, x(u, v))Xy A Xy (1, v) in B,

|x(u,v)] < M in B, (39
x(cost,sint) = g(t) for teR.
Here we prescribe the function H = H(w,x) as follows:
H=H(wx): BxR*—ReC*B xR with
[H(w,x)| < ho, |H(w,x) -~ Hw,y)| < hix~y|, weB, xyeR?
H(w,x) =0, weB, xeR® with |x|> M.
(35)

When we set
F(u,v,x(u,v), Vx(u,v)) := 2H (u, v, x(u, )Xy A Xy (0, v),
the right-hand side (3) appears in the form
F(u,v,x;p,q) := 2H(w,x)p' A q” with p,q € R® and

p = (p’,p") = (p1,p3, P35, 01, P5,p5), a=(d,4d") = (d1,4. 45,41, 43, q5).
(36)
We then have the growth condition

|F(w,x;p,p)| < 2|H(w,x)[[p’ Ap"| < ho(Ip']* + [P"|*) = holp/?

_ 5 G (37)
forall we B, xeR’ peR°.

Theorem 4.4 immediately implies the following

Theorem 4.5. (E. Heinz, H. Werner, S. Hildebrandt)
In the case hoM < % the Dirichlet problem (34) possesses a solution, with the
boundary values (1) and the right-hand side (35).

Remarks:

1. E.Heinz solved the Dirichlet problem (34) for the case H =const in 1954
by means of the topological method presented here.

2. H. Werner has attained the condition hoM < %

3. With the aid of variational methods, S. Hildebrandt has solved the Dirich-
let problem (34) even in the case H = H(x) and hoM < 1.

4. Due to Jager’s maximum principle from Section 1, the Dirichlet problem
(34) is uniquely solvable in a ball of the radius

h0+h1

Therefore, Theorem 4.5 yields an existence result for large h; without
answering the uniqueness question.



5 Distortion Estimates for Plane Elliptic Systems 337

5. According to Section 1, Theorem 1.5 and its corollary, the Dirichlet prob-
lem (34) is stable with respect to perturbations of the boundary values in
the C°(B,R?)-norm under the conditions given there. Consequently, we
can even solve the Dirichlet problem (34) for continuous boundary values.

We finally note the following

Theorem 4.6. In the case H(w,x) = hg or H(w,x) = —hg with hy > 0 and
hoM < %, the Dirichlet problem (34) possesses exactly one solution of the
regularity class C*t%(B,R3) N C°(B,R3), for the continuous boundary values
g =g(t) € CY_(R,R") satisfying |g(t)] < M, t € R.

Proof: We smooth the constant function H at the boundary of the ball |x| < M
in such a way that H vanishes for all [x| > M. Then we solve (34) for C2+°-
boundary values and approximate the continuous boundary values g uniformly
with the aid of Theorem 1.5 from Section 1 and Theorem 2.7 from Section 2.

q.e.d.

5 Distortion Estimates for Plane Elliptic Systems

We begin with the important

Theorem 5.1. Let the radius R > 0 be given, and we consider the disc
Br:={w=u+iweC: |wl <R}
and the pseudoholomorphic function f(w): Br — C € C*(Bg,C) satisfying
|fw(w)] < M|f(w)|,  w € Bg, (1)

with a constant M € [0,+00). Furthermore, there exists a constant K €
(0, +00) such that
0<|f(w)| LK, w € Bgr (2)

is fulfilled. Finally, we choose the number r € (0, R). Then we have the fol-
lowing inequalities for all points w € B,., namely

r R—r
£ (w)] < K757 SME| f(0)| 70 (3)
and __2r _8MR(Rir) Rtr
|f(w)| > K~ "re™ mr  |f(0)|F7. (4)
Proof:

1. The inequality (3) can be transformed into
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and (4) is equivalent to

0) |7
% , w € B,.

fw)| - supnso
Wl

With f(w) the function f(w) satisfies the inequality (1) as well. Therefore,

is suffices to verify the estimates (3) and (4) only for the case K = 1.

. We define the potential

a(w) = w € Bg, (5)

and note
lalloo == sup |a(w)] <M < +o0.

weBRr

Consequently, the function f satisfies the differential equation

d
< f(w) =a(w)f(w), we By (6)
and is pseudoholomorphic in the sense of Definition 6.1 from Chapter 4,

Section 6. From the similarity principle of Bers and Vekua, given there,
we infer the representation formula

flw) = ew(“’)d)(w), w € Bp, (7)

with the function ¢ being holomorphic in Br and the following integral

(C=¢&+1in)

W(w) = _% //C“E—szdgdn, w € Bn. (8)
Br

‘We note

M 1
|z/1(w)|§—//7d§d77§%27r2R:4MR7 w € By
™ |¢ — w| v
Br

and obtain
e—AMR < ‘ew(w)| < e4MR7 w € Bg. 9)

Together with (2) and (7), we deduce
0 < [¢(w)] = e[| f(w)| < M, w e Bp. (10)
We consider the nonnegative harmonic function

x(w) :=4MR —log |p(w)| >0,  w € Bg.
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Theorem 2.5 (Harnack’s inequality) from Section 2 in Chapter 5 yields the

estimate R R4
—r r

< < B, 11

7 X0 s x(w) < 7= x(0),  web (11)

for all r € (0, R). We rewrite this inequality into the form

R—r
log [6(w)| < 4MR — L (401 R — log [9(0))
+r (12)
R—r 8M Rr
=—1 B,
o logloO) + o, we
and R+
r
log |¢(w)| > AMR — —— (4MR —log |$(0)])
- (13)
R+r 8M Rr
=1 - B,
T loglp(0)] ~ S, we
respectively. Via exponentiation we arrive at
[b(w)| < e [p(0)| 7, we B, (14)
and 8MRr Rir
lp(w)| = e™ 7= [p(0)| 7=, w € By (15)
. From (7) and (9) we infer
e Mp(w)| < |f(w)| < ™MFd(w)],  w € Bp. (16)
Together with (14) we obtain
[F(w)] < M F[g(w)| < MR |g(0)]| R

< MR SR e4MR§—;;|f(O)|§—;:
= SMIFO, we B,

and finally the inequality (3) stated. Correspondingly, the relations (16)
and (15) imply

S8MRr R+4r

[f(w)] > e M p(w)| > e MFe™ 7= 6(0)| 7=

> e~ AMRo—S5IE o —AMRELD £(0)| 7oy

— e SMRES|F(0)| 7, we B,

and we get (4). q.e.d.



340 Chapter 12 Nonlinear Elliptic Systems

Theorem 5.2. (Heinz’s inequality)

We take the unit disc B :== {w = u+iv € C : |w| < 1} and consider the
plane mapping z(u,v) = (x(u,v),y(u,v)) € C*(B,R?). The latter may satisfy
the differential inequality

|Az(u,v)| < a|Vz(u,v)]* + b|Vz(u,v)]| in B (17)
with the constants a,b € [0,4+00), may be subject to the smallness condition
|z(u,v)| <m in B (18)
with a constant m € (0, +00), and it is positive-oriented as follows:
0
Jz(u,v) == agz:zg >0 for all (u,v) € B. (19)

Finally, we require the condition am < 1. Then there exist constants
C*(a,b,m,r) > 0 for each number r € (0,1), such that

C~(a,b,m,7)|Vz(0)| 7 < |Vz(w)| < CT(a,b,m,r)|Vz(0)| 775 , w € B,.
(20)
Proof:

1. We take the parameter A € (0,400) and deduce the following estimate
from (17):

|Az(u,v)| < a|Vaz(u,v)* + 2 \|Vz(u,v)] b
2
> (21)

b
< (a+ ) |Va(u,v)|* + in B.

axz
Then we choose A = A(a,m) > 0 so small that (a + A\?)m < 1 holds true.
Theorem 2.6 from Section 2 gives us the following estimate in the disc Br
of radius R := 4~ € (r,1):

|Vz(u,v)| < Ci(a,b,m,r), w € Bpg. (22)
We obtain the linear differential inequality when we insert into (17),

namely
|Az(u,v)| < (aC’1(a, b,m,r) + b)|Vz(u,v)|

= Cs(a,b,m,r)|Vz(u,v)] in Bg.

2. We utilize the auxiliary function f(w) := @y (w) + iy (w) : B — C and
calculate

[fw)? = f(w)f(w) = (2w + iy) (za — iya)

= |zwl® + ol — i(@wys — Toyw)

(23)

= V()P ~ i)t i) — (et i) 00— i)}
1 10(z,y)
ij(mF+§m%w B
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On account of (19), we infer

aw) <) < LVaw),  weB. @)

3. The relations (22)-(24) imply the inequalities

[fw)] = {1 Aa(w) + idy(w) = 71 dn(w)

IN

iC’g(a, b,m,r)|Vz(w)| (25)

1
S 502(a7b7m7r)|f(w>| in BR

g|Vz(w)\ < gCl(mb,m,r) in Bg. (26)

and
0<[f(w)] =

Therefore, the function f(w) is pseudoholomorphic in Bg with the con-
stants

1

M = M(mb,m,?”) = 502(a7b7m7r)7
2

K = K(a,b,m,r) := %C'l(éhb’mﬂ“)-

With the aid of the identities g;; = f;;r and £ = 37 Theorem 5.1
yields the estimate

K e R O] < | f(w)] < KSR )57 (27)
in B,.. Taking (24) into account, we then find the inequality (20) with the

N | Ut
a-priori-constants C=(a, b, m,r) > 0. q.e.d.

The following class of mappings is particularly important for problems in
differential geometry:

Definition 5.3. With the constants a,b € [0,+00) and N € (0,+00] be-
ing prescribed, we denote the following class of mappings by the symbol
I'(B,a,b,N):

i) The function z(w) = (z(u,v),y(u,v)) : B — R? € C?(B) N C°(B) maps
the circumference OB topologically and in a positive-oriented way onto the
circular line 0B;

11) The mapping z is origin-preserving which means z(0) = (0,0);

iit) We have the condition

Jz(w) = >0 for all w=u-+iv e B;
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i) The function z satisfies the differential inequality
|Az(u,v)| < a|Vz(u,v)|* + b|Vz(u,v)| in B;

v) Dirichlet’s integral of z fulfills

D(z) := // <|zu(u,v)|2 + |zv(u,v)|2> dudv < N.
B

Remarks:

1. With the aid of the index-sum formula we easily see that the mapping
z: B — B is topological.

2. In the special case N = 400, we do not require a bound on Dirichlet’s
integral D(z).

3. E.Heinz has studied this class of mappings and applied it to differential-
geometric problems.

4. Linear systems - appearing in the special case a = 0 - have already been
considered by P. Berg.

We now prove the profound

Theorem 5.4. (Distortion estimate of E. Heinz)

Let the parameters a,b € [0,400), N € (0,400), and r € (0,1) be chosen.
Then we have constants 0 < O(a,b,N,r) < A(a,b,N,r) < 400, such that
each mapping z = z(w) € I'(B,a,b, N) satisfies the inequality

O(a,b,N,r) <|Vz(w)| < Aa,b, N, r) for all w € B,. (28)

Furthermore, the modulus of continuity for the mappings on B is estimated
according to the formula (29) given below.
Proof:

1. At first, we show the intermediate statement: For all functions z = z(w) €
I'(B,a,b,N) and all numbers § € (0, 1) we have the estimate

TN
[2(wr) — 2(w)| < 4, [ 2
for all wp,w; € B with |wy —wy| < 6.
We assume
N
4 T T <2
log 5

without loss of generality, since (29) would be trivial otherwise. We choose
an arbitrary point wy € B. Via the Courant-Lebesgue oscillation lemma
we find a number §* € [4, /8] such that
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mN
log %

[ datw) <2

weB
|Jw—wo|=6"

holds true. We define the following sets
Q::{w€§:|w—wo\§6*}, 'y::{weﬁz\w—w(ﬂ:é*}
and their topological images 2 := z(£2), 4 := z(v). Now we distinguish

between the following cases: .
Case a: {2 C B. Then we infer 02 = 4, and the length of 4 satisfies

on account of (30). Since the mapping z is topological, we obtain

N
|z(w1) — z(wo)| < 24 /17T—1 for all w; € 2. (31)
og 5

Case b: 92N JB # (). Then we have a point z € 4N JB, and the relation
(30) yields

ﬁCK::{ge(C: -2 <2 ”—NI}
log

0

On account of |z] = 1 and

TN

2
log %

<1

the statement 0 ¢ K holds true; and due to 6* < V/§ < 3 and 002N9B # 0)
we have 0 ¢ (2. Since the mapping z : B — B is topological and origin-
preserving, the relation 4 C K implies the inclusion 2 ¢ K. We obtain
the following estimate for all points wy € 2, namely

TN

l2(w1) — 2(wo)| < |2(w1) — 2] + |2 — z(wo)| < 4y /-
0g 5

(32)

When we additionally note § < §*, the relations (31) and (32) yield the
proof of the intermediate statement (29).
2. The function z = z(w) € I'(B, a, b, N) satisfies the differential inequality

|Az(w)| < a|Vz(w)|* +b|Vz(w)| < (a+ 1)|Vz(w)\2—|—bz in B. (33)
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We now choose the number r € (0,1) so large that the quantity 6 :=
157 > 0 satisfies both conditions § € (0, 1) and

N 1
(a+1)4, [ — < =. (34)
log 5 2
We consider an arbitrary point w € Bi_5 = B ri1 and associate the

auxiliary function
x(w) = z(w) — 2(B), we 2= {w €B: jw—|< 5}. (35)

On account of (29) and (33), we then have

2

b o
| Ax(w)| < (a+ 1)|Vx(w)[* + 7
36
— (36)
sup [x(w)] < 4, [
we IOg K

When we additionally note (34), the gradient estimate of E.Heinz from
Section 2, Theorem 2.6 yields the inequality

\Vz(w)| = |Vx(w)| < A(a,b, N, 6)

L (37)
=: A(a,b,N,r) for all W€ Bry.
Therefore, we have obtained the estimate (28) from above.
3. We now choose the number r € (0,1) so large that the quantity § =
satisfies the conditions § € (0, 8) and

besides (34). From (29) we deduce
1
|z(w)| > 3 forall weC with r=1-20 < |w| <1. (38)

We now consider the curve y(t) := z(twp), 0 < ¢t < 1 associated with a
point wg € OB,.. Then we calculate

N | =

1

< fafun)| = la(uwo) - 2(0) < [ Iy’ ()] di =Iy'(t0)] < [Valtouwo)
0

with an element tq € [0, 1]. Therefore, we have a point

— 1
wy = towo € By with  |Vz(w.)| > 3
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4. On account of (37), the function z satisfies the linear differential inequality

|Az(u,v)| < (aA(a,b, N,r) 4+ b)|Vz(u,v) in Brii. (40)

2

We apply Heinz’s inequality from Theorem 5.2 (for a = 0 and B — B LSS
B, — B;). Then we obtain the following estimate in B,

C~(a,b,N,7)|Vz(0)|¢- ") < |Vz(w)| < C*(a,b,N,7)|Vz(0)[+)  (41)

with certain exponents o+ (r) > 0 and constants C*(a,b, N,r) > 0.
When we additionally take (39) and (41) into account, we find a constant
O©(a,b, N,r) > 0 such that

|Vz(w)| > O(a,b, N, ) for all w € B, (42)

holds true for arbitrary mappings z € I'(B,a,b, N). Consequently, the

estimate from below in (28) has also been proved. qed

6 A Curvature Estimate for Minimal Surfaces

We can even prove distortion estimates for the class I'(B, a, b, +00) of those
mappings without a bound for Dirichlet’s integral, if a € [0, %) holds true. We
confine ourselves to the class I'(B, 0, 0, 400) of one-to-one harmonic mappings
on the unit disc B and begin with the

Proposition 6.1. (Continuous boundary behavior)
The harmonic mapping z = z(w) of the class I'(B,0,0,+00) may satisfy

|z(e?) — z(e?)| < e forall @€ [¥—46,9+/] (1)

with an angle ¥ € [0,2m), a number § € (0,%), and a quantity e > 0. Then
we have the estimate

z(re™) — z(e™)| < e + sirilz 6(1 —) forall re(0,1). (2)

Proof: We invoke Poisson’s integral formula

s
1 1—7r2

z(re'?) = or | v o T|2z(eiw+‘p)) de

and obtain the following inequality for all » € (0,1):
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, , 11— ,
iy 0 iW(0+e)\ 0
alre’) = 2(e)) < 5 [ e ) — (e ) dg

-0
1 11— i i
= g/mIz(e W) — a(e”)| dg
4

1 1 — 2 i i
/ ) — ale )

27r et —
-5

1 r 1—7r? ; ;
- i(94)\ _ 0
3 [ (e ) — e ) de.

s

Here we have used

1—
277/ r dgo—l for all r e (0,1).

e —

Now we observe |e¥ —r| > siné for all ¢ € [, —6] U [d, 7] and all r € (0,1).
We note (1) and infer

. , 11—72 (1-r)(1+r)
z(ret®) — z(e? - 2. 2r4+e<2————F +¢
|z(re™) ( )|—27T sin o - sin? §

4
< ——(1=r)+e for all =€ (0,1).

sin® § q.e.d.

Proposition 6.2. Let z = z(w) : B — B denote a topological mapping. Then
we have an angle ¥, € [0,27) for each integer n € N, such that
2

i) _ g(ettn)| < 28 Il A A | 3
2(e) 2 < orall peln-T0u+T) ()
Proof: We partition the circle 9B into n arcs oy, . .., o, of the equal length %’T,

and denote their images with respect to the topological mapping z by v =
z(oy) for k = 1,...,n. Evidently, their lengths |yg| fulfill |yq|+...+]|y,| = 27.
Therefore, we find an index m € {1,...,n} with the property |y,| < 2=. If
e’ with ¥,, € [0,27) denotes the center of the arc o,,, the relation (3) is

satisfied. qed.

In 1952, E. Heinz proved the following remarkable result:

Theorem 6.3. There exists a universal constant © > 0, such that each one-
to-one harmonic mapping z = z(w) € I'(B,0,0,400) satisfies the inequality

|Vz(0)| > ©. (4)
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Proof: We choose the mapping z € I'(B, 0,0, +00) and the integer n € N. Be-
cause of Proposition 6.2, we find an angle ¢,, € [0,27) satisfying (3). Propo-
sition 6.1 then yields the estimate

27 4

|z(re?n) — z(e')| < — + o (1—r) forall re€(0,1). (5)

At first, taking the integer n € N sufficiently large and afterwards choosing
the radius r € (0,1) suitably, the right-hand side in (5) becomes less than or
equal to %, and we infer

[2(re?)] > [a(e")| — [a(re”") — 2(e?")| > <. (6)
As in _part 3 of the proof for Theorem 5.4 in Section5, we then find a point
w, € B, satisfying

N =

1
Vaw)| > 5. 7
We obtain the following estimate via Heinz’s inequality from Section 5 Theo-
rem 5.2, namely

1437

IVz(0)] > CF(0,0,1,7) T |[Va(w,)| T

(8)

_ 1437

> (2C1(0,0,1,7)) " Tr =: O,

since the radius r € (0,1) has been determined independently of the mapping
z above. q.e.d.

We now prove the following result with the aid of the uniformization method.

Theorem 6.4. (Curvature estimate of E. Heinz)

Let the radius R € (0,400) be chosen arbitrarily and the disc
Br:={z=z+iyeC: |z| <R}

be defined. Then we have a universal constant M € (0,4+00), such that all
solutions of the minimal surface equation

z = ((z,y) € C?>T%(Bg,R), a € (0,1),
MC(z,y) == (14 () )Coa — 2CCyCay + (14+2)Cyy =0  in Bgr

satisfy the estimate

9)

1
111(0, 0)2 + 52(03 0)2 S ﬁM (10)

for their principal curvatures ;(0,0) with j = 1,2 at the point y(0,0) of the
graph y(z,y) == (z,y,{(z,y)), (z,y) € Br.
Proof:
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Using the uniformization theorem (compare the subsequent Section 8), we
introduce isothermal parameters into the Riemannian metric

ds® := |Yw‘2dx2 +2(yz 'Yy) dr dy + |Yy‘2dy2

(11
= (14 ¢2) da® + 2¢:Cy du dy + (1 + ¢7) dy?, (z,y) € Bg,
of the class C'T%(Bg). We take the uniformizing mapping
f(u,v) = z(u,v) + iy(u,v) : B— Br € C***(B, Bg), (12)

£(0,0) =0,

and consider the surface

x(u,v) =y o f(u,v) = (f(u,v),¢ o f(u,v)) = (2(u,v),y(u, v), 2(u, v))
(13)
of the class C27(B,R?). This surface is subject to the differential equa-

tions
Ax(u,v) =0 in B,

(14)
x| — |Xo] =0 =xy - Xy in B.
In particular, the plane mapping
1 —
g(u,v) = = f(u,v), (u,v) € B, (15)

R

belongs to the class I'(B, 0,0, +00). Theorem 1 now yields |Vg(0,0)| > ©
and consequently
[Vf(0,0)] > OR, (16)

with the universal constant © > 0.

. The normal to the surface y(z,y) in direction e = (0,0,1) is denoted by

the symbol

Y(xvy) = !

(GG, () € Br

and we define X (u,v) := Yo f(u,v), (u,v) € B. Due to Theorem 1.4 from
Section 1 of Chapter 11, the following mapping

X:B—St:= {z:(zl,zg,zg) €ER?: |z| =1, 23 >0} (17)

is antiholomorphic. We now consider the stereographic projection from
the south pole (0,0, —1), more precisely

o=o0(z): ST — B conformal. (18)

The mapping h(u,v) := o o X(u,v), (u,v) € B is antiholomorphic and
consequently harmonic. Therefore, we find a constant A € (0,+00) such
that

[VX(0,0)] < 4 (19)

holds true.
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3. We now evaluate via considerations from Chapter 11, Section 1 as follows:

#1(0,0)% + k2(0,0)* = —2x1(0,0)r2(0,0) = —2K(0,0)

X A X, (0,0)]
=2|K(0,0)| =2———F—F
[K(0,0)] 50 7 5%0(0,0)]
_LIVXO0F _ [VX(0,0)?
- T Vx(0,0)2 T TV £(0,0)[?
A? M
S R T R
Here we have set the quantity M := 23—2. q.e.d.

We obtain the following result as a corollary from Theorem 6.4, namely

Theorem 6.5. (S. Bernstein)
Let 2 = ((z,y) : R? - R € C*"#(R?) - with pu € (0,1) - denote an entire
solution of the minimal surface equation M((x,y) = 0 in R%. Then we have
coefficients a, 5,7 € R such that

((z,y) =ax+By+y in R
is satisfied, which means C is an affine-linear function.

Proof: We consider the transition to the limit R — 400 in the estimate (10)
and obtain x1(0,0) = 0 = k2(0,0). Since this argument is valid at each point
of the minimal graph, we infer

k1(z,y) = 0 = ka(z,y) in R2. (20)

Consequently, the surface y(z,y) = (x,9,¢((x,9)), (z,y) € R? represents a

lane.
P q.e.d.

Remarks to Theorem 6.4 and 6.5:
1. We owe the curvature estimate in Theorem 6.4 to:

E.Heinz: Uber die Lésungen der Minimalflichengleichung. Nachr.
Akad. Wiss. Gottingen, Math.-Phys. K. (1952), 51-56.

2. Curvature estimates for surfaces of prescribed mean curvature have been
established by:

F. Sauvigny: A priori estimates of the principle curvatures for immer-
stons of prescribed mean curvature and theorems of Bernstein-type.

Math. Zeitschrift 205 (1990), 567-582.
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3. In his thesis, S. Frohlich has derived curvature estimates for stable solu-
tions of the Euler equations for parametric elliptic functionals - in partic-
ular for relative minima. Here we refer the reader to:

S. Frohlich: Curvature estimates for p-stable G-minimal surfaces and
theorems of Bernstein-type. Analysis 22 (2002), 109-130.

7 Global Estimates for Conformal Mappings with
respect to Riemannian Metrics

We define the unit disc £ := {x = (z!,2?) € R? : |x| < 1} in the coordinates
(z1,2?%) and the unit disc B := {w = u+iv € C : |w| < 1} in the coordinates
u+iv 2 (u,v). We prescribe the Riemannian metric
ds® = g (2!, 2?) da? da*k
= g11(z!, 2?) (dzt)? + 2g12(2t, 22) dzt da® + goo (2t 22) (d2?)?

(1)

on the disc F. Here we use Einstein’s summation convention and require the

coeflicients to satisfy
gjx = gjr(zt, %) € C'T*(E,R) for j,k=1,2;
912(»?1,992) 1921($17$2) in E

(2)

and

NP < gj(at, a?)e7er < Zf¢f?

for all ¢ = (¢4,€%)eR? and (2',2%) € F,
with the constants a, A € (0,1).

> =
—~
w
~~

Proposition 7.1. The C?-diffeomorphic, positive-orientied mapping
x = x(u,v) = (2" (u,v),2*(u,v))* : B — E € C*(B,R*) N C°(B, E)

may satisfy the weighted conformality relations

zd (u,v) gk (z' (u, v), 2*(u, v))z (u,v) = 0 in B, (4)
:Ci (u, ”U)gjk(l'l, zz)xﬁ(u, v) = 1’% (u, v)gjk(xlv xz)xﬁ (u,v) in B. (5)

Then the function x satisfies the nonlinear elliptic system
Azl + Fjlk(a?ixﬁ +aiaf)y =0 in B for 1=1,2 (6)

where we have used the Christoffel symbols

14 .
F;k = §gl (gki,mj +gij7wk - gjk,ﬂ)) jvkal = 1a2 (7)
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with the inverse matriz (¢7%); =12 = (gjk);éﬂ o Therefore, x represents a

harmonic mapping of the disc {B, (6;x)} onto the disc {E, (gjr)}, with the
unit matriz (855 ) j k=12

Proof: We derive the equation (4) with respect to the variable v and the
equation (5) with respect to the variable u:

k _
v _07

j k j k j l
xfngk% + xigjkxvv + xigjk,rlw )

1
ko l Jk
uly — ixugjk,a:’xvxv'

. . 1 .
k k
xzngkxv - xigjkxuu + §$igjk,;ﬁ$
When we insert the second equation into the first, we obtain
j k
u

. , 1 1 ,

k k.l l l k _
migjkAx + Z{ngk,mlxvxv + Exigjk,rlx Ty — E‘rugjk,mlx{)xv =0
as well as

_ 1 .
al ginAat + =03, (Ghjat + Gjt,ah — Giewr ) (@hal, + abal) = 0.

Interchanging the variables u with v in these calculations, we deduce analo-
gously

, 1 .
xigjkﬂka + §$%(gkj,xl + Gjt,ar — gzk,aﬂ)(ﬂ?ﬁmfi + xfxfj) = 0.

Since the vectors x, and x, are linearly independent, we obtain

1 .
9k A" + = (Grjat + Gitor — Gieas) (g + 242l) =0, j=1,2.

Multiplication by the inverse matrix (¢*) finally yields

6t Ak + §g” (Grjat + Gjrar — glk,xj)(xﬁxz +aFzl) =0, 1=1,2

and consequently

Azt 4 TP ek 2l + abal) =0, i=1,2.

q.e.d.
We have the following convention for our class of mappings, namely
x(0,0) = (0,0)". (8)
Furthermore, we define the positive-definite matrix
Gzt 2?) := (gjr(z",2?))j k=12 0 E — R**2, (9)

Via the principal axes transformation we determine its square root G 3 (xt, 2?),
carrying out this operation for the positive eigenvalues. Then we calculate
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2

[

This implies

G x{, )] [ 0)| = 5 {300 G oxu + x5 0 Gl 0} (10)

for all (u,v) € B. With the aid of (3), we obtain

A2 o(x!, x? 1
7|Vx(u,v)\2 < % < 2—)\2|Vx(u,v)|2 for all (u,v) € B. (11)
We define the discs E, := {x € F : |x| < r} for the radii r € (0,1), and
similarly B, := {w € B : |w| < r}. Then we introduce the monotonic
function

v(r) = max, gikllcreazry, 7€ (0,1). (12)

Theorem 7.2. (Inner estimates for conformal mappings)
Associated to the metric (1)-(3), let the mapping

x =x(u,v): B— E € C*(B)nC°(B)

represent a weighted conformal, positive-orientied C?-diffeomorphism with
(4), (5), and (8). For each number r € (0,1) given, we then have a con-
stant © = O(r, A\, (L)) > 0 and a constant A = A(r, A, a, y(“F)) < +o0,
such that the estimates

o(xt, x?)
Jx(u, v) D v) e for all (u,v) € (13)
and
%[ c2te (B, r2) < A (14)

hold true. Furthermore, the class of mappings above is equicontinuous.
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Proof: We follow the arguments in the proof of Theorem 5.4 from Section 5.
On account of (11), we comprehend

2 O(x!, a2 2r
D(x)gﬁ//ﬁdudv:ﬁ. (15)
B

Therefore, we can estimate the modulus of continuity in B parallel to part 1 of
the proof quoted above. From (6), (7), (3), and (12) we deduce the subsequent
differential inequality for an arbitrary radius r € (0, 1), namely

Ax(u,v)| < a|Vx(u,v)|? in Brii, 16
2

with the constant a = a(X,y(42)) € (0,+00). Then we estimate |Vx(u,v)|
in By from above for sufficiently small numbers € > 0, and the transition to
a linear differential inequality is possible. On account of (11) we finally obtain
the constant © from (13), as in part 3 and 4 of the proof quoted above. We
further deduce (14) via potential-theoretic estimates.

q.e.d.
With the complex derivatives
o= (el —iad), wh= s id), =12
we rewrite the weighted conformality relations into the complex form
xi)(u,v)gjk(xl(u,v),xz(u,v))xﬁ,(u,v) =0 in B. (17)

Furthermore, we modify the equation (6) and obtain harmonic mappings in
the complex form:

1 ) .
gl ST (el ek 2l ab)y =0  in B; l=1,2. (18)

97 ww

We easily infer the following result from the weighted conformality relation.

Proposition 7.3. (Elimination lemma)
We have the constants p(A) > 1 and 0 < p1(A) < p2(X) < +o0, such that
all weighted conformal mappings (4) and (5), with respect to the arbitrary
Riemannian metric (1)-(3), satisfy the following inequalities:

L

m\xw(w)l < Jag ()] < pN)lzy, ()|, we B, (19)

and

.’,Cl x2
e < F) < S o) < i@ we B,
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Proof:
1. The weighted conformality relation (17) yields
g (zt, 2zl al = —2g10(xt, 2zl 22 — goo(at, 2?)a? 22 in B.

With the aid of (3) we deduce

M |* < lgual | |* < 2lgial |y, | |25,| + g2z 7,

1
<22 (218 + Lz

21
< Dl p2 (__ ) 22
— 2|xw| + )\AZ +>\ $w|
A 24+ A2
= Sl T e

and consequently

$1|2§4+2)‘2 2|2

)\4 w € B.

Similarly, we find

44+ 2)°
|x2 |2 S _;4 1 |2

w € B,

by resolving the weighted conformality relation (17) with respect to

g22(at, 2?22 a2 . Setting 11(X) := 55v/4 + 2A% we obtain (19).
2. We now estimate

= (N, (w)?,  we B,
with po()) == 2(1 4 u(\)?). Taking (11) into account, we find

6(301,962) A2

o) > g VRl =20 (jay (w)P + [y (w) )

1 1
>m%r+MM)m<>P=mummww, we B,

with 1 (\) := 2X2(1 + u(i)z) > 0. Therefore, the relation (20) has been
shown. q.e.d.

We now prove the important
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Theorem 7.4. (Global estimates for conformal mappings)

The metric ds? from (1)-(3) with the coefficients gjx(zt,2%) € C1**(E,R)
for i,k =1,2 may be given, and we consider the weighted conformal, positive-
oriented C?-diffeomorphism

x = x(u,v) = (2! (u,v),2*(u,v))*: B—E € C*B,R*)NCY(B,E) (21)

from (4), (5), and (8). Then we have the regularity property x € C*T*(B,R?)
and the following a priori estimates

Jx(u,v) > O for all (u,v) € B (22)
and
1%l 2o @ R2y < 4 (23)

with the constants © = O\, a,v(1)) > 0 and A = A(\, a,v(1)) < +oo; here
the function ~(r) is defined in (12).

Proof:

1. On the circular line JF we consider the tangential vector-field
t(z!, 2?) := (—2% 2h)* : OF — R?
and the constant vector-field e = (1,0)*. Furthermore, let
a(z',2?) = (a* (2!, 2?),a®(x*, 2?))* : OF — R?

denote a vector-field of length 1 with respect to the metric ds?, which
means '
a (2t 2?) gk (2, 2?)a" (2t 2%) = 1 on OE. (24)

We choose a(z!, 22) such that its oriented angle to the tangential vector

t(x!, 22) in the Riemannian metric coincides with the Euclidean angle
between e and t(z', 2?). With the symbol

b(zt, z?) = (b} (z!, 2?),0* (21, 2%))* : OF — R?

we denote the unit vector-field orthogonal to a(z!, #?) in the Riemannian

metric ds?, which is oriented as follows

1l 52\ pl(,1 .2
det (a(z', 2?), b(z", 2?)) = Z (xl,x ) bl (2!, 22)

2(1' ,.’L'Q) bQ((El,Q?Q) >0 on 8E (25)

The weighted conformal mapping x(u, v) then possesses the following free
boundary condition

(xu(w), xy(w)) = v(w)(a(x(w)), b(x(w))), w € 0B, (26)

with the function v(w) : 0B — (0, +00). Finally, we find a function
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o= <p(x x) 8E—>R€Cl+°‘(8E)

o) e = ( 2

such that

<a1(x1,x2) , bl(xi,x2)> . (Cosgo(

a2(at,02) | b (at,02) ) © \sin gl

Hb—l

)
holds true on OF.

. We now utilize the Schwarzian integral formula from Theorem 2.2 in Sec-

tion 2 of Chapter 9, namely

2m
1 [et+z .
F(z):= %/mgp(e by dt, z=x'+irx? € E, (28)
0

with the function ¢ € C'*®(9E) defined in part 1. Now the function
F(z) is holomorphic in E, and via potential-theoretic methods (compare
Theorem 4.6 in Chapter 9, Section4) we see

F(z) € CT*(E,C),  |IFllciam < Cl@)llcr+e@m). (29)
Furthermore, I satisfies the boundary condition
Re F(2) = ¢(2) for all z € OF. (30)

The function
f(z) :=exp{iF(2)}, z€E (31)

of the class C1T(E,C \ {0}) is consequently subject to the following
boundary condition

f(2) = o(2)e®), 2 €0E, (32)
with the positive real function

o(z) = e FE) z € OE. (33)

. From (32) we deduce the following boundary condition for the function

y(w) := zl (w) f(x(w)) : B — C, namely

for all points w € B. From (26) and (27) we infer
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Imy(w) = === (2, (w) sin p(x(w)) =z, (w) cos p(x(w)))
= VDD (41 () sim o) — b o)) o 3())
=0 for all w € 0B.
(34)
Furthermore, we calculate
yw =zl f(ah, 2?) + 2l for (at, 2?)at + xl foe (2!, 2?22 in B.

Together with the relations (18), (19), and (29), we arrive at the differen-
tial inequality
yw(w)| < aly(w)]?,  we B, (35)

with a constant a = a(\, a, (1)) € (0, +00).
. As in Section 3 we transform the unit disc F onto the upper half-plane
C* via the mapping g : C* — E and apply the reflection

xog(w), Imw >0
: (36)
xog(w), Imw <0

x(w) = (&' (w), 3% (w)) = {
From (15) we infer a growth condition for Dirichlet’s integral of x(w) de-
scribed in Section 2, Proposition 2.2 and 2.3. Here we utilize the Courant-
Lebesgue lemma, estimate the area by the length of the boundary curve
via the isoperimetric inequality, and obtain a growth condition for Dirich-
let’s integral due to (11).
Similarly to Proposition 2.4 and 2.5 in Section 2, we now estimate the
oscillation of x(w) on discs in the interior. Then we obtain the following
estimates with the notations applied there:

2 [ IRe@dw) = [ )< [ o)

OBy x(s)(wo) 9By (v)(wo) 9By (v)(wo) (37)
_ oW
— /—log?

Now we have functions o* = p* (2!, 22) : Ct — C\ R depending on the
metric ds?, such that

for j7=1,2.

2 (w) = oF (%(w))zL (w) for we C\R with +£Imw >0 (38)

w w

holds true (compare the formulas (5) and (6) in Section 9). Consequently,
we have

1 . .1 2C' (A
2 / IRe (2, (w) dw)| + 2 / Re (0F (x(w)) &L, (w) dw)| < —— l(og)ﬁ’

OBy (v (wo) OBy x(s)(wo)
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which implies

/ 5L (w) duw| < \/% (39)

OBy () (wo)

5. Now we consider the reflected derivative function

o) = {y 0 g(w) =}, (9(w)) f ((w)), Tmw >0

) , (40)
yog(w) = 25(9(w)) f(x(w)), Imw < 0

and z is continuous according to the boundary condition (34). With the
aid of (39) and (29), we then obtain an estimate for the Cauchy inte-
gral of z(w) - as described in Proposition 2.4 and 2.5 of Section2. We
apply the method of Theorem 3.1 from Section 3 and find a constant
AN a, B,7(1)) < +oo satistying

yllcresm < AN @, 8,4(1)  forall B € (0,1) (41)

on account of (35). We still observe (19), and the system (6) together with
potential-theoretic methods yield the inequality

HXHCQ-%—O(EJR?) <4 (42)

with the a-priori-constant A = A(\ «a,7(1)). Finally, we apply Theo-
rem 5.1 from Section5 to the nonvanishing function y(w), w € B. The
methods of proof for Theorem 5.4 from Section5 provide a constant
O = O(\ a,v(1)) > 0 satisfying

Jx(u,v) > 6 for all (u,v) € B, (43)
on account of (20). This completes the proof of our theorem. q.e.d.

Remark: When the condition gjx(x!, %) = §; is valid in the neighborhood of
the circular line OF for the Riemannian metric, we can reflect the mapping x
at the circumference: Then we do not need the Schwarzian integral formula
(28) above.

8 Introduction of Conformal Parameters into a
Riemannian Metric

We continue our deliberations from Section 7 and quote those results by adding
the symbol *. We shall introduce conformal parameters into the metric ds?
from (1)*, (2)*, (3)* of the class C1*®(E). This means to solve the system
(4)*, (5)* of the weighted conformality relations and to transfer the metric
ds? into the isothermal form
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ds® = o(u,v)(du® + dv?) in B, o(u,v) >0 in B. (1)

At first, we achieve this aim for metrics ds? whose coefficients in the C*+®(E)-

norm have a sufficiently small deviation from the isothermal metric
dr? = g(xl,x2)5jk da? da® in E, @
o(z',2%): E — (0,400) € C*T(E).

We define the surface element of ds® by

2!, 22) = (det G(2',22))?
9( ) = ( ( ) 3

= Vou(a!,22)gan (2!, 22) — gia(a!, 22)? in E.

In order to render the subsequent calculations into a more simple form, we
set (z1,2%) = (z,y) = 2 € £ and

G(xl,xz) = (gjk(x1,$2))j7k:172 = (Zéi:g; igi:z;) in E. (4)

We shall construct a positive-oriented diffeomorphism
w(z) = u(z,y) +iv(z,y) : E = 2 € C***(E,C) (5)
onto a bounded, simply connected domain {2 C C with the inverse mapping
z = z(w) = z(u,v) +iy(u,v) : 2 - E € C?*T*(0,C), (6)
such that the metric ds? is transferred into the isothermal form
ds* = o(u,v)(du® + dv?) in . (7)
We calculate
ds? = adx? + 2bdx dy + cdy?
= 2{@2 dz* 4 2abdx dy + acdy®} (8)
= é{adm + (b+ig)dy}{adz + (b—ig) dy}.
Now we look for a complex, diffeomorphic primitive function
w=w(z):E— 2eC*™E,C),

such that .
adx + (b+ig)dy = o(z) dw in F (9)

is correct, with a function o € C1T*(E,C \ {0}). Then we infer
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adx + (b—ig)dy = o(z) dw in F, (10)

and the relations (8)-(10) provide the desired isothermal form

1 2
ds® = —odw gdw = = [ ) iy = AMw)(du? + dv?)

a
IQ(Z(w))(|2) .
with Mw) == /=21 2 — (0,+00) € C1TY(02).
() = 22N (0, +00) € (D)
The formula (9) is equivalent to the system
0 0

Q(Z)%’LU(Z) = a(z), g(z)a—yw(z) =b(2) + ig(2) in E,
and consequently to
QQaw—Qa —iggw:a—i-g—ib,
0z ox Jy
QQ%MZQ%w+iQ§yw:a—g+ib in E,
and to the equations

0 1 .

= ()
20(z)  a(z) +g(z) —ib(z) 0z

as well. When we insert the second relation into the first, we obtain the fol-
lowing complex equation equivalent to (9), namely

Dy 9) =9l Fibl2)
52" al) + g() = 2)

We now define

in F

63 (2)=0 in FE.

_a(z) — g(2) +ib(2) L eE
T O R TC N .
We observe
qg(2)=0 & b(z) =0, a(z) = c(2) for a point 2z € E, (13)

and

\ \
Q

—9)2+0? \/(a+g)2+b24ag

a+ )2 +02 a+ g)? + b
9) (a+g) 1)

\/ a+g —|—b2<1 forall ze€E.
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We now have to solve Beltrami’s differential equation in the complex form

Sw() —ae)gwlz) =0, z€F. (15)

Here we utilize Hadamard’s integral operator from Definition 4.11 in Section 4

of Chapter 4
1eif)e) =1 [[ L dean,  zeE (16)
E

with ¢ = &+in. Here the function f lies in the Banach space B := C1T%(E, C)
endowed with the norm

11115 sup {17 + 197} + sup FHEV=SIEL g

21,22€F |Zl - 22|a
21722

In the book of I. N. Vekua [V], namely Theorem 1.33 of Section 8 in Chapter 1,
the following inequality is proved by potential-theoretic means:

ITelflcre ) < CL@IIfl, f € B, (18)

As in Proposition 5.9 from Chapter 4, Section5 we define Vekua’s integral

operator
melf1(e) = i { - //

C z\>s

dfdn}, z€eE. (19)

Due to the Theorem of I. N. Vekua given above, we have the estimate

HIE[f]Il < Co(a)llfll, [ eB, (20)

with a constant Cy(«) € (0,+00). Proposition 5.11 in Chapter 4, Section5
provides the identities

AT = 1), A ATelAG) = Telfl(e), =€ B (21)

In order to prove (20), we apply Theorem 4.7 from Chapter 9, Section4 to
the function % f. We recall the identity

TE[a_gf}() Islf 2m/<2 ¢—2) & 2k

from Proposition 5.12 in Chapter 4, Section 5; and we still have to estimate the
curvilinear integral in the C1*®(E)-norm. The latter represents a holomorphic
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function in F, attaining certain Cauchy principal values over OF as boundary
values, according to Theorem 2.1 from Chapter 9, Section 2 of Plemelj. We
control them with the aid of Proposition 4.3 from Chapter 9, Section 4 and
note Theorem 4.6 there. Then we can estimate the curvilinear integral in the
C1*2(E)-norm and obtain (20). We use (21) and have shown (18) as well.
We now propose the ansatz of L. Ahlfors and I. N. Vekua for the solution of
Beltrami’s differential equation (15), namely

W(z) =z + Tg[f](2), z€E, for feB. (22)

When we insert (22) into (15), we arrive at Tricomi’s integral equation for
fenB _
f(2) —a(2)e[f](2) = q(2),  z€E, (23)

with the aid of (21). We now consider the operator
Lf:=q(z) +q(2)HE[f](2), z€E, for fekB. (24)

If the condition
lgl|Ca(a) < 1 (25)

is fulfilled, the operator L on B becomes contracting. On account of (20), we
have the following inequality for two elements fi, fo € B, namely

ILf1 —Lfoll = llg He[fi — fall
< gl 1HTelfr — f2l (26)
< llgl|Ca(a)l fr = fall-

Given the assumption (25), the operator I : B — B possesses exactly one
fixed point f € B with Lf = f, because of Banach’s fixed point theorem.
Now the function f € B satisfies Tricomi’s integral equation (23). We then
obtain a solution of the differential equation (15) with the function W (z) from
(22), and the relation (18) implies W € C?*%(E). Furthermore, we infer the
estimate

Jal
1= T g1t 0

for the fixed point f = Lf from (20) and (25). Due to (18), we can estimate
the C?7(E)-norm for the perturbation of the identity caused by Tg[f](2) in
(22). When we assume ||g|| to be sufficiently small, the mapping

W(z):E — 2 € C**(E,C) (28)

represents a positive-oriented diffeomorphism onto the Jordan domain {2 C C,
with the C?*“-boundary 942 constituting a Jordan curve. With the aid of
results in Chapter 4, Sections 7-8, we now transform the set 2 conformally
onto the unit disc B via the mapping X (w) : £2 — B, such that X c W (0) = 0
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is fulfilled. The mapping X ! : B — {2 belongs to the class C*!(B) due to
Theorem 8.7 in Chapter 4, Section 8. Then Theorem 7.4 from Section 7 implies

(XoW) ' =W1loX': B—FE €C*(B,C),
(X oW)™H0) = 0.

We summarize our considerations to the following

Theorem 8.1. (Stability for conformal mappings)
The metric ds® from (1)* (2)* (3)* satisfies the following inequality with
respect to the metric (2), namely

ngk - Q(Sjk||C1+O<(E) <0 fOT ]7k = 1a2 (29)

with a sufficiently small number § = §(a, p) > 0. Then we have a weighted
conformal diffeomorphism x(u,v) = (z1(u,v),22(u,v)) € C***(B, E) which
satisfies (4)*, (5)* (8)*. Therefore, the metric ds*> appears in the isothermal
form (1).

By a nonlinear continuity method we now prove the uniformization theorem,
which is of central significance for differential geometry, complex analysis, and
the theory of partial differential equations. Already C.F.Gaufl could confor-
mally map analytic surface patches in the small, and L. Lichtenstein locally
mapped differentiable surface patches conformally. Conformal mappings in the
large have been constructed by P. Koebe in the analytic situation, and in the
nonanalytic case C.B. Morrey, E. Heinz, L. Ahlfors, and I. N. Vekua attained
similar results by different methods.

Theorem 8.2. (Uniformization theorem)

Let the Riemannian metric ds® from (1)%* (2)* (3)* with the coefficients
gjk € CY(E) for j,k = 1,2 be prescribed. Then we have a diffeomorphism
x = x(u,v) € C***(B,E) satisfying (4)* (5)* (8)* which transfers the
metric ds? into the isothermal form

ds® = o(u,v)(du? + dv?) in B, (30)
with the surface element o = o(u,v) € C*+*(B, (0, +00)).
Proof: We deform the metric ds? into the Euclidean metric via
ds?(t) = g;;)(xl,xQ) dzd dx® in F, 0<7<1, with

g (@t 2?) = (1= 1)og + Tt 2?), (@) eE, k=12
(31)
For the parameter 7 = 0, the metric ds*(0) = d;;, dz’ dz* is already isother-
mal. With the aid of Theorem 8.1, we then find a maximal number 7* € (0, 1],
such that all metrics ds?(7) with 0 < 7 < 7* can be transferred into the
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isothermal form. Theorem 7.4* now implies that also the metric ds?(7*) can
be transferred into the isothermal form, with the aid of the diffeomorphism
x € C**%(B, E) satisfying (4)*, (5)*, (8)*. If the inequality 7* < 1 were true,
we could — due to Theorem 8.1 — transfer the metrics ds?(7) for all parameters
7" < 7 < 7" 4+¢ — with a sufficiently small number € > 0 — into the isothermal
form. Since the number 7* € (0,1] has been chosen maximal, the identity
7* =1 holds true. Consequently, the metric

ds? = ds*(1) = gjr(2', 2?) da? dx®
can be transferred into the isothermal form as described above. q.e.d.

We finally note the following

Theorem 8.3. For each Riemannian metric ds®> from (1)* (2)* (3)* we
have a C**%(B)-diffeomorphism x = x(u,v) satisfying (4)* (5)*, (8)* which
transfers ds® into the isothermal form

ds* = o(u,v)(du® + dv?) in B (32)
with the surface element o = o(u,v) € C*T%(B, (0, +00)).

Proof: For all radii r € (0,1), we introduce isothermal parameters into the
metric ds? on E, — according to Theorem 8.2. With the aid of Theorem 7.2%*,

we then find a solution of (32) by approximation. qed

Remark to Theorem 8.3: We can derive this theorem alternatively by approxi-
mation with metrics being Euclidean at the boundary. In this context we refer
the reader to the Remark following Theorem 7.4*.

9 The Uniformization Method for Quasilinear Elliptic
Differential Equations

We consider the Jordan domain 2 C R? with the C?**boundary-curve 912,
and we investigate the quasilinear elliptic differential equation

a(z,y, z,p,q)r + 2b(z,y, 2,p,q)s + c(x,y, 2, p, )t + d(x,y,2,p,9) =0 in 2
with ac — b2 > 0.

(1)

Here we use the familiar symbols of G. Monge

pzzz(az,y), q:Zy(DU,y% T:me(l',y), S:ny(ﬁ,y), t:Zyy(xvy)
(2)
for the derivatives of a function z = z(z,y) : 2 — R € C*t*(£2). With
adequate assumptions, we introduce isothermal parameters into the metric
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ds? = cda? — 2bdx dy + a dy® (3)

via the uniformizing mapping
r+iy = f(w) = f(u,v) : B — 0. (4)

Here we apply the uniformization theorem from Section 8. The deliberations
from Chapter 11, Section3 can formally be repeated by substitution of the
characteristic parameters &,n with the complex parameters w,w. We now
define the functions
b+ ivac — b2
M (u,v) = —————— . (5)
a z+iy=f(u,v)

Then we obtain the following system of first order, associated with the differ-
ential equation (1), in the same way as in the theory of characteristics quoted

above:
Yw — AT = 0, Yo — A g = 0,

d d
pw"')\_Qw‘Faxw =0, pﬁ+)\+QE+ axﬁzoa (6)

Zw = PTw — QY =0
(with z = z o f(w) etc.). In these equations the derivatives with respect to
w and w, respectively, only appear separately. Therefore, we differentiate the
equations containing a% with respect to w, and the equations containing 8%
are derived with respect to w. We obtain a linear system of equations for the
functions Z.w, Yuww, 2ww, Pws, quws, Which we can resolve to these quantities
as in Chapter 11, Section 3. We introduce the function

x(w) = x(u,v) = (x(u,v), y(u, v), z(u, v), pu, v), g(u,v)) in B, (7)
and obtain a system
Ax(w) = ®(x(u, v), %y (u, v), Xy (u,v)), w=u+1iv € B, (8)

with quadratic growth in the gradient. One can deduce results for the differ-
ential equation (1) via the system (8) combined with the equations of first
order (6). Estimates for the uniformizing mapping f then guarantee the inde-
pendence of the parametrization.

We remark that the system (8) is deduced by real differentiation from the
differential equation (1) in the original papers of F. Miiller, which have been
quoted in Chapter 11, Section 6.

10 Some Historical Notices to Chapter 12

We owe to C.F.GauB, already in 1827, the introduction of isothermal pa-
rameters in the small for real-analytic surfaces. L. Lichtenstein developed his
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ideas for conformal mappings between nonanalytic surfaces from 1911 to 1916.
T. Carleman made about 1930 the profound observation that the class of pseu-
doholomorphic functions share the property of isolated zeroes with the much
smaller class of holomorphic functions. This fact was utilized by P. Hartman
and A. Wintner in 1953 for the investigation of singularities on nonanalytic
surfaces.

The significance of isothermal parameters for surfaces of prescribed mean cur-
vature was revealed by F. Rellich: In 1938 he established his H-surface-system.
Then E.Heinz solved the Dirichlet problem for this system by topological
methods in 1954. Moreover, he developed the profound theory of nonlinear
elliptic systems, in 1956/57, presented here. With his pioneering paper from
1952, E. Heinz also initiated the still flourishing study of curvature estimates.

In 1976, W. Jéger presented a uniqueness result for the Dirichlet problem of
nonlinear elliptic systems with his well-known maximum principle. We should
note that existence and regularity questions are quite well understood today.
However, the study of the entire set of solutions and their classification remains
a great challenge for the theory of nonlinear partial differential equations.

Figure 2.8 PORTRAIT OF F. RELLICH (1906-1955)
taken from the biography by C. Reid: Courant, in Gottingen and New York —
An Album, Springer-Verlag, Berlin. .. (1976).




Chapter 13

Boundary Value Problems from Differential
Geometry

On the basis of the theory for nonlinear elliptic systems from Chapter 12, we
shall now present applications to differential geometric boundary value prob-
lems. At first, we solve the Dirichlet problem for the nonparametric equation
of prescribed mean curvature by a continuity method in Section 1. Then we
consider in Section 2 and Section 3 minimal graphs on Riemannian surfaces,
solving a semi-free boundary value problem.

Later in Section 4, we shall provide a solution to Plateau’s problem for surfaces
of constant mean curvature by direct variational methods. In Section5 we
discuss the famous question, which class of closed surfaces with constant mean
curvature contains only spheres? Finally, we give an outlook to Monge-Ampeére
equations in Section 7 and study the nonvanishing of the Jacobian for one-to-
one solutions of the associate Lewy-Heinz system in Section 6.

1 The Dirichlet Problem for Graphs of Prescribed Mean
Curvature

With the aid of the uniformization method, we now shall solve Dirichlet’s
problem for the nonparametric equation of prescribed mean curvature. We
choose the bound 0 < hg < 400, define the disc

2y := {(x,y) €R? : 4hi(2x? +4%) < 1},

and fix a Hélder exponent a € (0, 1).

Assumption D;: The bounded domain {2 C {2y may have a regular C?+*-
Jordan-curve 0f2 as its boundary, whose curvature satisfies the inequality
k(z,y) > 2hg for all points (z,y) € 0f2. Furthermore, let the condition
(0,0) € {2 be fulfilled.

F. Sauvigny, Partial Differential Equations 2, Universitext, 367
DOI 10.1007/978-1-4471-2984-4 7, (C) Springer-Verlag London 2012
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Figure 2.9 GRAPHIC OF A (2hg)-CONVEX DOMAIN

Assumption Ds: On the circular cylinder

Z = {(m,y,z) eR?: (z,y) € !20}
we prescribe the mean curvature

H=H(z,y,z2): Z—>ReCT2)

with the following properties:
— We have a height zgp € R and a number Hy € [—hg, +hg], such that the

relation
H(z,y,z) = Hy for all (z,y,2) € 2 with 2z <z (1)
holds true.
—  We require the monotonicity
agH(x,y,z) >0 for all (z,y,2) € Z. (2)
z

— Finally, we assume the bound

|H(z,y,2)| < ho for all (z,y,2) € Z. (3)

According to Section 2 in Chapter 6, the following problem possesses at most
one solution.

Definition 1.1. The height representation g : 02 — R € CY(062,R) be-
ing given as continuous function, we consider a solution z = ((x,y) €
C?(2)NCO(2) of Dirichlet’s problem P(g) for the nonparametric equation of
prescribed mean curvature

MC(z,y) = (14 (§)Gae — 26aCyCay + (14 (2)Cyy

5 (4)
= 2H(x,y,¢(x,9) (1 + [V¢(z,9)[?)*  in 02
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and
C(x,y) = glx,y)  forall (x,y) € 0. (5)

We additionally set
lgllcoon) == sup |g(z,y)l.

(z,y)€082

Proposition 1.2. (R. Finn)
A solution ¢ € P(g) of our problem with the boundary distribution g €
C°(092,R) satisfies the following estimates:

1
(a) IC(z, )| < llgllcon) + h_o for all (x,y) € 12,
(b) // 1+ |V¢(z,y)|2 dz dy < 3|02| + (2ho|2] + [092))|lg]lcoa5)-
2

Here the symbols | 2| and |0£2| denote the area of the domain §2 and the length
of the curve OS2, respectively.

Proof:
(a) We consider the spherical graphs

1
nE(2,y) = £|gllcoon) = 2~ @y, @y €2 (6)
0

These fulfill the differential inequalities

3
Mn*(z,y) = £2ho (1 + [Vt (z,y)]?) 2

3
2

2H (z,y,n (2, 9)) (1 + [V (2,9) ) in 0.

IN IV

We now deduce a differential inequality for the function

oz, y) == C(x,y) —nT(z,y) in

as in Section 2 from Chapter 6, taking (2) into account. Then the maximum
principle yields

N (x,y) <C(z,y) <nt(z,y) i L (8)

This implies the estimate (a).
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(b) We rewrite (4) into the divergence form, abbreviate /= /1 + V(]2

and obtain 2 <Cz> C(gy) = 2H(z,y, )C.
& % Y

Then we integrate over the domain (2 as follows:

2 é [ . cla) ddy |
[ 568 o [ L
(e ay- v Lo
aég(\/ y— d) //\[d dy+/ da dy.

We note (a) and estimate

yﬁEFMy

(S an) v [ Lavay - o
(S n- S [[ Laws [fenteue

< llglleoo|021 +121 +2(lgloom) + 5= ) hol 2,

ho

and (b) is shown as well. g.e.d.

Via Theorem 8.3 from Section 8 in Chapter 12, we now introduce conformal
parameters into the graph ¢ € P(g) by the uniformizing mapping

f=f(lu,v): B— 2e€C*B)NC°B) diffeomorphic,

(9)
£(0,0) = (0,0).
Then the function
x(u,v) == (f(u,0),¢(f(u,v))),  (u,v) € B (10)
is an H-surface in the following sense:
Definition 1.3. A nonconstant solution x € C?(B,R3) of the system
Ax(u,v) = 2H (x(u, v))Xy A Xy (U, ) in B,
2 : (11)

1% (1, v)]? = %, (1, v)]? = 0 = x4 - X, (u,v) in B

is called an H-surface. This surface is called immersed or free of branch points
if the condition
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E(u,v) = |xy A xy(u,v)] >0 for all (u,v) € B

18 valid.

Proposition 1.4. The normal X (u,v) € C***(B) to the immersed H -surface
x satisfies the following differential equation

AX(u, v) + 2(2E(H(x))2 — EK — B(VH(x) - X))X = —2EVH(x) in B,
(12)
with the notations from Chapter 11, Section 1.

Proof: From the Weingarten fundamental equations (compare [BL]) in con-
formal parameters

L M M N
Xufffxuffxva XU**EXU*EXU

we infer the identities

LN — M?

(XAXy)u— (XAXy)y =2X, AX, =2 foz

Xy AXy =2FKX
and
XAX, =-X, —2H(x)Xy, XAX, =X, +2H(x)X,.
On account of
{Hx(u,v))}, = VH(x) - Xy, {Hx(u,v))}, = VH(x) %,
we obtain

2EKX = (X AXy)u — (XA Xy
= Xy + 2(VH - %)Xy + 2HXyyy + Xy + 2(VH - X)Xy + 2HX 0y
= AX +4EH?*X + 2((VH “Xy )Xy + (VH - XU)X,U).

(13)
Now we expand
VH — (VH. ﬂ)ﬂ+ (Vﬂ.ﬁ)ﬁﬂm.x)x
Xul ) [%ul xu| ) %0
and deduce
(VH - x,)x, + (VH - x,)x, = EVH — E(VH - X)X. (14)

The formulas (13) and (14) imply the differential equation (12). q.e.d.
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Theorem 1.5. (Compactness of graphs)
With the assumptions (D1) and (Ds), let the boundary distributions

gr € C°(O,R) for k=1,2,...

be given, and our problem may possess a solution (i € P(gx) for each func-
tion gi. Furthermore, let the sequence {gk}r=1,2,.. converge uniformly on 012
towards the limit function

g(z) := kl;rgogk(x) € C°092,R).

Then also the limit problem P(g) possesses a solution (.

Proof:

1. As described in (9)-(10), we introduce conformal parameters into the

graphs ( by the uniformizing mappings fir = fi(u,v) : B — 2. Then
we obtain the immersed H-surfaces

xi(u,v) = (fe(u,v), G (fr(u,v))) = (fr(u,v), 2x(u,v)), (u,v) € B.
(15)
Because of Proposition 1.2 of R.Finn, this sequence has a uniformly
bounded Dirichlet’s integral. Via the Courant-Lebesgue lemma combined
with the geometric maximum principle of E. Heinz, we prove that the se-
quence of functions {xy }x=1,2,... is equicontinuous on the domain B. The
Arzela-Ascoli theorem allows the transition to a uniformly convergent sub-
sequence on B, converging towards an H-surface

x(u,v) = (f(u,v),z(u,v)) : B—=R*ec C*B)nC°B), (16)

on account of Theorem 2.7 in Section 2 of Chapter 12.

2. Since the surface xj is conformally parametrized, we can eliminate the
third component according to Proposition 7.3 from Section 7 in Chapter
12; more precisely

|V 2k (u, 0)|? < |V fe(u,v)|? in B for k=1,2,... (17)
We then obtain the sequence of plane mappings

fr(u,v): B— 2 € C*B)nC°B) diffeomorphic,

[Afe(u,0)] < a|Vie(w,v)?  in B,

fk(0,0) = (070)’
D(fr) < co for k=1,2,...

(18)

with the constants ¢y, co and Dirichlet’s integral D(fy) of fi. The distor-
tion estimate of E. Heinz from Section 5 of Chapter 12 provides a constant
O(c1,c2,7) > 0 for each radius r € (0, 1), such that the inequality
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|V fi(u,v)| > O(c1,ca,7) for all points (u,v) € B, (19)

is satisfied on the disc B, := {(u,v) € B : u?+v? < r?}. Here we replace
the image domain B with the domain (2 in the proof of Theorem 5.4 from
Section 5 of Chapter 12. On account of (19), we find the estimate

|V f(u,v)| >0 in B (20)

for the limit mapping, and the H-surface x from (16) is immersed.
. With the normal X(u, v) for the surface x(u,v) we associate the auxiliary
function

d(u,v) := X(u,v) -e >0, (u,v) € B, (21)

where the vector e := (0,0, 1) appears. Introducing the potential-function
a(u,v) := 2(2B(H(x))? ~ EK — B(VH(x) - X)),
Proposition 1.4, together with (2), yields the differential inequality
Ap(u,v) + q(u, v)p(u,v) <0 in B. (22)

Via multiplication by a nonnegative test function and integration, we ar-
rive at the weak differential inequality

// {V¢(u,v) - Vp(u,v) — q(u, v)d(u, v)(u, v)} dudv >0

B (23)
forall ¢ € C§°(B) with % >0 in B.

Now Moser’s inequality (compare Theorem 5.1 from Chapter 10, Section 5)

pertains to solutions of these differential inequalities, and the function ¢ is

subject to the principle of unique continuation. Consequently, the function

¢ on B must vanish if at least one zero appears in B. Since the case ¢ =0
in B is evidently excluded, we infer

¢(u,v) >0 for all (u,v) € B
and finally

)

(z,y)
(u,v)
Consequently, the function f : B — {2 represents a diffeomorphism of
the class C2(B) N C°(B), when we additionally observe the following:
The boundary mapping f|sp is weakly monotonic, at first. However, this
function cannot develop intervals where it remains constant. Otherwise,
we could easily derive the statement x,,(w) = 0 in B, with the aid of the
conformality relations and the similarity principle: This is impossible, of
course! With the function

((@y) =2 (2,9),  (w,y)eR
we finally obtain a solution of the problem P(g). q.e.d.

J¢(u,v) ==

>0 in B (24)

o))
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Proposition 1.6. (Geometric maximum principle of S. Hildebrandt)

The auziliary function ¢(u,v) = z(u,v)? + y(u,v)?, (u,v) € B, associated
with the H-surface x(u,v) = (z(u,v),y(u,v), z2(u,v)) : B — Z, satisfies the
differential inequality

Ap(u,v) >0 in B.

Proof: We calculate

Ad(u,v) = 2(|Vz> + |Vy|* + 2 Az + y Ay)

=2(|Vz|® + [Vy|* + 2H (x)(2,9,0) - Xy AXy).
Since the surface x is represented in conformal parameters, we infer
V22 < |Vz|? + |Vy|? in B

and consequently
L1
2hg 2
<IVal+ Vg2 i B.

12H (x)(2,,0) - Xu AXy| < 2hg (IVz|? + |Vy* + |Vz[?)

We summarize our considerations to the inequality A¢(u,v) > 0 in B. q.e.d.

With a fundamental boundary regularity result of S.Hildebrandt, J. C.C.
Nitsche, F. Tomi, and E. Heinz we prove the following

Theorem 1.7. (Regularity of graphs)

With the assumptions (D1) and (Ds) being given, let ¢ € P(g) denote a solu-
tion of our problem to the boundary distribution g € C*t*(92,R). Then we
have the regularity statement ¢ = ((z,y) € C*t2(0).

Proof: We investigate the H-surface

X(UJ v) = (f(u7 U)a C(f(uv v)), (u7 ’U) €B

again, which belongs to the regularity class C*(B) N C°(B). From [DHKW]
7.3, Theorem 2 we infer the regularity statement x € C2T%(B); compare also
the Chapter 2 in [DHT1]. We already know the condition

Jr(u,v) >0 in B

for the Jacobian of the uniformizing mapping, and we intend to establish this
estimate on the closed disc OB as well. Let the point wy € B be chosen
arbitrarily, and let zo := x(wp), yo := y(wo) be defined. Via a translation of
the domain {2 C {2y, we can achieve the condition (xg,y0) € 92. According
to the boundary point lemma of E.Hopf, now Proposition 1.2 implies the
following inequality for the auxiliary function ¢ in polar coordinates w = re®’,
namely
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10¢

0< -—— = r 25
2 0r wo (33.737« + vy ) wo ( )
Since the function ¢() := @(cosd,sind) attains its maximum at the point
Yy, we infer the identity
10¢
= 3990, = (@0 +yys) (26)
0 wo

The relation (25) implies that wy does not represent a branch point, more

precisely
[x9 (wo)|* = |x(wo)[* > 0. (27)

Furthermore, we have a number K > 0 satisfying
75 < K(25 + ). (28)
From (27) and (28) we infer

< (1+ K)(25 + v3)

wo wo

0 < (25 +yj + 2§)

and consequently
> 0. (29)

wo

(3 +v3)

Since the mapping f is positive-oriented, we find a parameter \ > 0 satisfying

zy(wo) = —Ay(wo), yo(wo) = Az (wo),

on account of (26). This implies

(xryﬂ - $19y7") = )\(1‘.’13,« + yyr) >0

wo wo

and equivalently
Jy (wp) > 0.

Therefore, the function f : B — (2 represents a C?T%(B)-diffeomorphism,
and the height function

((zy) =2 zy), (r,y)ef
belongs to the regularity class C2+(2). q.e.d.

The following result was initiated by considerations of J.C.C. Nitsche for min-
imal surfaces.

Proposition 1.8. (Stability of graphs) For the boundary distribution g€
C?*t2(902) let ¢ = ((z,y) € P(g) denote a solution of the class C*T(12).
Then we have a quantity € = €(¢) > 0, such that all boundary distributions

G €C*T(01) satisfying ||§ — gllcrrapn) <€

possess a solution of the problem P(g).
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Proof: We solve the problem P(g) via perturbation with a function n(zx,y) €
C*+2((2). In this context we have to ascertain that besides the function ¢ the
perturbed function ¢ + 7 satisfies the differential equation (4) as well: From
the identity

0= (1 + (Cy + ny)Q)(CME + 779030) - 2(CI + nw)(gy + ny)(cwy + nxy)

+(1 + (Cac + 77:10)2)(ny + nyy) - 2H(£E,y, ¢+ 77)(1 + ‘V(C + 77)|2>%

we deduce the following differential equation - ordered with respect to the
degree of homogeneity in 7,7,, ..., 7y, namely

Ln(z,y) =¢(n) in 2. (31)

Here the symbol

Ln:=(1+ CS)WM = 22 CyMay + (1 + Cg)nyy
ta(x, y)ne + bz, y)n, + c(z,y)n

denotes a linear elliptic differential operator, with coefficients depending on
the quantities ¢, (g, ..., (yy. We observe the condition c¢(z,y) < 0 in £2, ac-
cording to (2). The right-hand side is quadratic and of a higher order in
7, Mz, - - -, yy and consequently satisfies the contraction condition

||¢(771) - ¢(n2)”01‘1(§) S C(Q)”Th - 7]2||c2+a(§)

ooy . (32)
for all n; € C*T*(02) with [njllcz+a@ <0 and j=1,2.
Here the property C(9) — 0 for ¢ — 0+ is correct, and we note ¢(0) = 0.
With the aid of the Schauder theory from Section 6 in Chapter 9, we now
solve the linear problem
Ln=w in £,
n=1 on J0f2

uniquely by a function 7 € C?t%(§2) — for each right-hand side w € C%(2)
and all boundary values 1 € C?T(942). For vanishing boundary values ¢ = 0
on 0f2, we set

(33)

C*r(0) = {77 cC**™(2) : n=0on 89}.
We use the symbol Ly := E|CE+Q(5) for the restriction of the operator L to
the subspace C2+(§2). Then the operator
w = Lo(n) : C2(D) - C*(D) (34)
is invertible, and we have Schauder’s estimate

L5 @)l caram < Clwllgas — forall we C¥(), (35)
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according to Theorem 5.2 in Section 5 from Chapter 9. Given sufficiently small
boundary values satisfying ||¢||c2+a(p0) < €, we solve

Lng =0 in 2,

Ny =1 on 0Of2. (36)

Here we have to estimate the solution by its boundary values with respect
to the C?T%-norm: At first, we estimate the solution 7o(x,y) in the C%-norm
by its boundary values, according to Theorem 1.3 (Uniqueness and stability)
from Chapter 6, Section 1. With the aid of the Schauder theory from Section 7
of Chapter 9, we secondly estimate the solution in the C?*®-norm by its
boundary values. Here we locally straighten the boundary of the domain, and
then we can extend the boundary values into the ambient space — without
augmenting their C?*“-norm. Subtracting the extended boundary values, we
get an inhomogeneous differential equation with zero boundary values, from
which we gain our Schauder estimates. Now we iterate

L1 = d(nw) in (2,
M1 =P on 902

for k = 0,1,2,.... With the aid of (32) and (35), we see that the sequence
{Mk}k=1.2,... converges towards a solution 7 € C?T(£2) of (31) in the Banach
space C?7(0); here we choose the number & > 0 sufficiently small.  q.e.d.

(37)

Theorem 1.9. (Quasilinear Dirichlet problem)

With the assumptions (D1) and (Ds), we take an arbitrary boundary func-
tion g € CY(092,R). Then the Dirichlet problem P(g) for the nonparametric
equation of prescribed mean curvature possesses exactly one solution.

Proof: We note the condition (1) and find a spherical graph n(z,y) : 2 —-Re
C?T(2) of constant mean curvature Hy, such that the differential equation
(4) is fulfilled with the boundary values

f@y) =n(z,y),  (z,y) €.
We solve the problem P(gy) for the family of boundary values

oa(z,y) = f(z,y) + Ag(z,y) — flz,y),  (z,y) € 042, (38)

with 0 < A <1 and g € C2+0‘(8Q,R). This has already been done for the
start parameter A = 0, and the solvability is — due to Proposition 1.8 — an
open, and — due to Theorem 1.5 — also a closed property. Consequently, the
Dirichlet problem P(g,) is solvable for all 0 < A < 1. Considering the terminal
parameter, the problem P(g) possesses a solution ¢ € C?T(£2). With the aid
of Theorem 1.5, we then comprehend the solvability of Dirichlet’s problem
for continuous boundary values. The uniqueness has already been shown in
Section 2 of Chapter 6. q.e.d.

Remarks:
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1.) This approach to the Dirichlet problem is contained in the 2001 paper

[S5] by Friedrich Sauvigny. The differential equation for the normal of an
H-surface from Proposition 1.4 had already been derived in Section1 of
the treatise [S3] from 1992 — even for branched surfaces with prescribed
mean curvature. The latter paper [S3] was based on the dissertation of
the author, presented in 1981 to the Fachbereich Mathematik der Georg-
August-Universitiat Gottingen.

2.) This method was utilized by Matthias Bergner to obtain results even for

nonconvex and multiply connected domains as well as for mean curvature
functions which depend additionally on the normal. Please see
BERGNER, MATTHIAS: Das Dirichlet-Problem fur Graphen von wvorge-
schriebener mittlerer Krimmung. Shaker-Verlag Aachen; Dissertation 2006
an der Technischen Universitat Darmstadt.

3.) Claudia Szerement has generalized these methods to equations of minimal

surface type, satisfying a weighted homogeneous relation between their
principal curvatures. Here we refer the reader to the dissertation by
CLAUDIA SZEREMENT: Ldsung des Dirichletproblems fiir G-minimale Gra-
phen mit der Kontinuitdts- und Approximationsmethode. Dissertation 2011
an der BTU Cottbus.

2 Winding Staircases and Stable Minimal Graphs on a
Riemann Surface

Let us regard the following beautiful winding staircase:

Figure 2.10 THE WINDING STAIRCASE OF THE CENTER FOR INFORMA-
TION, COMMUNICATION, AND MEDIA WITHIN THE BRANDENBURGIAN TECH-
NICAL UNIVERSITY AT COTTBUS, constructed by the bureau of architects
Herzog & de Meuron from Basel. The use of this photograph is authorized by
the Informations-, Kommunikations- und Medien- Zentrum der Brandenbur-

gischen Technischen Universitit Cottbus.
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The central form of this staircase, if we ignore the single steps, represents
a minimal surface with a multiple projection onto the plane. It appears as
graph over a circular ring: The height yields a linear function, depending on
the circumference of the exterior circle for this ring. We interpret the spiral,
which bounds the staircase from the exterior, as a fixed curve I": Its terminal
points are situated on the circular cylinder Z which touches the winding
staircase from the interior. We realize experimentally I" by a thin metal wire
and Z by a synthetic glass material such that I" meets Z vertically at two
points from outside. Then we immerse this configuration < I', Z > into a soap
liquid, and a soap pellicle is installed which minimizes the area and is bounded
by the thin wire I'. Moreover, this minimal surface possesses a trace on the
cylinder Z and meets vertically this support surface Z. Now we are going to
perturb the fixed boundary I', and we examine the stability of the minimal
surface within this configuration < I, Z >. The particular inspiration of this
staircase consists of visualizing a minimal graph with a multiple projection
onto a plane in its entire extension: We have a model of a Riemann surface
before our eyes!

In the geometric situation of our winding staircase, a minimal graph over a
Riemannian surface R appears. This surface covers the Gaussian plane C' :=
C\ {0} infinitely often and has the origin as branch point; we shall construct
R in Section 3 by explicit formulas and speak of the etale plane. As usual in
topology, we use here the French word étale in the English form etale, in
order to indicate that the surface is given in its complete extension. We begin
with a pull-back of the problem, from R to the Gaussian plane C, under
the exponential function lifted to the etale plane. With the aid of so-called
strong solutions we solve the stability problem of our minimal graph under
a small perturbation for the fixed boundary values later in Theorem 2.5. We
shall introduce isothermal parameters into our minimal graph in Section 3
and establish the compactness of the mixed boundary value problem. Via a
nonlinear continuity method we solve the mixed boundary value problem for
all continuous boundary distributions. Finally, we present a criterion whether
our surface is embedded into the Euclidean space.

We begin our considerations with the complex exponential function
x+iy = g(s+it) = g(s,t) := exp(s+it) = e° (cost+isint), s e R, t € R. (1)

This mapping transforms topologically the Gaussian plane of the (s, t)-points
onto the Riemannian surface, covering universally the plane outside the sin-
gular point 0. We address this Riemannian surface as the etale plane, with the
origin as its branch point, furnishing a conformal diffeomorphism in the local
coordinates x + iy. With the positive, real quantities sg, ty we introduce the
open rectangle

R(so,to) :={s+iteC:0<s<sg, 0<t<tp}, (2)
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which is transformed under the exponential function onto a multiply covered
circular ring. We obtain the surface
A(so, to) = g(R(sO,to)) = {e* (cost +isint) € C': 0 < s < 50,0 << to}

(3)
in the etale plane, with the interior radius 1 and exterior radius rg :=
exp(sg) > 1, where the angle covers the interval 0 < t < t5. Now we con-
sider the graphs over the etale plane

Z(s,t) = (9(5,6),C(5,8)) = g(s,6) + C(s,0) e, (s,t) € Rlso,to)  (4)
with the unit vector e = (0,0, 1) in positive z-direction and a height function

¢ =((s,t) € C*(R(s0,t0))- (5)

By elementary differential geometric calculations, we derive the following

Proposition 2.1. (Etale minimal surface equation)
Our surface Z(s,t) in (4) represents a minimal surface if and only if the
following quasilinear, elliptic partial differential equation

(625 + CtQ(SJ t))Css(Sa t) - 2Cs<s7 t)Ct(S7 t)Cst('S?t) + (628 + C?(sv t))<tt(3a t) (6)
+|VC(s,1)[?¢s(s,t) =0, (s,t) € R(so,t0)

2 9,
0s’ Ot
Proof: Within the following calculations, we identify the Gaussian complex
plane with the real vector space R? x {0}, and partial differentiation yields

is satisfied; here V := ( denotes the gradient.

Zg(s,t) = g(s,t) + (s(s,t) e,  Zi(s,t) =ig(s,t) + (s, t)e.

We designate the exterior and interior products in the Euclidean space R? by
the symbols A or - respectively, and we calculate

Zy(s,0) A Zu(s, 1) = (g(s, t) + Cs(s,1) e) A (ig(s, t) + Ce(s,t) e>

=ee— Cs(s,t)g(s,t) — Ce(s,t)ig(s, 1).

(7)

We obtain the surface element

W (s, t) = |Zs(s,t) N Zy(s,t)] = [€2° e — (s(s,t)g(s,t) — (i(s,t)ig(s,t)]

= es\/egs + C82(57t) + <t2(87t) > 07 (S’t) € R(807t0)'

Let us determine the coefficients of the first fundamental form
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do? = |Z,|?ds® + 2(Zg - Zy)dsdt + |Z;|*dt?  with
Zu(s. )2 = lg(s.1) + Guls, ) e = [g(s, O + C2s.1) = €2 + C2(s. 1),
2.2 = (960 + Gls0e) - (igs.) +Glste) = 6
Zu(s, )2 = ligls,t) + Gls.8) ef? = ligl(s. )2 + CF(s,6) = e + GF (s, ).

(8)

Sy

In general, the Riemannian metric do? does not appear in the isothermal
form. Let us now determine the second partial derivatives

Zs(s,t) = g(s,t) + Css(s,t) €,
Zi(s,t) =1ig(s,t) + Cse(s,t) €, (9)
Zyi(s,t) = —g(s,t) + (s, t) e

Our surface Z(s,t) in (4) represents a minimal surface if and only if its mean
curvature H(s,t) vanishes. Consequently, the denominator in the classical
formula for H becomes zero (see Section 1 of Chapter 11)

1242 (24, 24, B ) (5,1) = 22 - 22) (2 1, 2t ) (5, 1)
(10)
22 (Zos 2, Zua ) (5:8) =0, (5,) € R(s0, o).

Here the symbol (.,.,.) denotes the determinant or the triple product in the
Euclidean space. We evaluate these triple products by the formulas (7) and
(9) in the equation (10), and then we substitute the coefficients (8) of the first
fundamental form into this relation. Thus we arrive at the p.d.e.

(@ +D( 6= Gen)| =2 =aen)|

(e + gg(s,t))(e%gtt(s,t) + (s(s,t)ezS) =0, (s,1) € R(so,to).

We obtain the equivalent etale minimal surface equation
0= (2 + G2(s,0)) (Guul:1) = Gs:1))
~260(5, )G (5, 1) (o) = Gul5,8)) + (€2 + C2(s,0) (Gue(s, 1) + ol 1))
= (€2 4 GF(54))Gus 1) = 265,05, )Gt 3 1) + (2 + C2(5,8))Gun(5.)
+|V¢(s,0)%Cs(s,1),  (s,t) € R(s0, o).
q.e.d.

When we specialize our p.d.e. (6) to solutions ¢ = {(t), 0 < ¢ < to independent
of the parameter s, we obtain 0 = €2°(;(t), 0 < t < to. This differential
equation possesses the solutions
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Ct):=a+pPt,0<s<sg, 0<t <ty with the constants o, € R. (11)
In the form

Z(s,t) := (escost, e’sint, a+ﬁt), 0<s<sp, 0<t<ty (12)

there appears a helicoid over the circular ring A(sg,tp), which we identify
as our staircase above. We immediately see that the function (11) solves the
central boundary value problem for linear boundary values:

Definition 2.2. On the closed interval
1= [(So,to) = {(So,t) ERXxR:0<t<L to}

at the right boundary of the rectangle R(so,to), we prescribe the continuous
Dirichlet boundary values & = ®(t) : I - R € C°(I,R). Then we look for a
classical solution

¢ =((s,t) € C*(R(s0,t0)) N C*(R(s0,t0) \ I(s0,t0)) N C°(R(s0,t0)) (13)
of the p.d.e.

(€% + G2 (5,1))Gos (5, 8) = 2Cs(5,8)Ce(5, 1) Gt (5,1) + (€2 + CF (5, 1)) et (5, )
= —|VC(S,t)|2<5(S7t), (S,t) S R(S(),to),

(14)
with the Dirichlet conditions

C(s0,t) =D(t), 0 <t <to; ((s,0) =P(0) and((s,t0) = P(to), 0 < 5 < s0 :
(15

as well as the Neumann condition

%C(s,t) =0, 0<t<ty (16)

s=0

on the boundary of the rectangle R(sg,to). We name (13) — (16) the mixed
boundary value problem P(®) or briefly mixed b.v.p..

Remark 1: For our region R(sg,to) we define the domain reflected w.r.t. the
S-axis as
R(So,—to) = {(S,t) ERXR:0<s<sg, —tg<t< 0}

Via a translation we generate homogeneous boundary values on the s-axis,
and we consider the uneven reflection of the graph w.r.t. the s-axis by

C**(s,t) :=((s,t), (s,t) € R(so,t0); " (s,t) := —((s,—t), (s,t) € R(so, —(to)j
17
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From the p.d.e. (14) we infer that our prescription (17) extends the solution
to the entire rectangle

R(s0, |to]) :={(s,t) ERXR:0 < s < 80, |t| <to}

solving this p.d.e there. An iteration of the reflections w.r.t. the linear bound-
ary of the graph yields a solution of our p.d.e. (14) on the entire stripe

R(so,]|o0]) :=={(s,t) e RxR:0< s < s0}.

The reflection concerning the variable s is more difficult, since the p.d.e. (14)
does not remain invariant under the transformation s — (—s). We have to
symmetrize our differential operator w.r.t. this substitution and introduce the
symmetric rectangle

2 = R(|sol,t0) := {(s,t) e Rx R : |s] < sp, 0 <t <tp}. (18)

We utilize the Sobolev space W?2P?(2) for the exponents 1 < p < oo, whose
second weak derivatives lie in the Lebesgue space LP(§2). Our subsequent con-
siderations are based on the theory of strong solutions presented in Chapter 9
of the book [GT] by D. Gilbarg and N. Trudinger, where the equations only
hold almost everywhere.

Definition 2.3. For the functions
¢=((s,t) e W2P(2)NCY(12) (19)

we introduce the symmetrized operator
QC(s,t) 1= (€291 + C(s.1) ) Gosl5:8) = 2(Gul5: )G (5,8) ) Cor (s, )

(€21 4 C(s,1) ) Gl )+ x(5)Gs (5, D) (V5. 5) - T (s,1) ), (s,8) € 2 aces,
(20)
where we use the jump function

+1, s € (0,+00)
x(s): =<0, s=0 (21)
-1, s € (—00,0).

Remark 2: This quasilinear operator is elliptic; it has continuous coefficients for
the second order terms but only bounded coefficients for the first order terms
in the class L>°(§2). Therefore, the theory of strong solutions is necessary on
the symmetric rectangle 2. In the left half-plane C_ := {s +it € C: s < 0}
the p.d.e.

Q¢(=0 ae. in (22)
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does not conserve the character of a minimal graph. However, a virtual graph
¢: R(—s0,t9) — R appears over the domain reflected w.r.t. the t-azxis

R(—=s0,t0) :={(s5,t) ERXxR: —50 < s<0,0<t<tg} (23)

One can extend each solution ¢ of the mixed b.v.p. P(®) by an even reflection
w.r.t. the (t, z)-plane

C*(S7t) = C(Sat)u (S7t) € R(807t0> and C*(S7t) = C(_87t)7 (S7t) € R(_807t0)

(24)
on the domain R(—sg,to) reflected w.r.t. the t-axis. One easily verifies that
our function satisfies the symmetrized p.d.e.

QC*(s,t) =0, (s,t) €2 ae.. (25)

We observe that the function ¢* of (24) solves the following boundary value
problem.

Definition 2.4. On the closed interval I = I(sg,to) at the right boundary of
our rectangle £2 = R(|so|,to), we prescribe the continuous Dirichlet boundary
values ® = ®(t) : I - R € C°(I,R). Then we consider a solution

¢t = (s,t) € WHP(2)NCHN) N CO(N) (26)
of the symmetrized p.d.e.
QC*(s,t) =0, (s,t) €N a.e. (27)
with the symmetric Dirichlet conditions

C*(:l:S(),t) = @(t),O S t é to; C*(S,O) = @(0),4-*(87150) = @(to), —S0 é S S So

(28)
on the boundary of the rectangle 2. The combination (26), (27), (28) repre-
sents the symmetrized boundary value problem P, (®).

Theorem 2.5. (Stability of the mixed boundary value problem)
The following assertions are valid:

1. For each function ® € CO(I,R) prescribed on the boundary, the mized
boundary value problem P(®) of Definition 2.2 possesses at most one solu-
tion (. Moreover, a solution of P(®) depends continuously on the boundary
values ® in the CO-topology, according to the estimate (32) below.

2. If a solution ¢ € P(P) already exists for the differentiable function

&: 1 —ReC*IR) (29)

prescribed on the boundary, we have exactly one solution & = ( +n of the
problem P(¥) for all the perturbed boundary values
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U=vt): I >ReC*ILR) with |[¥—®| cerp) <e (30)

The existence is established by an iteration, where the number e = ¢(P) > 0
has to be chosen sufficiently small. If 2 < p < oo denotes an arbi-
trary Sobolev exponent, the W2P (£2)-norm of the symmetrized perturba-
tion function n* € WP (£2) is majorized by ||¥ — @|| c2(1 r)-

Proof:

1.) Let us consider the solutions ; € P(®;) for their boundary values @; €
C°(I,R) with the respective index j = 1,2. Since these functions solve the
same quasilinear p.d.e., their difference ( = (3 — (o satisfies a linear elliptic
p.d.e., accessible to the maximum principle (compare Chapter 6, Section 2).
More precisely, we obtain the equations

C(S,t) = C1(S,t) - CQ(SJ) €
CQ(R(S(),to)) M CI(R(S(),to) \ I(So,to)) M CO(R(S(),to)),

L(()=0 in R(sg,tg) with a linear elliptic operator L,
such that the Dirichlet conditions ((sg,t) = @1(t) — P2(t), 0 < t < to;
((5,0) = D1(0) = 92(0), C(s,t0) = P1(to) — P2(to), 0 < s < s0;

and the Neumann condition % ¢(s,t) .= 0, 0 <t < tgare satisfied.
s (31)
The maximum principle of E.Hopf and, in particular, his boundary point
lemma for the Neumann condition imply that the function ¢ cannot attain
its maximum — neither in the domain R(sg,%p) nor on the free boundary
{(0,s): 0 < s < sp} (see Chapter 6, Section 1). Then we derive the estimate

sup{[Ci (s, 1) =Ca(s,t)] : (s,t) € R(s0,t0)} < sup{[@1(t)—Da(t)| : ¢ € I(s0,%0)},

(32)
which shows the uniqueness of P(®) as well as the continuous dependence on
the boundary values .

2.) We reflect the solution ¢ of the mixed b.v.p. P(®) with its boundary values
(29) according to the Remark 2, and we obtain a solution (* € P,(®P) of the
symmetrized problem from Definition 2.4. We utilize the ansatz of perturbation
¢* + n with the function

ne W (2)nCc(2) (33)

and solve the symmetrized problem P, (¥) for the perturbed boundary values
(30). In this context we determine the perturbation equation (34) as follows:
We arrange the terms in this equation according to the powers of derivatives
Nss Nty Nss» Nst, N, which appear. The sum of the terms of order 0 vanishes,
because (* is a solution of our p.d.e.; the terms of first order represent the
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linear operator L; the terms of order 2 and 3 are combined to the nonlinear
operator IKC. Then we calculate

0=0Q[C*(s,t) +n(s,t)]

= (e 4 (G (5,8) + me(5, 1)) (G 5:8) + s, )
(

=20G (5 1) + 105, )G (5,8) + 5, )G, ) + mar(5,1)
(€1 4 (G2 (5,8) + ma5,6))? ) (Gil5.1) + s (5.1))

()G (5,6) + 1, ) ([ (5,8) + Vs, 0] - [V (5,8) + Vn(s, )]

267 (5, 1)C2 s, e, 1) — 262 (G, ) + Gma(s,1))
+2C5 (5, 1) (s, t)ms (s, 1) + 2x(5)C5 (s, 1) (VC* (s,t) - Vn(s, t))

+x(5) (V€ (51) - V() s 1) = ()

=:L(n) — K(n) for almost all (s,t) € £2.
(34)
3.) The linear operator £ possesses only x € L™ ({2) as a discontinuous coef-
ficient, but all the others are continuous. With the aid of [GT] Theorem 9.15,
one can solve the Dirichlet problem

L) =w ae in £ with neW?>?(2) and (n—¢)e W,"*(2)
for all right-hand sides w € LP({2) and for all boundary values

o =¢(t) € C*(I,R) constantly extended in the variable s on (2.
(35)
The result [GT]Lemma 9.17 shows that the inverse operator £7! exists on
this space with homogeneous boundary values, and this operator is bounded
w.r.t. the given norms:

A solution of L(n) =w a.e.in 2 with ne WP (2)nN W01,2 ()

satisfies the estimate ||n||w2.» (o) < [|w|[zp(e) forall w e LP(£2).
(36)
The Sobolev space W2P (§2) is continuously embedded in the Holder space
C1#(£2) with the Holder exponent 1 = 17% € (0,1). This embedding theorem
of Morrey from Theorem 6.10 in Section 6 of Chapter 10 is also contained in
[GT] Theorem 7.26. Finally, [GT] Corollary 9.18 induces that the boundary
values (35) are continuously attained.
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4.) The nonlinear operator K represents a sum with homogeneous terms of
second or third degree in 7, nt, Nss, Nst, N, where the coefficients in L>°(£2)
depend on the initial solution ¢ and its continuation ¢* by reflection. We
observe that, at most, one of the second derivatives 7, 7st, 1+ appears as
factor in each term, and that the W27 (£2)-norm dominates the C'!(§2)-norm.
Then we arrive at the contraction inequality

() = Km2)l|er2) < Cp)|Im — na2llwzr () (37
for all n; € WP () satisfying ||n;||lw2r (o) <p and j=1,2
with C'(p) — 0+ for p — 0+ and K(0) = 0.

5.) Now we follow the proof of Proposition 1.8 from Section 1, where we
replace the Schauder estimates by the above results for strong solutions. For
each ¥ from (30), we solve the problem

L(no) = 0a.e. inRwith 1y € WP (2)NC*(2)andny = ¥ —Pon dN. (38)

We observe that our solution depends continuously on the boundary values,
w.r.t. the given norms. Then we solve the iterative equations

L(ps1) = K(n) a.e. in Qwithng, € WP (2) N CH(2)
(39)
and N1 =¥ —@ on 0N for k=1,2,....

With the properties (35), (36), (37) one immediately comprehends that the
sequence {n k=12, . converges within the Banach space W2r (£2) N CH(N2)
to the unique solution

L(n) = K(n)a.e. in Rwithn € WP (2)NC*(2)andn = ¥ — Sondf. (40)
One obtains a solution of the symmetrized problem
§=4&(s,t) := ("5, 1) +n(s,t) € Pu(¥) (41)

for the perturbed boundary values (30). Alternatively, the Banach fixed point
theorem yields the existence of such a solution.

6.) Let us consider the reflected function

§ = 57(5715) = E(fsat)a (Sat) € 12, (42)

which satisfies the same condition at the boundary as .
For all s > 0 we calculate:
Q™ (s,) = (€2 + €3(=5,) ) €s(=5,t) = 2(&s (=5, )&(=5,1) )€t (—5,)
(€2 + €2(=5,) ) €ul=5,0) + X(=5)& (—5,0) (VE(=5,1) - VE(=5,1))

= Qf’( )= 0 for almost all (s,t) € R(so,to)-
—s,t

(43)
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Then we evaluate for all s < 0 as follows:
Q¢ (5,8) = (7 + & (=s,1) ) &uul—5.8) = 2(& (=5, (=5, ) &ur(=s.1)
(e 4 2 (=5.1) ) ul(=s,t) + X(=9)6u(=5.8) (VE(=s,1) - VE(=s.1))

= Qﬁ’( = 0 for almost all (s,t) € R(—s0,to).
—s,t

(44)
Consequently, the function £~ yields a solution of the symmetrized problem
P.(¥) as well as the function & We know from [GT]Theorem 9.5 that the
Dirichlet problem possesses at most one strong solution for linear operators,
with continuous or bounded coefficients of first or second order. Taking the
considerations of part 1.) into account, this statement remains valid for our
quasilinear problem P, (¥). Thus we obtain the identity

E (s, t) =&(s,t), (s,t) € 12, (45)

and the Neumann condition

%5(570)5 =0, 0<s<sp (46)

follows. By a local reconstruction, one can establish the classical regularity:

€ € C*(R(s0, to))- (47)
Finally, the restriction
- 48
R(so,to0) ( )
solves the perturbed problem P(¥) with mixed boundary values. q.e.d.

3 Mixed Boundary Value Problem for Minimal Graphs
over the Etale Plane

At first, we shall explicitly construct the etale plane. To better imagine this,
we prescribe the level of the leaves for our etale plane

—00 <O (o < ... <O _3<0_1<0y<b <0< ...< by <o0.
For n =0,+£1,42,43,... we define the n-th leaf
Ry = {XZ(I‘7y,9n) €R3: z=rcost,y =rsint; 0 <r < oo, O§t<27r}.

Thus we obtain the etale plane

R::URn

nez
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over the plane {(x,y,2) € R?: z = 0.} with the surjective etale projection
O:R — C :=C\{0} defined by R > (r,9,6,)=x— O(x)=(x,y) € C.
Each point x € R is situated on exactly one leaf and allows the representation
x = (rcost,y = rsint,0,) with the uniquely determined numbers:
O<r<oo, 0<t<2m, nez.

Consequently, we can define the etale angle

T(x):=2mn+teR, xeER
as well as the etale radius

p(x) :=r € (0,4+00), x€ETR,

which together characterize the points in R uniquely. The etale projection @
is not injective; however, it furnishes an infinite covering of the pointed plane
C’. More precisely, to each point (x,y) € C’' we associate the fiber

o1 ((m,y)) = {(z,y,0,) : n €L}

For each point x¢ € R one introduces the etale neighborhood

V(xo) = {x eR: |7(x) — 7(x0)| < g}

The restriction of the etale projection to this neighborhood
Oy V(x0) = V(w0,30) i= { (2,9) € C'| (@) - (z0,00) > 0} (1)

constitutes a bijection onto the half-plane V' (zg,yo). Therefore, its inverse
transformation
@;01 : V(l‘myo) — V(XQ) (2)

represents a lifting of V(zg,yp) onto R around the point x, € R. For
our Riemannian surface R we obtain a conformal atlas with the family
of charts

{@;01 . xp€ R} (3)

The change of charts is conformal, and the leaves R,, are continuously glued
together near the slits

Fo = {x:(r,o,an)eR?’: O<r<oo} for n=0,4+1,42,43,....

The continuous family of the etale circles with radius r
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C, = {XGR: p(x):r}, 0<r<oo
sweeps out the etale plane as well as the etale half-lines to the parametert
Dy = {XER: T(x):t}, —00 < t < +00;

their combination represents an orthogonal net on our surface R. We define
the lifted circular ring

A(r,t)::{xER:1<p(x)<r,0<r(x)<t} with r>1 and t>0,

bounded by certain segments on the straight lines or circular contours Cy, C,,
Dy, D;. The etale unit circle C; is contained in the unit cylinder

2= {(r,y,2) €R®: 2?4y =1},
where we introduce the normal vector field
N: Z = R?x{0} with N(x):=(2,9,0) foral x=(z,9,2)¢€ Z.

Now we lift the exponential function onto this Riemannian surface and obtain
globally its inverse.

Definition 3.1. Let us consider the discrete function
0:R—{6,:ne€Z} with 0(t):=06, if te {27m,27r(n+ 1))7 n € Z.
We introduce the lifted exponential function Expr : C — R satisfying
Expg (s +it) = (exp(s + it), Q(t)) = (es cost,e’sint, H(t)), s+it € C,

which yields a conformal mapping from the Gaussian plane C onto the etale
plane R. In particular, this mapping transforms conformally the plane rect-
angle R(sg,to) of the lengths so > 0 and tog > 0 onto the lifted circular ring
A(rg,to) with the radius ro := exp(sg) > 1.

The inverse function of Expr defines the etale logarithm Logp : R — C
satisfying

Logp(x) :=s+it,x € R if Erpp(s+it)=x, s+iteC,

which represents a conformal mapping of R onto C.

With these functions we lift the mixed b.v.p. of Definition 2.2 in Section 2 on
the Riemannian surface. At first, we lift the boundary values

D=d(t): I =1(so,tg) = R € C°(I,R)
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on the fixed boundary by

B(x) = @(T(x)) - a(T(x)) if x € dA(ro,t)\ Ci. (4)
Secondly, we lift the solution
¢ € C*(R(s0,t0)) N C(R(s0,t0) \ I(s0,t0)) N C°(R(s0,t0))

of the mixed b.v.p. P(®) from Definition 2.2 in Section?2 to the nonpara-
metric solution (: A(rg,t9) - R  satisfying

e C2(A(ro, to)) N CF (A(ro, o) \cm) N CO(Alro,t0) \ {F1 UF U...}),

() = (¢ = 0) o (Logr(x)) = ¢ (Logr (%)) — 0(Logr (x) ). x € Ao, o).
(5)

When we lift the graphs Z = Z(s,t) : A(so,to) — R onto the etale plane,
using the prescription (5) on R, we calculate

Z(x) := Z o Logp (x) = [(g(s, £),0(t)) + (g(s, t) — 0(t)> e] o Logg (x)

= |Expr(s+it) + (((s,t) - O(t)) e} oLogg(x) =x+((x)e, x € A(ro, to).
(6)

One obtains a graph over the leaves in our etale plane, and the representation
(6) justifies the classification nonparametric for the solution ¢ in (5).

We use the sign [t] € Ny :={0,1,2,...} for all real numbers ¢ > 0, indicating
the mazimal number n € Z which satisfies n < ¢t. Then we infer from (5) the
following equations

E(x) = C(Logn(x,y, Gn)> -0, if x=(z,y,0,) € A(ro,to) "R,
(7)
to

on the leaves of the order n=0,...,n¢ := [2—} € Np.
™

In the first case where tg # 2wk is valid for all £k € N, the intersection
A(ro,t0) N {Rny \ Fny} yields a nonvoid open set. In the second case where
to € 27N is an entire multiple of 2w, the above intersection A(rg,to) N Ry,
reduces to a straight closed segment on the slit F,,,.

For n = 0,1,...,n9 — 1, the open sheet G, := A(rg,t) N {R, \ Fn} is
conformally transformed under the etale projection @ onto the plane domain

2, = {(z,y) €C\ [0, +00) : 1 < z?+9y? <12}, (8)

with a slit on the positive z-axis.
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In the first case, the sheet G,, := A(rg,t0) N {Rny \ Fn,} is transformed
under the projection © onto the following sector of the circular ring

2y = {(a:,y) €eC:ax=rcost,y=rsint, 1 <r<rg,0 <t < (t0—27rn0)}.
(9)

In the second case, the set G, is void and we set £2,, = 0.

These liftings on R are achieved by the mappings

-1

6 (.9):=6| (2.4) = @.9.00): 20— Gu n=0...m,  (10)

n

n,
where we simply omit the mapping 90 in the second case.

Due to the identities (7), the function ¢ : A(ro, o) — R from (5) possesses
a jump of the height (6, — 6,—1) at the transition over the slit F,, for n =
1,...,n9. The differentiation of QN“ is possible by a pull-back with the aid of
the charts (1) and (2) in the complex atlas (3); however, this is impossible on
the slits! This differentiation only concerns the variables x and y, but does

not affect the last discrete variable 6,,. We employ the gradient

grad E(x) = (Em, Ey)

,X:(x,y,On)egn, n=20,1,...,no,

where the sheet G,,, does not appear in the second case. Moreover, we define
the divergence

div h(x) := (fw + §y)

, X = (m7ya9n) € A(TOatO)

X

of the vector fields

h=h(x) = (J). §(x)) € C*(Alro,to), R?).

Above every sheet G,, n =0, ..., ng, the function Z represents a nonparamet-
ric minimal graph, and we obtain the p.d.e. in divergence form

div( grad ¢(z,y, 0n) >:0,x:(x,y,9n) €Gn.n=0,...,n.

V 1+ lerad (e, .6,) |2
(1)

The upward normal of Z , defined by

N () = 11+ [arad oIy (arad {x), 1) x = (,,00) € G

forn =0...,ng, can be continuously extended over the slits onto the topolog-
ical space A(rg,to) \ Cr,. Consequently, the equations (11) remain valid over
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the slits, and we speak of the equation for minimal graphs in divergence
form on A(rg.to).

The Neumann condition (16) from Section 2 for the solution ¢ is transformed
into the following free boundary condition for the solution ¢

Nx)-Nx)=0 forall x=(z,9,0,) €3G, NC1,n=0,...,n9, (12)

and remains continuous over the slits. The equation (12) shows that the mini-
mal graph meets our unit cylinder Z orthogonally at the lifted free bound-
ary 0A(rg,t0) NCy.

We remind the reader that the fixzed boundary condition, equivalent to the
equations (15) from Section 2, appears in the form

E(X) = 5(){)7 X € a-’4(7"07t0) \Cla (13)
on the lifted fixed boundary 9.A(rg,%) \ C1 .

Definition 3.2. For the boundary values @ in (4) being given, a solution (5)
or (7) of the nonparametric equation (11) for our minimal graphs, with the
free (12) and fized (13) boundary conditions respectively, belongs to the class
P(D). We address P(P) as ourlifted mixed boundary value problem, or briefly
lifted mixed b.v.p.

Remark: The preceding considerations show the equivalence of the problems

P(P) and P(P).

Definition 3.3. With the plane domains 2, for n = 0,...,n9 in (8) and
(9), the nonparametric area formula

(C Aro,to zo:/ \/1+|gdemy, 0,)]% dxdy

determines the area of the graph ( : A(ro,to) — R € C1(A(ro, to)).

The ingenious method by R. Finn from Proposition 1.2 in Section 1 allows an
estimate of the area for our solutions of the lifted mixed b.v.p.

Proposition 3.4. (Etale area estimate)

One can bound the area of a solution ¢ for the lifted mized b.v.p. P(P) by
their values @ in (4) on the fized boundary as follows:

S(EArot) €3 1240+ (ro— DI(O) 6y
nop—1 =0 (14)
+(ro = 1) D> (Ong1 — On) + (ro — 1)[B(t0) — Ono| + Z Q.

n=0
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Within this estimate |§2,| denotes the plane area of the domain (2, and the
cylindrical areas are given by

ani= [ 186 o) = [ [0(r(x)) ~ 6] dox)
forn =0,...,n9. Here our n-th integral extends over the circular arc H, =
0G,, N Cy, in positive orientation, with do(x) as its element of arc.

Proof:

1.) We are going to multiply the p.d.e. (11) with the solution and integrate
this product separately on each sheet G,,. For n = 0,...,ny we pull back the
integration from the sheet G, into the plane domain {2, of (8) and (9) under
the projection (10). The boundary of the sheet, being traversed in a positive
orientation, yields the following decomposition:

G, =076, UH, U0 G, U (3G, NC1) for n=0,...,n9. (15)

The right-hand segments 9+G, and 97§, on the corresponding half-lines
are traversed in a positive or a negative direction, respectively. Moreover,
the circular segments H,, and 9G,, N C; are traversed on the circle C,, in a
positive direction and on the unit circle C; in a negative direction, respectively.
On the sheet G,, with the oriented boundary 0G,,, we can apply the Stokes
integral theorem: The latter can be reduced to the Gaussian integral theorem
by the retraction (10) and a subsequent exhaustion of the domains (2,,, n =
0,...,ng, which possess slits and singular boundaries.

2.) Let us perform a multiplication of the p.d.e. (11) by the solution Z and a
partial differentiation.

0=¢(z,y 9n)div< grad {(z,y, 0) )
\/1 + |grad Z(x,y, 0,)]2

= div < E(x»ya tn)grad g(l“a Y, 0n) ) lgrad g(amy7 0,))?
1+ lgrad 3o, y,0,) 2 z

V 1+ lerad (. . 6,) |2

- div(C(x’y’ bn)erads (e, v, 9”)) — 1+ |gradC(z, 5, 6.)]2
V1 gadC(z,y. 0,)]2

1
+ for all x=(x,y,0,) €G,, n=0,...,n.

1+ |grad¢(x)|?

Now we arrive at the central estimate:

\/1 + |gradg(m,y,9n)|2 < 1+ div <C(x7yv9n)grid<(m7ya6n) )
V14 [erad C(a, . 60,) (16)
for all x=(x,y,0,) €G,, n=0,...,n0.
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3.) For n =0,...,n9 we introduce Pfaffian forms

dxr

w2, y) = C(m,y,ﬂn)Cj(x,y,()n) dy (2, 00)Cy (2, 0,)

V1 + lerad (e, y,6,) P 1+ lerad C(a,y,0,) P
for all x=(x,y,0,) € Gy.
(17)
Integration of our inequality (16), with the aid of the Stokes integral theorem,
yields the following result

[ VUt rad ey 6,) dady <1200+ [ e,
n " (18)
:|.Qn|+/ wn(z,y,0,) for n=0,... ng.
0Gn

Now we evaluate the curvilinear integrals at the right-hand side in (18). We
introduce the vector field

M (x) = (1), (x)) 2= {1+ [grad C0) 1?7 (Glo0). G (0)

(19)
for all x=(x,9,0,) €G,,n=0...,n9,
which represents the plane projection of the unit normal and satisfies
|M(x)|<1 forall x = (z,y,0,) €Gn,n=0...,ng. (20)

4.) We parametrize the circular segment 9G, NC; of the free boundary by
x(t) = (x(t),y(t),0,) := (cost,sint,b,), 0<t<f,,
where (8, :=2xw for n=0,...,n0—1 and B,, := (to — 27np) . Utilizing the
negative orientation as well as the free boundary condition (12), we obtain
Bn - , B
[ e [T Emo) T @) - @ et (0)}
8G,NC1 0
Bn

S E(x(t)){ﬁ(x(t)).N(x(t))}dt:o for n=0,...,no.

0

(21)

Via the parametrization
x(t) = (z(t),y(t), 0,) := (rocost,rosint, 0,), 0<t< by,

we estimate the integrals along the circle C,, . With the aid of (20) and (13),
we comprehend
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], e
Hn

SA 1S G [T ey (8) = i el (1)

=\/ﬁ"Z@@»{qu»yu>—ﬁuxa»fa&d4

</%WE )| M (x(0) |/ (0 + ' (8)? at (22)
0
Bn ~
SA 1@ (x(t) |/ (02 + y' () dt
:/ |q§(x)|da(x) for n=0,...,n9

5.) By the method above, we arrive at the corresponding inequalities

‘/ wo‘ <(ro-— 1)\5 and ‘/ Wng
8t Go 0~ Gnyg

Finally, we control the integrals in transition over the slits F,, 41 for n =

ro—1)[(to)].  (23)

0,...,n9—1. The vector field M behaves continuously in transition over these
straight segments; however, the function ¢ possesses a jump of the height
(041 — 0y) near the slits. The symbols ¢~ and (T, respectively, designate the
continuous extensions of the function E on the sheet G,, or G, 41 up to the slit
Fn+1. We utilize the parametrization

x(r) = (2(r),y(r),0pt1) :i= (1,0,0p41), 1<r<rg

on the slit F,,+1, and we traverse one segment 0~ G, in a negative direction
and the other 07§, 1 in a positive direction. Thus we see

/agn wp + /a+gn+1 Wn+1
- /1 " () () dr — /1 " () () dr

= [ (€ et = ¥ xtr) )ty

with the aid of 17) and (19). Taking (20) into account, we arrive at the estimate

[ e [, el [ =T o et

<(ro—1(0pyt1—06,) for n=0,...,n9— 1.

(24)

6.) By means of Definition 3.3 we add (18) from 0 to ng and observe (15) as
well as (21). Thus we obtain



3 Mixed Boundary Value Problem for Minimal Graphs over the Etale Plane 397

(c Aro,to) Z|9|+Z/ wn<Z|Q |+
no—1
/a+g0wo+2_:(/a . /8+gn+1wn+1>+/ag wn0+7;)/%nwn-

0 0

With the aid of (23), (24), and (22) we achieve our assertion (14), recalling
(4) at the fixed boundary.

7.) We remark that the continuity of our vector field M , up to the boundary
Cr,, was necessary for the estimate (22). Under our general conditions, we
estimate _

E(C, A(r, to)) for sufficiently large 1 <r < rq,

and then control the passage r — rg— to the limit. q.e.d.

Finally, we prove the central

Theorem 3.5. (Solution of the mixed boundary value problem)

For each function ® € C°(I,R) prescribed at the boundary, the mized b.v.p.
P(P) of the Definition 2.2 in Section 2 possesses exactly one solution . Lifting
@ to the function @ : dA(ro,to) \ C1 — R according to formula (4), we can
lift the solution ¢ = ((s,t) € P(P) onto the lifted circular ring to a solution
g(x, y,0,) € 75({5) of the equivalent mized b.v.p. from Definition 3.2.

Proof:
1.) At first, we solve the mixed b.v.p. P(®P) for all the functions

& € C*"(I,R) with a Holder exponent € (0,1) (25)

by the continuity method: Let us consider the homotopy of the fixed boundary
values

D[, N = D[t,\] := AP(t) : T x[0,1] = R € C*T(I x [0,1],R), (26)
with the deformation parameter A € [0, 1]. Evidently, the problem

P(@[., )\]), 0<A<1 (27)

is solved by the function ((s,t) =0, (s,t) € R(so,to) for the parameter A = 0.
If we have already found a solution for the parameter A, € [0,1), our Theorem

5 from Section2 demonstrates the existence of a solution (27) for all A €
(0,1) satisfying |\ — A.| < ¢; with a sufficiently small number € = €(A,) > 0.
Now we consider the maximal A, € (0,1], such that the problem (27) is
solvable for all 0 < A < A.. Due to the Compactness statement below, this
problem possesses a solution for the parameter A\, as well. Thus the case
A« = 1 enters necessarily, and the problem P(®) is solved for all boundary
values (25).
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Then we solve the problem P(®) for all the functions @ € C°(I,R) which are
only continuous on the boundary, invoking the compactness statement once
more.

2.) Compactness statement: If the problem P(Wy) possesses a solution
Ce for each k = 1,2,... and their boundary values Wy, € C°(I,R) converge
uniformly to the function ¥ € C°(I,R), the problem P(¥) also possesses
a solution (. When we assume the boundary regularity W € C*T+(I,R), the
solution ¢ € P(¥) belongs to the class C*TH(R(so,o)).

In order to establish our statement, we consider the pulled-back surfaces

Zi(s,t) == <eXp(s +it), (s, t)) = exp(s + it) + (r(s,t) e, (s,t) € R(so,tp)-
(28)

With the aid of the uniformization theorems from Section7 and Section 8 of

Chapter 12, we introduce isothermal parameters into the first fundamental
forms of (28). In this context, we use the semi-disc

B:={w=u+iv=(u,v) €C: |w|<1,v>0}
as our parameter domain, which is bounded by the semi-circle
C={w=u+iv=(u,v) €C: |w|=1,v >0}
and the unit interval
J={w=u+iv=(u,v) €eC: -1 <u<+1,v=0}

The uniformizing mappings sy + ity = sp(u,v) + itp(u,v) : B — R(so,to),
which satisfy
I(sk, tk)

d(u,v)

for their Jacobians, constitute C?(B U J)-diffeomorphisms and furnish home-
omorphisms up to the closure of the domains. In the sequel, we shall tacitly
understand that the identities involving the index k are valid for k = 1,2,....

>0 forall (u,v)eBUJ (29)

3.) Now we introduce the functions

fe(u,v) = xg(u,v) + iyk(u, v) := exp (sk(u, v) + itk(u,v)) ,(u,v) € B,
with 74 (u,v) := arg (xk(u,v) + iyk(u,v)) , (u,v) € B,

and 2k (u, v) := Cx(sk(u, v), tp(u,v)), (u,v) € B;

(30)
here the argument-function arg measures the angle of the vector x + iy to
the positive z-axis w.r.t. the continuous extension along arbitrary paths in B.
Thus we obtain the regular, parametric minimal surfaces
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X = Xg(u,v) := (2 (u, v), yp (u, v), 2k (u, v)) = (fr(u,v), 2z (u,v)), (31)

satisfying the following conditions (32) — (36):

X = Xi(u,v): BoR* e C*(B)NCYBUJ)NC°(B); (32)
3} 0 0 :
AX, =0, ‘axk’_‘%x ‘ X 5-Xi=0 i B (33)
With a function Ax: J — R € C°(J) we have:
5 (34)
%Xk(u,O) = M\ (WN (X (u,0)), u € J;
There is a weakly increasing, continuous function T} : [0, 7] — [0, 7]
: ™ T
with Tk(gl) = El for 1=0,1,2 (35)

such that Xk(eit) =TI} (eiTk(t)), 0<t <.
Here we have used the representation for the fived boundary curves

Iy =TIp(e"): C = R = {(z,y,2) € R : 2° +y* > 0} defined by I}, (e") :

= (é(ro -t + 1,0,%(0)) forall 0<t g

.3t 3to T 27
= (T() cos( —t —tp),70 Sln(?ot - to),kffk(7t - to)) for all 3 <t< 3
= ([ (1 —7ro)t+ 3rg — 2] cos tg, {3 (1 —7ro)t+3rg — 2} sinto,&l'/k(to))
2
for all %Stﬁw.
(36)
We observe that the trace |[|I%|| := {Fk(e”) eER3: 0<t < 7r} of this

mapping coincides with the graph of the boundary values, lifted onto the
etale plane,

{yeR3: y:x+@;(x)e,xeaA(ro,to)\cl} (37)

and set I'y,(+1) = (1,0,%(0)) =: P, I(—1) = (costo,sinty, x(to)) =: Q.
4.) Let us lift our solutions Cr_onto the circular ring A(so,t0), and we obtain
the nonparametric solutions (x € P(Wk) With the aid of Proposition 3.4,
we estimate their area E(Ck, (ro,to)) by their boundary values @k On

account of the conformal parametrization, Dirichlet’s integral coincides with
the double area of the surface X;. Thus we obtain a uniform bound for the
Dirichlet integrals of the mappings Xy and their plane projections fj in
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D(fi) € D) = [ [VXelu, o) dude =25 (G, Alronto)) <
for k=1,2,... witha constant c¢=c¢(¥) € (0,00).

Then we lift the plane mapping fi onto the etale plane by the prescription

Fy. : B — A(so, to) with F,(u,v) := (mk(u, v), yx(u, v), H(Tk(u,v))), (u,v) € B.

(39)
This function F) represents a C?(B U J)-diffeomorphism and a homeomor-
phism up to the closure of the domains. With the aid of the Oscillation lemma
by R. Courant and H. Lebesgue (see Section 5 in Chapter 1), one easily derives
a modulus of continuity for the class of mappings

{erCo(E,m>:k:1,2,...}. (40)

This estimate is achieved via the bound (38) for the functions f; and the
homeomorphic character of our mappings Fj, on the lifted circular ring. The
derivation of this modulus poses an interesting exercise for our readers.

5.) The gradient estimate of E. Heinz (see Section 2 and Section 3 of Chapter
12) allows the selection of a subsequence 1 < j(1) < j(2) < j(3) < ... such
that the functions {X;x)}r=1,2,.. converge in the space C*™*(BU.J)NC?(B)
to a solution X = X(u,v) of the asymptotic parametric problem (31) — (36)
for the limit boundary distribution ¥, by simply omitting the index % in
these identities. For the necessary regularity questions at the fixed and free
boundaries, we refer our readers to the book [DHT1] Regularity Theory of
Minimal Surfaces by U. Dierkes, S. Hildebrandt, and A. Tromba.

6.) Finally, we have to guarantee the existence of the inverse transformation
for our mapping

F(u,v) := klir& Fjay(u,v), (u,v) € B.

As in the proof of Theorem 1.5 from Section 1, we observe the last component
of the normal Nj) for the minimal surface Xy, which remains positive
during the passage to the limit within the domain B. The same phenomenon
is valid on the free boundary J, where a Neumann condition has been derived
for the last component of the normal. Please see Proposition 1 in the following
paper by S. HILDEBRANDT AND F. SAUVIGNY: Uniqueness of stable minimal
surfaces with partially free boundaries; Journal Math.Soc.Japan 47 (1995)
423-440 or consult Chapter 2 in the book [DHT2]. Via the boundary point
lemma by E. Hopf, we arrive at the statement

N(u,v)-e>0 forall (u,v)e BUJ (41)

for the unit normal N(u,v) of our asymptotic parametric solution X(u,v).
Using the index-sum formula (see Section 1 in Chapter 3), we deduce that our
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asymptotic lifted plane mapping F : B — A(so, ), which is associated with
X (u,v), represents a homeomorphism with the inverse F~!: A(sg,t9) — B
and moreover a C?(B U J)-diffeomorphism. With the function

C@y,00) = 2(F 1 @,,00)), (@.9.00) €Gn for n=0,....n0 (42)

we obtain a solution of the problem P(¥) equivalent to the problem P(¥).
Thus our compactness statement above is completely proved.

7.) By the methods from the Proof of Theorem 1.7 in Section 1, we deduce
the transversality to the boundary for our asymptotic parametric solution

O(z,y)
D, v) >0 forall (u,v) G(Z;)

in case of differentiable boundary data ¥ € C?*#(I,R). Here we mention
that a reflection over the straight fixed boundary transforms the regularity
question into an interior problem, which is solvable as above. Therefore, the
nonparametric solution is differentiable up to the fixed boundary, according

to ¢ € CQ—HL(R(SQ,to)). q.e.d.

X(u,v) = (z(u,v),y(u,v), 2(u,v)) with

Remarks: The investigations of Section 2 and Section 3 are based on the paper
[S6] by Friedrich Sauvigny, which we recommend for further study. Here we
would also like to refer our readers to the subsequent article:

F. Sauvigny: Mized boundary value problems for minimal graphs on a Riemann
surface and winding staircases. Milan Journal of Mathematics 79 (2011), 311-
325.

4 Plateau’s Problem with Constant Mean Curvature
Given the radius M > 0, we define the ball
K = {(amy,z) ER?: 2?2+t +22 < MZ}.

Within K we take a rectifiable Jordan curve I" C K, where we fix three points
p; € I' for j =1,2,3. We define the nonvoid class of admissible functions

x e C*(B)NC(B)nW3(B),
Z(I') :={x=x(u,v): B— K : x:9B — I" weakly monotonic,
x(e*'9) =p;, j=1,2,3

Besides the generalized area

Ax) = //{\xu/\xv|+%(x,xu,xv)}dudv (1)
B
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from Chapter 11, Section 2, we consider the energy functional of E. Heinz

4H
B0 = [[ {4 bl) + 5 eoxux) fdude @)
B
for x € Z(I'), assuming H € [—ﬁ, —&—ﬁ] Dirichlet’s integral
D(x) := // (|xu]? + |x0[?) dudv
B

has the following relationship to this energy functional:

E(x) > %D(x) for all x € Z(I"). (3)
Furthermore, we observe
2A(x) < E(x) for all x € Z(I"), (4)

where equality is exactly attained in the case of conformal parametrization
‘XU|Z|X11|7 Xy Xy =0 in B. (5)

This fact is based on the inequality

1
VEG—-F2<VEG< §(E+ QG)
for the coefficients of the first fundamental form
dx? = Edu® + 2F dudv + G dv®

associate to the surface.

We owe the following result to T. Radé and C. B. Morrey:

Proposition 4.1. (Almost conformal parameters)

Let the function x = (z(u,v),y(u,v), z(u,v)) € Z(I') and the quantity € > 0
be given. Then we have a parameter transformation f(o, ) : B — B which is
topological, such that the surface y(a, 8) :==xo f(a, ) € Z(I') is admissible
and the estimate

LE(y) < Aly) + 2 (6)
is fulfilled.

Proof: Since the second summand in 24 and F are parameter-invariant (with
respect to orientation-preserving reparametrizations), we have only to investi-
gate the case H = 0. Given the number é > 0 we define the extended mapping
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%(u,v) = (z(u,v),y(u,v), 2(u,v); u,6v) : B — R® (7)
with the first fundamental form
FE=%, %X, =E+6, F=%, %,=F, G=%, %, =G+
and the surface element
EG-F>=EG-F*+8(E+G)+d >0.

According to Section8 of Chapter 12, we introduce isothermal parameters
into the regular surface X(u,v) with the aid of the positive-oriented mapping

fle, B) = (u(e, B),v(a, B)) : B— B.

The surface

y(a, B) = %o f(a,B) = (xo f(a, B),0f (v, ) = (y(e, ), 6f (e, 8)) : B =R

satisfies
Yo Y5 =0=Iya>—|ys> in B,

and the transformation formula for multiple integrals yields

D(y) +0°D(f) = D(y) = 2// VEG — F?2dadp
B

:Qé/\/(EG—F2)+62(E—|—G)+64dudv

SQ//\/EG—deudv+25//\/E+Gdudv+2ﬂ'52.
B B
(8)

The quantity ¢ > 0 given, we can find a number § > 0 and an associate
parameter transformation f, such that the inequality (6) holds true for the

function y = x o f. qed

Proposition 4.2. (Minimal property)
Let the function x(u,v) € Z(I') denote a solution of the H-surface system
Ax(u,v) = 2H x4, A Xy (1, v) in B

with H € [— 537, +517]. Then all admissible functions y(u,v) € Z(I") satisfy-
ing y(u,v) =x(u,v) on OB realize the inequality

E(y) =2 E(x). (9)
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Proof: With the aid of the Gaussian integral theorem we easily verify the
following identity:

E(x+1z)=E(x)+ é/ {|Vz|2 + %(3X+ z,zu,zv)} du dv w0

for all z e C§°(B,R3).

Therefore, we develop

Ex+z)= //{|Vx\2 +2V(z - Vx) + |Vz|? f2z~Ax} du dv
B
4H
+?//(x—i—z,xu—&—zu,xv—&—zv)dudv
B
4H
:E(x)—i—//{\VzF—f—?(x—i-z)-zu/\zv—4H(xu,xv,z)}dudv
B
+% //{(z,xu,xv)+(x+z,xu,zu)+(x+z,zu,xv)}dudv
B
:E(x)—l—//{\VZF—I—%(x—l—z)-zu/\zv}dudv
B
4H
—I—T//{(x—l—z,xu,z)v—|—(X—|—Z,z,xv)u}dudv
B

_% // {(0x0,2) + (02,3) b dudo
B

= FE(x) +//{\Vz|2 + %(3x+z) -zu/\zv}dudv

B
4H
_7//{(zmx,z)u—i—(zmz,x)v}dudv
B
:E(x)—i—//{\VzF—l—%(Bx—!—z)-zu/\zv}dudv.
B

Via a well-known approximation procedure, we can insert the function
z=y—-x with |[x+z <MonB

into (10). From the condition |H|M < % we then infer the inequality (9).
q.e.d.
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We owe the following result for surfaces of constant mean curvature to
E. Heinz:

Theorem 4.3. (Plateau’s problem)
Let the parameter H € [— 517, +577] be given. Then the variational problem

A(x) = minimum, x € Z(I) (11)

possesses a solution x € Z(I"), representing an H-surface with the curve I’
as its boundary.

Proof: We define the number

= inf A € (0,
T ez () (x) € (0, +o00)

and choose a minimal sequence {x, }n=12,.. C Z(I") with

lim A(x,) = a. (12)

n—oo

Via Proposition 4.1 we make the transition to a sequence {y, }n=1,2.. C Z(I")
satisfying

1 1
§E(Yn) SA(X”)+ﬁ’ n=12.... (13)

Using Theorem 4.6 from Section 4 of Chapter 12, we can uniquely extend the
continuous boundary values of y,, to a solution of Rellich’s system, namely

Az (u,0) = 2H (20)u A (70)o(u,v)  in B,

14
Zn =Yn on OB. (14)
Proposition 4.2 together with (13) yield the inequality
1 1
iE(z") < A(xy) + —, n=12... (15)
n

On account of (3) the sequence {z,}, possesses a uniformly bounded Dirich-
let’s integral. With the aid of the Courant-Lebesgue lemma we see that the
boundary values z,|sp, n = 1,2, ... are equicontinuous. W. Jiger’s maximum
principle from Section 1 of Chapter 12 allows the transition to a uniformly con-
vergent subsequence on the closed disc B. Due to Theorem 2.7 in Section 2 of
Chapter 12, we find a function z(u,v) € Z(I") in the limit satisfying

Az(u,v) = 2H 2y \ 2, in B. (16)

On account of the convergence in C!(B) we infer the following inequality from
(15), namely

a< %E(z) <a < A(z), (17)
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which implies A(z) = %E(z) Consequently, the surface z is conformally

parametrized and represents a H-surface. qed

On each disc B,(wg) CC B with the center wg € B, our H-surface satisfies
the differential inequality

xwm(w)] < clxw(w)]  in Br(wo) (18)

with a number ¢ = c(wp,r) > 0. By a well-known result [HW] of P. Hartman
and A. Wintner (compare Section 3.1 in [DHT1]), we establish the asymp-
totic expansion

X (w) = a(w — wo)" + o(|w — wo|™), w — Wy (19)

with the nonvanishing complex vector a = a(wg) € C3\ {0} and the integer
n =n(wy) € NU{0}.

In the recent lecture notes [Mu] by Frank Miiller, it has been shown that this
asymptotic expansion can be achieved by an adequate vector-valued version
of the similarity principle from Bers and Vekua (compare Theorem 6.3 from
Section 6 in Chapter 4).

Ounly in the special case n = n(wg) = 0 of (19) the surface is differential-
geometrically regular at the point wy.

Definition 4.4. A point wg € B, where the asymptotic expansion (19) with
the positive n(wg) € N is walid, is called branch point xg = x(wg) of the
H-surface. We call n(wg) € N the order of the branch point wy.

The branch points are obviously isolated, and the surface is not regular in the
differential-geometric sense there. Let us represent the nonvanishing vector a
from the asymptotic expansion (19) at a branch point wq in the form a = b—ic
with the real vectors b € R? and ¢ € R3. Then we infer

bl =1]c|>0,b-c=0

from the conformality relations for our H-surface. From (19) we deduce the
following limit relation

X(u,v) := |xu A X (0)| 7 x4 A X (W)
=[x A Xz (w)| 71 X A X (w) (20)
—|bAc|T'bAc forw=u-+iv— wy, w# wy

for the unit normal X(u,v) : B — 5% of our branched H -surface. In particular,
the normal can be uniquely and continuously extended into the branch points!
We leave the easy proofs for these statements to our readers as an exercise. An
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integration of the asymptotic expansion (19) is performed within the formulas
(23) and (24) in the following Section 5.

Remarks:

1.) The regularity of H-surfaces, especially at the boundary, is intensively
studied in the beautiful Grundlehren-books [DHKW] of U. Dierkes,

S. Hildebrandt, A. Kiister, and O. Wohlrab on Minimal Surfaces I and II.

2.) If the boundary curve I" is real-analytic, the solution can be analytically
continued beyond the boundary as an H-surface, due to the result of
F. MULLER: Analyticity of solutions for semilinear elliptic systems of sec-
ond order. Calc. Var. and PDE 15 (2002), 257-288.

3.) According to a theorem of Alt-Gulliver-Osserman one can exclude the
branch points for the solutions of the above variational problem a poste-
riori. However, the desire remains to solve the variational problem (11)
directly in the class

ZT) = {x € Z(IN) : |xy AXy(u,v)| > 0 for all (u,v) € B}. (21)

4.) Only under very restrictive conditions on the boundary contour I', the
Plateau problem is uniquely solvable. To classify the solution set for
Plateau’s problem with arbitrary contours more precisely, this question
has been and still is a great challenge for differential geometers!

5.) For a profound study of the very interesting theory of minimal surfaces,
we would like to recommend our new book Minimal Surfaces [DHS] by
U. Dierkes, S. Hildebrandt, and F.Sauvigny. This is succeeded by the
new treatises [DHT1] and [DHT2] by U.Dierkes, S. Hildebrandt, and A.
Tromba on Reqularity of Minimal Surfaces and Global Analysis of Minimal
Surfaces.

6.) Furthermore, we recommend studying the pioneering monograph Vor-
lesungen tber MinimalfiGchen by J.C.C. Nitsche [N], published already in
1975.

5 Closed Surfaces of Constant Mean Curvature

When we look for a solution of the isoperimetric problem within the
Euclidean space, finding a closed surface under all closed surfaces with given
area to bound the maximal volume, the Calculus of Variations tells us that
this surface has necessarily constant mean curvature. This raises the following
question: In which class is the sphere the only closed surface of constant mean
curvature?

Definition 5.1. Under a closed embedded surface M we comprehend a
2-dimensional, compact and connected, orientable C3-manifold in R? with-
out boundary, which does not possess self-intersections. More precisely, M
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represents a compact and connected set of R3, which is locally a zero-set
for a nondegenerate C3-function and possesses a continuous unit-normal-field

N:M— S2.

With the aid of the reflection principle by A. D. Alexandrov, we shall give a
first answer to the question above. In this context, we need a geometric version
of the maximum principle.

Proposition 5.2. (Touching principle) -
On the C*-domain 2 C R?, we have solutions ¢; = (j(x,y) € C*(2)NC(2)
of the H -graph-equation

(L () — 26Gy oy + (1 )Gy = 2H(1+[VC(,9))*, (2,9) € 2 (1)
for 7 =1,2 and constant H > 0 satisfying
G(zy) < Glr,y), (z,y) € 2. (2)
Furthermore, there exists an interior point
(z0,yo) € 2 with  (1(zo,y0) = C2(0,Yo) (3)

or alternatively a boundary point

. 0 0
(20, 90) € 02 with (20, y0) = C2(0,Yo) and gCl(Io,yo) = 5@(9307@/0)
(4)
for the derivative w.r.t. the exterior normal v : 92 — S*.
Then the identity (i (z,y) = C(z,y), (z,y) € 2 holds true.

Proof: The difference of the solutions (; — (o < 0 satisfies a linear elliptic
differential equation; and the strict maximum principle or the boundary point
lemma by E.Hopf yield the statement above (see Section1 and Section2 in
Chapter 6). q.e.d.

Theorem 5.3. (A.D. Alexandrov)
The only closed embedded surfaces M of constant mean curvature H > 0 are
the spheres of radius H~'.

Proof: Choose an arbitrary directional vector e € R? with |e| = 1. Orthogonal
to e, we consider a support-plane £ for the surface M, which we move into the
interior of the closed embedded surface. Thus a cap M is cut out by £ on M,
which we reflect at this plane & to the reflected cap M*. By the residual cap
M := M\ M we mean the complement of our cap in M. At first, the small
reflected cap M?* remains contained in the interior of M. However, moving
the plane continuously into the interior of M, we will arrive at the point where
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the reflected cap wants to protrude from the interior of M. We distinguish
between the following two situations possible:

Case 1: The reflected cap M* touches the residual cap M in an interior point
Xg. Then we can represent the surfaces nonparametrically as described in the
first situation (2) and (3) of Proposition 5.2. In a small neighborhood of xg,
the two surfaces must coincide, and a continuation argument yields M* = M.
Consequently, £ is a symmetry plane for our surface M.

Case 2: The reflected cap M* touches the residual cap Mata boundary point
xg of M*: Then we can represent the surfaces nonparametrically as described
in the second situation (2) and (4) of Proposition 5.2. In a small neighborhood
of xg, the two surfaces must coincide, and a continuation argument yields
M* = M. Consequently, £ is a symmetry plane for our surface M.

In both cases, the plane £ constitutes a symmetry plane for our closed surface
M, where the directional vector e has been chosen arbitrarily. Therefore, the
closed surface M must be a sphere. q.e.d.

Remark: Since a soap bubble M does not have self-intersections in physical
experiments, this surface M represents necessarily a sphere.

For a more thorough study of our central question we need the following
observation, already known to O.Bonnet: If we vary a surface x of constant
mean curvature H > 0 in the normal direction X with the distance H™1, a dual
surface z of the same mean curvature H appears! In Lemmal of Section 2.)
from the paper [S4] by Friedrich Sauvigny, it has been observed that even the
conformal parametrization is transferred to the parallel surface, rendering the
analytical treatment within this paragraph more transparent. Furthermore,
we would also like to recommend the instructive Section 5.2 in our joint book
on minimal surfaces [DHS] by U.Dierkes, S.Hildebrandt, and F.Sauvigny.
However, we offer a derivation of this result here for the convenience of the
reader.

Proposition 5.4. (The dual H-surface)

For the constant H > 0 let the immersed H-surface x(u,v), (u,v) € B on the
open unit disc B with the associate unit normal X(u,v), (u,v) € B be given.
By the parallel surface in the distance H™', namely

1
z(u,v) = x(u,v) + T X(u,v), (u,v) € B, (5)
we obtain a dual H-surface z with the unit normal
Z(u,v) = —X(u,v), u,v) € B, (6)

which could degenerate to a single point. If z is nonconstant, the branch points
of this surface are exactly the umbilical points for the original surface x, due
to the identity (8) below.
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Proof: In order to simplify our calculations, we consider the rescaled surface
y(u,v) == Hz(u,v) = Hx(u,v) + X(u,v) , (u,v) € B. (7)

We recall the identity (see Theorem 1.4 in Section 1 of Chapter 9) between the
first, second, and third fundamental forms of the H-surface x and use those
notations, e.g. K for the Gaussian curvature of x. Thus we deduce

Vi Yu'Yo
Yv - Yu Y12;
Xﬁ X, - X, Xy - Xy Xy - Xy X?L Xy Xy
= +2H + H?
X, - Xy X% Xy - Xy Xy - Xy Xy - Xy x2

v

(ef) (L M) (EF) (x% Xu~Xv>
= —2H +K + (H? - K)
fg M N FG Xy Xy o X2
= FE(H?-K) Lo
01/

This matrix-identity yields the conformality relations for our surface y with
Vo' ¥Yo=0, |yu*>=|yo?=EH?-K) in B

and consequently for our surface z with
K .
Zoy 2y = 0, \zu|2:\zv|2:E<l—m) in B. (8)

Furthermore, we calculate with the aid of the Weingarten fundamental equa-
tions (compare the Proof of Proposition 1.4 in Section 1)

Vu AYo = Xy AX,y + H(Xy AXy + %y A X)) + H?xy AX,
= FKX —2EH?X + EH?X = —E(H? - K)X = — |y, A y.|X.

This implies
Zy N2y = —|2Zy N2,|X in B (9)

and the identity (6), in particular. Finally, we establish
Ay = AX + HAx = (-4FH? + 2EK)X + 2EH?*X
= 2B(K — H?)X =2y, Ay,
and therefore the system

Az =2Hz, Nz, in B. (10)
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The equations (8) and (10) show that z represents an H-surface. The asymp-
totic expansion (19) from Section 4 yields the further properties stated above.
q.e.d.

Definition 5.5. Under a closed convex surface or equivalently an oval-
oid M we comprehend a closed embedded surface, whose Gaussian curvature
satisfies K(x) > 0 for all points x € M.

With the aid of our dual H-surface, we prove the following classical result by
the maximum method.

Theorem 5.6. (H. Liebmann)
The only closed convex surfaces M of constant mean curvature H > 0 are the
spheres of radius H~'.

Proof:

1.) Due to classical results of J. Hadamard, the surface M bounds a convex
set and is homeomorphic to the sphere S? and consequently of genus 0. The-
orem 6.5 (Jordan, Brouwer) from Section 6 in Chapter 3 tells us that M
separates the space R3 into a convez interior and an exterior domain. The
unit normal to the surface N’ : M — S? furnishes a C?-diffeomorphism by
Hadamard’s observation; an eventual substitution of ' with —A/ guarantees
that the normal is directed into the convex interior of M globally. For these
properties of the ovaloids, we refer the reader to Section 6.2 in the book [K]
by W.Klingenberg and to the Grundlehren [BL], § 102.

2.) Now we consider Minkowski’s support-function to the surface M,
namely

p:M—=ReC] M) defined by p(x):=N(x)-x, xeM. (11)
Via a translation of the coordinate system, we can ascertain that we have the
equation

1
X0 + EN(XQ) =0, (12)
at least for one point xg € M. The Minkowski support-function satisfies the

inequality
u(x) <0, xeM (13)

for convexity reasons. Let us consider the nonnegative function

1 2
¢ = d(x) : M — R € C*(M) defined by ¢(x) := (x + E./\[(X)) , X € M.
(14)
From (12) we infer the condition ¢(x¢) = 0, and the continuous function ¢
attains its maximum on the compact surface M at one point x; € M, at
least.
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3.) In a neighborhood of this point x;, we introduce isothermal parameters
(see Section 7 and Section 8 of Chapter 12) by the following mapping:

B 3 (u,v) = x(u,v) € M; (0,0) — x1; X(u,v) = N(x(u,v)), (u,v) € B.
(15)
Here the unit normal X(u,v) of the H-surface x(u,v) points to the interior
direction N (x(u,v)) of our closed convex surface M. We now utilize the dual
H-surface

1
z(u,v) = x(u,v) + i X(u,v), (u,v) € B
from Proposition 5.4 above and consider the function
2
B(u, v) == (z(uw)) = ¢(x(u,v)), (u,v) € B. (16)

Parallel to the geometric maximum principle of E. Heinz (see Theorem 1.4 in
Section 1 of Chapter 12), we calculate with the aid of (8) — (10) as follows:

Ad(u,v) = 2(\VZ(U, V)2 + z(u,v) - Az(u, v))

= 4(|zu A 2oy (U, 0)| + Hz(u, ) - Zy A zv(u,v))
= 4<zu A zZy(u,v)| + H(x(uw) + %X(u,v)) : (— |z, A zU|X(u,v)>>

— 4<Zu Nz (u,v)| — H|Zy A 20 (u,v)] (X(u,v) . X(u,v)) — |2 A Zy(u, v)|>
= —4H|zy A 2y (u,v)] (x(u,v) . X(u,v))

= —4H|zy A Zy(u,v)] (x(u, v) - N(x(u, v)))
= —4H |z, A zy(u,v)| p(x(u,v)) >0, (u,v) € B.

Here we have taken the inequality (13) into account.

4.) Therefore, the function @ is subharmonic in B and attains its maximum
at the interior point (0,0) € B. Thus & is constant on B by the maximum
principle. A continuation argument on the connected surface M shows that
¢ : M — R is constant and even vanishes, due to the condition ¢(xg) = 0
from above. Thus we arrive at the identity

0= ¢(x) = (X—i—%/\f(x))z,xej\/l (17)

or equivalently
1
x:fﬁN(x),xeM. (18)

This shows that our ovaloid is necessarily a sphere of radius H 1. q.e.d.
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Definition 5.7. Under a closed immersed surface M we comprehend a
2-dimensional, compact and connected, orientable C3-manifold in R® without
boundary. More precisely, M is a compact and connected set of R?, which
is locally representable by charts of an orientable C3-atlas, and consequently
possesses a continuous unit-normal-field N': M — S2.

From §97 and § 98 in [BL] we recall the following notion: The genus g € Ny of
a closed immersed surface indicates that M can be globally parametrized over
a sphere with g handles being attached. With the aid of our dual H-surface,
we prove the subsequent well-known result of Heinz Hopf by the index method
(compare §100 in [BL)).

Theorem 5.8. (H. Hopf)
The only closed immersed surfaces M of genus 0 with constant mean curvature
H > 0 are the spheres of radius H™1.

Proof:

1.) For a tangential vector-field 7 along the surface M, we look at its isolated
singularities x; € M. Then we attribute an index ind(T,x;) € Z to this
singular point. Invoking the profound index-sum formula of Poincaré, the
sum of the indices for all these singularities on the surface is independent of
the vector-field and equals 2 — 2g. Thus we have the identity

L
> ind(T,x) =2 - 2g, (19)

=1

where the situations L = 0,1,2,3,... might occur — and L = 0 means the
absence of singularities. Here we refer the reader to §99 in the Grundlehren
[BL] by W.Blaschke and K. Leichtweiss. This profound result is based on the
Gauss-Bonnet theorem — the central result in differential geometry!

2.) Let us now regard the mapping
1
F:M— M* defined by F(x) ::X+EN(X), xeM (20)
onto the set
M* = {z:x—ki./\/(x)’ XEM}.
H

About an arbitrary point x; € M we can locally introduce conformal para-
meters as described in (15) above. To the immersed H-surface x(u,v), we
consider its dual surface z(u, v) from Proposition 5.4 and observe

z(u,v) = F(x(u,v)), (u,v)€ B. (21)

The H-surface z(u,v) is not necessarily immersed and might even degenerate
to a single point. If the last case does not enter, the asymptotic expansion
from (19) in Section 4 yields
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2z (w) = aw"+o(|w|"), w = u+iv — Owitha = b—ic € C*\{0}, n € NU{0}.

(22)
The conformality relations (8) imply |b| = |c| > 0, b-c¢ =0, and an integra-
tion of (22) yields

2(w) = x1 + —— (awn+1 n mﬂ“) + o(|w]™Y)
) (23)
=x1+ —Re(aw"“) +o(jw|™™), w=u+iv—0.
n+1
Using polar coordinates w = p(cosp + ising), we deduce the asymptotic

expansion

z(w) = x1 + nL_HRe((b —ic) p" T cos(n + 1) + isin(n + 1)4,0]) +o(p™t)

2
=x1 + . (b cos(n + 1) + csin(n + 1)(,0) Pt o(p" ), p = 04
n

(24)
From the property (6) we infer the following representation
bAc
= — ) 25
Brg = V) (25)
3.) Let us now introduce the tangential space to M at the point x1 with
Tai(x1) = {y € R s y - N(x1) = 0}, (26)

From the identities (24) and (25) we infer that the linear differentials of the
mappings x : B — M and z : B — M™* at the origin (0,0) both map into the
same tangent plane T (x1) according to the prescriptions

0x|(0,0) : R? = T (x1) with 8x(s, ) := x,,(0,0)s +x,(0,0)t, (s,t) € R?;

0z|(0,0) : R? = Th(x1) with dz(s, t) := 2,(0,0)s 4 z,(0,0)¢, (s,t) € R%
(27)
Moreover, the mapping z(u, v) reverses the orientation of x(u,v) on Thy(X1)
in linear approximation, according to (6). Finally, the dual H-surface z(u,v)
might possess a branch point of the order n € N at the origin (0,0), accord-
ing to the formula (22) above. Therefore, the set M* constitutes a branched
immersion of constant mean curvature H in R3.

4.) With the aid of the representation (21), we consider the linear differential
of the mapping (20) in the following notion:

oOF

s Ta(x1) = Tam(x1) defined by
x1

(28)
OF

(y) == 02z|(0,0) © (8%[(0,0)) " (¥), ¥ € T (x1).

X1
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Here the inverse linear transformation (9x/(g,0)) ™" = (9x!)|x, exists, because
the H-surface x is immersed.

The differential OF| vanishes if and only if the dual H-surface z(u,v) has

X
a branch point at the1 origin; this is exactly the case, when our original H-
surface x(u,v) has the umbilical point x; = x(0,0) (compare the identity (8)
above). Consequently, we call x; a singular point of the mapping F if its
linear differential from (28) degenerates to the null-transformation.

If x; is such a singular point, we consider the mapping z o x~' in a small

neighborhood of x; on M. Then we determine the winding number of this
mapping projected onto the tangential plane T (x1), which we orient by the
normal N (x;). Taking the conditions (24), (25) into account as well as the
orientation (15) for our mappings z and x, respectively, we can determine
the winding number which we diminish by 1. Thus we obtain the index
ind(x1, F) of the map (20) at the singular point x; by

ind(x1,F) := —n € =N with the integer n € N from (22) or (24). (29)

5.) Let us now determine the index at the singular point x; = x(0,0) alter-
natively: For a sufficiently small ¢ > 0, we introduce the directional field

ty ;= O0F

(cosﬂxu(wg) + sinﬁxv(wﬂ)) € Tam(x(wy)), 0 <9 < 2,

x(wy)
with the circuit wy = ¢e(cos? +isind) € C\ {0} for 0<9 <27,
(30)
We consider the projection t/:g, 0 <9 < 27 of this directional field onto the
tangential plane T(x;) oriented by the normal N (x;). This nonvanishing
directional field ty covers the plane in a Riemannian sector of oriented total
angle 2wp for 0 < ¥ < 27, where the multiple € Z appears as a signed
covering number.
From (28) combined with (22) and (25) we deduce that this index equals —n,
where n € N appears in the asymptotic expansion of the branch point for
z(u,v) at the origin. Now we introduce the tangent bundle

Thm = {(X0§Y)’Xo EM,ye TM(XO)}a
and via (28) we define locally the tangential vector-field as follows:

T : Ty — Tag  satisfying

(31)
T(x0,y) :=0F| (y) for x¢€ M,y € Tr(xo).

Xo0

The investigations above show that our index (29) at a singular point x; of the
mapping (20) is identical to the index ind(T,x;) of the tangential mapping
T at the singularity x;.
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6.) If the assertion of the Theorem were false, the mapping (20) could not
be constant. We look at the finitely many isolated singularities {xy,...,xr},
with L € N, of the mapping F : M — M* on this compact closed surface
M. Due to the observation in part 5.), the index at such a singularity is
always negative and equals the ind(7,xy) of the tangential vector-field T for
k=1,..., L. Since our surface M has genus 0, Poincaré’s index-sum formula
(19) reveals the evident contradiction

L
0> ind(T,x) =2—2g=2, (32)
=1

1
Therefore, only the sphere of radius I remains as a closed, immersed surface

of genus 0 with constant mean curvature H. q.e.d.
Remarks:

1. For about 36 years the intriguing question remained open, as to whether
closed immersed surfaces of higher genus with constant mean curvature ex-
ist or not? To the great surprise of the interested community of mathemati-
cians, H. C. Wente answered this question affirmatively by constructing an
immersed closed surface with constant mean curvature of the topological
type of a torus, the so-called Wente torus. This is achieved in the treatise
H.C. WENTE: Counterezample to a question of H. Hopf.

Pacific Journal of Mathematics 121 (1986), 193-243.

2. Under an adequate stability condition, J.L.Barbosa and M.do Carmo
showed that those stable closed immersed surfaces of constant mean cur-
vature are necessarily spheres. These closed immersed surfaces comprise
the relative and absolute minima of the variational problem associated
with the isoperimetric problem. Here we refer our readers to
J.L.Barbosa, M. do Carmo: Stability of hypersurfaces with constant mean
curvature. Math. Zeitschrift 185 (1984), 339-353.

6 One-to-one Solutions of Lewy-Heinz Systems

The uniformizing mappings for the elliptic Monge-Ampere equation in the
subsequent Section 7 motivate to study the following class of mappings, refin-
ing the results from Section 5 in Chapter 12. Although this Lewy-Heinz class
of one-to-one mappings deserves an independent interest, the reader should
consider this paragraph together with the next as an entity.

Definition 6.1. With the constants ag,ay € [0,+00) and N € (0,+o00] being
prescribed, we denote the following Lewy-Heinz class of mappings by the
symbol I'.(B,ap,a1,N):
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i) The function z(w) = (z(u,v),y(u,v)) : B = R* € C*(B) N C°(B) maps
the closed disc B homeomorphically and positive-oriented onto B;
ii) The mapping z is origin-preserving, which means z(0) = (0,0);

iii) The function z satisfies the system of differential equations

Az(u,v) = hy(z(u,v),y(u,v))|Va(u,v)|? + ho(z,y)(Va - Vy)(u,v)

a0y ) T, 0 + a0y, ) G2
Ay(uv U) = ill (x(u, U)v y<u7 v))|Vx(u, ’U)|2 + B2(x7 y)(vx ’ Vy)(“? 'U) (1)
O(x,y)

iy, ), ot 0) Vot )+ (o, ), (0, 0) s

forall w=u+ive B,

which we call the Lewy-Heinz system.

w) The coefficient functions h1 = hi(x,y),...,hs = ha(z,y) and hi =
iL1(5C7y), o hy = ﬁ4(x,y) belong to the class C°(B) and satisfy the fol-
lowing estimates

|h1(z)|,...,|h4(z)|,\711(2')|,...,|l~L4(z)|Sao for all z=z+iy € B. (2)

For the combinations wy := Bl, we = hy — iLQ, w3 = hy — 537 wy = hg we
have the following structure conditions

lwi(z1) —wi(22)] < ay|z1 — 22| forall 2,20 € Band 1=1,...,4. (3)

v) Dirichlet’s integral of z fulfills

D(z) = // (|zu(u,v)|2 n |zv(u,v)|2> dudv < N.
B

Within the comprising class I'v(B, ag,a1) := I['«(B,ag, a1, +00) we require no
bound on Dirichlet’s integral. An arbitrary element z € I'.(B,ag,a1) is ad-
dressed as one-to-one solution of the Lewy-Heinz system.

The Lewy-Heinz system (1), together with the structure conditions (2) and
(3), is obviously invariant under translations. By an explicit calculation (com-
pare [Sc], Lemma 8.1.1), we derive the invariance of the Lewy-Heinz system
under rotations, and the structure conditions above appear! As usual, the
symbol * denotes the transposition of matrices. For the Jacobian in the open
unit disc B, we equivalently use the symbols

O(z,y)
Jz(u,v) = = [Va(u,v), Vy(u,v)|, (u,v) € B,
() = 5] . = [Fat,0), yfan), ()
where the bracket [., .] denotes the familiar alternating bilinear form of the

determinant.
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Proposition 6.2. (Rotational invariance)

For ag,ay € (0,400) there are positive constants ag = ao(ap) and a1, = ay(ar)
such that the following holds: With each solution

y(u,v)

z =1z(u,v) = (:v(u,v)) € I'.(B, ag, a1)

the rotated solution

7z =7/ (u,v) = (5(%1})) :=T" oz(u,v), (u,v) € B
n(u,v)

belongs to the class I'v(B,ag,a1) for all rotational matrices

T:= (a—ﬁ) with o, BER and o*+ B> =1. (4)
8 «

The coefficients b, ..., hly, by, ... B, of the Lewy-Heinz system for the rotated
solution are given in (6) and (7) below.

Proof: 1.) We take the transformation identities

E=ar+py,n=—-PFr+ay and x=af—Fn,y=pE+an (5)

from the orthogonal transformation

£ _ ) [« B r\ [ ozt By
n) y)] \-Ba y) \-Batay)’
and their inverse transformation
() ()-C0)-6)- ()
y n B« n BE+an )
2.) With the identities (5) we calculate as follows:

A(u,v) = aAz(u,v) + BAy(u,v)

= (Oéhl + ﬁﬁl)\VxP + (Oéhg + 6E2)(V1‘ . Vy) + (Oth3 + 6713)|Vy|2

+(ahy + Bha)[Vz, Vy]
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= (ahy + Bhn) (0?| V€2 — 208(VE - Vi) + 5| Vn[?)

+(ahs + Bha) (aBIVE + (a2 = B2)(VE - V) — a|Vi?)

(s + Bha) (B IVEP +208(VE - Vi) + | Vi)

+(ahy + Bha)[VE, Vi

= (a®h1 + 2By + ha) + aB? (ko + ha) + B°h3 )| VE[?
+(a®ha + 2B(=2h1 + ha + 2hg) + aB2(~2h1 — ha + 2hs) — 8Dz
(V€ V)
+(ha + aB(hy — ha) + @B (=ha +hn) + 5hn ) V[
+(ahy + Bha)[VE, V]
= hy|VE[? + hy(VE - V) + hg|[Vnl? + hy[VE, V).
Here the transformed coefficient functions are defined by
by = a’hy + a®B(hy + ha) + aB?(hg + h3) + B°hs
By = a3hy + a28(—2hy + hy + 2hs) + af2(—2hy — hy + 2h3) — B3hs
hly = 3hy + a®B(hs — ha) + af?(—hg + hy) + 83h
W, = ahy + Bhy.
3.) Correspondingly, we calculate
An(u,v) = —BAz(u,v) + aAy(u,v)
= (=Bhy + ahy)|Vz|? + (= Bha + ahy)(Vz - Vy) + (—Bhs + ahs)|Vy|?
+(=Bhs + ahy) [V, Vy

= (=Bl + ahy) (a?VE|* = 208(VE - Vi) + B2 Vn[?)
+(=Bhz + aha) (aBIVE + (o = B2)(VE - Vi) — aB| V)

+(—Bhs + ahs) <ﬁ2|V§|2 + 208(VE - V) + a2|V77|2)
+(=Bha + ahy)[VE, V)



420 Chapter 13 Boundary Value Problems from Differential Geometry
= (a%h1 + a2B(~ha + ha) + aB(~hz + hy) — B ) [V
+(a352 + a?B(—hg — 2hy + 2h3) + af?(—hy + 2hy — 2h3) — 63h2)
(V€ Vn)
+(a®hs +a2B(~hs — ha) + aB(ha + h1) — Bh1 ) [Vnf?
+(—Bhs + ahy)[VE, V)
= h|VE[* + 1y (VE - V) + [Vl + Ry [VE, V).
Here the transformed coefficient functions are defined by
Ry o= aPhy + @2B(—hy + ha) + aB2(~hs + hs) — B3hy
B = alhy + o2B(—hy — 2hy + 2hs) + af2(—hy + 2h1 — 2h3) — B3ha
Iy = aPhy + a?B(—hg — ha) + a2 (ha + h1) — B
flﬁl := —Bhy + ahy.

4.) From the transformation laws (6) and (7) for the coefficients, we deduce
that they remain bounded by a positive constant ag = dg(ag), according to
(2). Moreover, we can directly control that the structure conditions (3) remain
valid for the transformed system with a positive constant a; = a1 (a1). This
completes the proof of our lemma. q.e.d.

Proposition 6.3. (Nonlinear combination)

For a sufficiently small 6 = 6(ag,a1) > 0, there exists a C*((—6,+95),R)-
function y = g(x), x € (=0,+9) satisfying g(0) = 0 = ¢'(0), such that the
function

fz,y) =y —gx), (z,y) € (—§,+0) x Rwith f(0,0) = 0andV f(0,0) = (0,1)
has the following property: When we insert an arbitrary solution
z(u,v) = (z(u,v),y(u,v)) € I'.(B,ap,a1)
of the Lewy-Heinz system into this function f, the nonlinear combination
P(u,v) = fz(u,v),y(u,v)) = y(u,v) = g(z(u,v)), (u,v) € Ke
satisfies the differential inequality

A0 (u,0)| < e(IV(u, )| + [@(u,0)]), (u,0) € K, (8)

with a constant ¢ = c(ag,a1) > 0, in a sufficiently small disc
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Ko={w=u+iveC: |w| <e}

of radius € > 0 about the origin. Here the function g depends on the coefficient
functions hl,...,ﬁ4 according to (11) below, but the length of its existence
interval § as well as the constant ¢ in the differential inequality above depend
only on the quantities ag and ai prescribed.

Proof: Let us calculate with the aid of the Lewy-Heinz system (1) as follows:
AP (u,v) = Ay(u,v) — A{g(m(u,v))} = Ay(u,v) — V(g’(m)aﬁu,g’(m)xv)
= Ay(u,v) — ¢'(2) Az (u,v) — " (2)|Va(u,v)[?

= (b1 — g'h1 — g")|Va|* + (ha — g'h2)(Va - Vy) + (hs — g'h3)|Vyl|?
+(hy — g'ha) [V, Vyl.

We observe V@(u,v) = Vy(u,v) — ¢’ (x(u, v))Va(u,v) and insert the identity
Vy(u,v) = VO(u,v) + ¢'(x(u, v))Va(u, v)

into the p.d.e. above. Thus we obtain the equation (10) below, by collecting
the terms with V@ to a function

U(u,v): K. = R satisfying  |¥(u,v)| < VP(u,v)|, (u,v) € K, (9)
with a constant ¢ = é(ag, a1) > 0 as follows:
Ad(u,v) = ¥(u,v)
+{h = g'hy ="+ g'ha = (¢)?ha + (9)2hs = (g')ha }[Val?
= w(u,0) + {wie(w,v), y(w,v) - ¢ (@(u ) (e o), y@e)  (10)
2 3
(/@) ws(w(u,0),y(uw,0) = (9@, ) wilz(,v), y(u,0))

fg“(x(u,v))}|Vx(u,v)|2 for all (u,v) € K.

For a sufficiently small § > 0, we shall now solve the initial value problem for
the following ordinary differential equation, briefly o.d.e., namely

y=g(z) € C*((—4,+6),R) satisfying ¢(0) =0=g'(0) and
§'(@) = (e, 9(2)) — g @l 9@) — (/@) wslmgl@)

—(g'(m))3w4(x,g(x)), x € (=6,49).
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The right-hand side of the o.d.e. is bounded and Lipschitz-continuous in the
variables y = g(z) and p = ¢'(x), due to the structure conditions (2) and
(3), where the Lipschitz constant depends on ag and a;. Therefore, the initial
value problem (11) can be uniquely solved, on the given existence interval of
controlled half-length § = 6(ag, a1) > 0, by succesive approximation.

Now we insert the function x = x(u,v) into (11), and together with (10) we
obtain the following differential equation involving the function ¥ from above:

AD(u, 0) = (u,0) + {wr (2w, v), y(u,0) = wi(2(u,v), g(x(u,v))}
—g (@, ) {wa((u,0), y(w,0)) = waa(u,0), g(o(u,v)) }
2
(o @) {wslalu, v), ylu,v) = ws (@), gla(u, v))) | (12)

(o (a0))) {eosan, ),y v) — na,v). g, 0))) )
= ¥(u,v)+ x(u,v) forall (u,v)e K..

Since the first derivative of ¢ can be estimated by the data ag and ap, the
structure conditions yield

(u,0)] < ely(u,0) - gla(u,v)| = d@u,v)| n K. (13)

with a constant ¢ = é(a,,a1) > 0. Recalling (9) together with (13), the dif-
ferential equation (12) yields the stated differential inequality (8) from above,
with a constant ¢ = ¢(ag, a1) > 0. q.e.d.

Remarks:

a) This central differential inequality (8), in order to exclude the vanishing
of the Jacobian for certain one-to-one mappings in Theorem 6.4 below,
has been invented by E. Heinz. We have followed the presentation in [Sc],
Proposition 8.1.2 here.

b) The projection of Rellich’s H-surface system to the plane is not accessible
to this method, since the third component is involved on the right-hand
side of this system! In the treatise [S3] of my dissertation, I have proposed a
completely different method to prove the one-to-one property of the plane
mapping; here we also refer to the investigations in Section 1.

¢) The fundamental idea, to combine the vanishing of the Jacobian in plane
harmonic mappings with the critical points of first order for an adequate
auxiliary function, originates from the ingenious paper [Kn| by Hellmuth
Kneser.

d) At this point, I gratefully acknowledge the good fortune in having learned
from his son, Professor Martin Kneser the differential geometry as well
as higher algebra. Wonderful lectures by M. Kneser on these topics and a
motivating seminar on differential geometry in the years 1972 — 1975 at
Gottingen gave me a decisively scientific orientation!
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e) H.Kneser’s paper [Kn] is the starting point as well for the dissertation
by J.JosT: Univalency of harmonic mappings between surfaces. Journal
reine angew. Math. 342 (1981), 141-153.

Here the diffemorphic character of harmonic mappings between 2-dimen-
sional Riemannian manifolds is studied.

f) H.Kneser’s ideas from the paper [Kn] are also present in the joint investiga-
tions by S. Hildebrandt and F.Sauvigny, which are described in Chapter 2
of the new book [DHT?2] on Global Analysis of Minimal Surfaces.

For holomorphic functions, we have the well-known fact that injective map-
pings necessarily have a nonvanishing Jacobian. Now we can show that one-to-
one solutions of the Lewy-Heinz system share this property of nondegeneracy.

Theorem 6.4. (Nondegeneracy result by H. Lewy, P. Berg, E. Heinz)
An arbitrary solution of the Lewy-Heinz system

z(“) 1)) = (I‘(U, ’U), y(ua U)) € F*(B7 ao, al)
possesses in B a positive Jacobian according to

_ 9(z,y) _
Iz (u,v) = o) |y — [Vz, Vy] () >0 forall (u,v)e B, (14)

and consequently furnishes a positive-oriented C?-diffeomorphism from the
open unit disc B onto itself.

Proof: 1.) At first, we show indirectly that J,(0,0) # 0 holds true.
If this were not the case, we would have

From Proposition 6.2 we know that the Lewy-Heinz class is invariant under
rotations, such that we can realize the system of linear equations

[e] =
2,(0,0) y,(0,0) 1 0
by the transition to an adequately rotated map. With the aid of Proposition
6.3, we find a function
fla,y) =y —g(x) : K = R € C*(K.) with f(0,0) = 0and V f(0,0) = (0,1)

such that the nonlinear combination

P(u,v) == f(z(u,v),y(u,v)), (u,v) € Ke
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is subject to the differential inequality (8). Furthermore, ¢(0,0) = 0 holds
true and we deduce

V& (0,0)
- (fz(0,0)mu(0,0) + £,(0,0)44(0,0), £2(0,0)z,(0,0) + fy(0,0)yv(0,0))
= (yu(ovo)’yv(())())) = (070)

According to the central result [HW] by P. Hartman and A. Wintner (compare
the Theorem 1.2 in Section 1 of Chapter 9), there exists a constant ¢ = a—ib e
C\ {0} and an integer m € N with m > 2, such that the following asymptotic
expansion holds true:

& (u,v) :Re(Ewm) +o(lw™), w=u+ive K., w—0. (15)

We complement our function f = f(z,y) : K. — R with the function
g(x,y) := —x. Then we obtain the positive-oriented, origin-preserving plane
mapping

W(a.y) = (f(2.9),9(e.y)) : Ke = R2 with J4(0,0) = +1,4(0,0) = (0,0).

Now we consider the locally bent mapping near the origin

#(u,0) = h(a(u,v)) = (f(a(u,0),y(0,0)), gle(w,v), y(,0)))
- (@(u,v), fz(u,’u)) - (Re(Ewm) +o(jw|™), fx(u,v)) , (16)
w=u+weK,, w—0,

which is positive-oriented and topological. Therefore, the integer in (16) must
be m = 1, since the index of this mapping at the origin is exactly m. This
gives a contradiction to the condition m > 2 from above, and the statement
J2z(0,0) # 0 is proved.

2.) Secondly, we show that J,(u,v) # 0 for all (u,v) € B holds true.

When we derived part 1.), we utilized the properties for z in the class
I'.(B,ap,ay); however, the image property z(B) = B has not yet been em-
ployed also in the basic Propositions 6.2 and 6.3! This allows a translation of
our plane mapping without changing those assumptions, which are necessary
to show the nonvanishing of the Jacobian!

Let (up,v9) € B be an arbitrary interior point of the unit disc, with the
positive distance r € (0,1] to the boundary dB. With zg := z(ug,v9) € B we
regard the translated mapping

7' (u,v) 1= z(uo +7(u—up),ug +r(v— v0)> —z9, w=u+iveB, (17)
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which is topological, positive-oriented, and origin-preserving. Moreover, our
translated mapping z’(u,v) fulfills the Lewy-Heinz system (1) with certain
modified coefficient functions hj,...,h} and iL’l, . ﬁﬁl, which preserve the
structure conditions (2) and (3). We apply the arguments in part 1.) and see
that the Jacobian of the mapping z’ : B — R? does not vanish at the origin.
Consequently, our second statement is established.

3.) Now we take into account the boundary condition, namely that z : 0B —
OB represents a positive-oriented topological map. The sign of the determi-
nant of the mapping z can only be +1, and for continuity reasons must be
identical to +1 or —1 in the whole disc B. We invoke an index-sum formula
(see Theorem 1.17 from Sectionl in Chapter 3) and exclude the case that
Jz(u,v) < 0 might occur at an interior point (u,v) € B. This completes the
proof of our nondegeneracy theorem. q.e.d.

Remarks: This nondegeneracy result has been established by H.Lewy for
systems with real-analytic coefficients, by P. Berg for solutions of non-analytic
linear systems, and by E. Heinz for the nonlinear systems considered here. The
theorem remains true for the slightly extended class I',(B,0, a1, N) explained
in Definition 6.6 below.

We recall the class of mappings I'(B,a,b, N) in Definition 5.3 of Section 5
from Chapter 12 and formulate the following

Definition 6.5. We extend the class of mappings I'(B, a, b, N) from Defini-
tion 5.3 of Sectiond in Chapter 12 to the extended class I'(B,a,b,N) by
replacing the condition i) there with the following weaker assumption:

The function z(w) = (z(u,v),y(u,v)) : B— R? € C*(B)NC°(B)
maps the circumference 0B weakly monotonically, in a positive-oriented way,
with the winding number +1, onto the circular line 0B.

(18)
In the same way we formulate

Definition 6.6. We extend the class of mappings I'.(B,ag,a1, N) from Def-
inition 6.1 above to the extended class I'.(B,ag, a1, N) by replacing the con-
dition 1) there with the following weaker assumption:

-i) The function z(w) = (x(u,v),y(u,v)) : B — R? € C?(B) N C°(B) maps
the open disc B homeomorphically and positive-oriented onto B, whereas the
boundary mapping z : 0B — OB satisfies the condition (18) from above.

We immediately infer the following inclusion

T*(B,ao,al,N) CT(B,4CLO7O,N) (19)
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from Theorem 6.4 above. Theorem 5.4 in Section 5 of Chapter 12 for the class
of mappings I'(a,b, N) pertains to the class I'(a, b, N) with weakly monotoni-
cal boundary values, as an inspection of the proof there shows. Consequently,
those statements are applicable to the functions of the extended Lewy-Heinz
class I'.(B,ag,bg, N), and we can estimate |Vz| in the interior of the unit
disc from above and from below. We shall use the first estimate to prove a
compactness theorem for Lewy-Heinz diffeomorphisms in the subsequent The-
orem 6.8. This is achieved within the smaller class I'.(B,ag,a1,as, @, N) of
Definition 6.7 below, requiring additionally a bound on the Hoélder-norm of
the coeffient functions.

Definition 6.7. With the constants ag,a1,a2 € [0,400), o € (0,1) and
N € (0,400) being prescribed, we denote the following extended Lewy-Heinz
class of mappings by the symbol I'.(B,ag, a1, a2, a, N):

i) The function z(w) = (z(u,v),y(u,v)) : B — R? belongs to the class
I'.(B,ag,a1,N) from Definition 6.6;

11) The Jacobian of the mapping z satisfies J,(u,v) >0 for all (u,v) € B,
and consequently maps the open disc B diffeomorphically and positive-
oriented onto B;

iii) The coefficient functions in the Lewy-Heinz system (1) satisfy the following
Hélder conditions

|hi(z1) — hi(22)] < ag |21 — 20|*  for all 21, 2o € Bandl = 1,2, 4;
5 y _ (20)
|hi(z1) — hi(22)| < ag|z1 — z2|®  for all z, zo € Bandl = 2,3,4.

Consequently, the C*(B)-norms of all coefficient functions hy, ..., ha are
bounded by a1 and as.

An arbitrary element z € T*(B, ag, a1, a2, a, N) is addressed as a diffeomor-
phism of the Lewy-Heinz system.

We can now prove the following

Theorem 6.8. (Compactness result for Lewy-Heinz diffeomor-
phisms)

For the given quantities ag,a1,a2, N € [0,+00) and « € (0,1), the class of
diffeomorphisms I'.(B, ag, a1, az, o, N)is compact in the following sense:

Each sequence of diffeomorphisms
{zk}kzl,z--» C f*(Bv ap,ay, az, o, N)

admits subsequence z*i | J =1,2,... which converges within C?*T(B)nC® (E)
to a diffeomorphism z € I'.(B,ag,a1,a2,a, N), briefly

2" sz for j—oo in C?*T(B)NCYB).
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Furthermore, the following minimal quantity for the Jacobian is positive
for all 0 < r < 1, namely

T (ag, a1, a2, a, N;7)
(21)
= inf{Jz(w)‘ w € Bwith|lw| <r,z¢€ F*(B,ao,al,ag,a,N)} > 0.

Proof: 1.) Each diffeomorphism z~k solves the Lewy-Heinz system (1), where
the coefficient functions h¥,..., h% are given for k = 1,2,.... Due to the
Holder-bound (20), together with the structure conditions (2) and (3), we
can select a subsequence such that these coefficient functions converge in the
C*(B)-norm to the limit functions Ay, ..., hy for all 0 < p < a. Therefore,
we assume h¥ — hy, ..., h% — hy within C*(B) for k — co. Due to Theorem
5.4 in Section 5 of Chapter 12, we can select a subsequence from the associate
diffeomorphisms z*, which is uniformly convergent on B; here again we make
the transition to the subsequence tacitly. Since we have a joint estimate for
the gradient of z* in the interior of B, the Lewy-Heinz system yields a joint
estimate of the C'*#(£2)-norm for all domains £2 CC B and all exponents
0 < 8 < 1. From the potential theory we can ascertain the convergence of our
subsequence z"i | j = 1,2, ... within C?+*(2) N C°(B) to a solution z of the
Lewy-Heinz system for the coefficients hq, ..., hy.

2.) We have still to show that J,(w) # 0 for all w € B holds true for our
limit mapping. As in part 1.) of the proof for Theorem 6.4 we assume, on
the contrary, that J,(0,0) = 0 were true. Then we consider the locally bent
mapping from (16), namely

z(w) := h(z(w)), w € K.,

which has an index > 2 at the origin. Since our diffeomorphisms converge
uniformly according to

z"(w) = z(w), w € B for k — oo,
the approximating mapping
;E(w) = h(z"(w)), w € K.

must have an index > 2 at the origin for & > kg as W/@\ll, with a sufficiently
large kg. On account of J,(0,0) = 1, the mapping z* is positive-oriented
and topological, and consequently possesses the index +1 for k > kg. This
contradiction shows that the limit mapping has a nonvanishing Jacobian. With
part 3.) of the proof for Theorem 6.4, we deduce the diffeomorphic character
of z from B onto itself.

3.) Now we establish that the quantity (21) is positive: If the quantity
T (ag,a1,as,a, N;r) vanished, we could find a sequence of points w* € B
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with |w*| < r and functions z* € I'.(B, ag, a1, as, o, N) for k = 1,2, ... such
that
Jge(w®) =0 for k— oo

is correct. Then we can select a subsequence within the diffeomorphisms
{zk}k:m,m converging to a diffeomorphism z again, more precisely
2" =z for K w00 in C***(B)nC°(B).

k!

Moreover, we select a further subsequence such that w® — w* for k" — oo

holds true with |w*| < r. With the identity

0= lim J»(w" )= J,(w*)

k=00

we arrive at a contradiction to the fact that z € I',(B, ag, a1, az, o, N) holds
true. q.e.d.

Some remarks to Dirichlet’s boundary value problem for Lewy-
Heinz systems:

Let us prescribe a weakly monotonically increasing, continuous function
0 =0(p):[0,27] — [0,27] with 6(0) =0 and 6(27) = 2m. (22)

Now we want to solve the Lewy-Heinz system (1) under the Dirichlet boundary
conditions

z(cos g, sin p) = (cos 9(<p),sin9(<p)> for 0<¢p<2r (23)

within the class of diffeomorphisms I, (B, ag,a1,as,a, N). Then it seems nat-
ural to embed this problem into the following family of problems P(7) with
the deformation parameter 0 < 7 < 1, namely

P(r):  z(u,v;7) = (x(u,v;7), y(u,v; 7)) € T'w(B,ap,a1,az,a, N) satisfies

AIL'(’U,, U3 T) =1hy (II?(U, v; T)a y(ua U3 T))|V$(’U,7 v; T)|2

O(z,y)
O(u,v)

+7ha(z,y)(Va - Vy)

Frha(e )|V )

u,viT

Ay(U,U;T) = Till(QT,y)‘Vx‘Q (

. Tha(z,y)(Va - Vy)

O(z,y)
d(u,v)

u,v;T (u,v37)

—|—T/~13(x,y)|Vy|2‘( T Tha(z,y) for allw = u + v € B,
u,v;T

(u,v;7)

and z(cos p,sin ;) = (cos((l — 7)o+ 70(0)),sin((1 — 7)o + 7'9((,0))),

forall 0< ¢ <2m; with the parameter 0 <7 < 1.
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We see that P(0) is uniquely solved by the identity map

z(u,v;0) :== (u,v), (u,v) € B.
We infer from Theorem 6.8 that the set
T := {1 €[0,1] : P(r)possesses a solution}

is a closed, nonvoid set. More precisely, if we have for kK = 1,2, ... solutions
z(., 1) of the problem P(r) with 7, € [0,1] satisfying 7, — 7. for k — oo,
we can select a subsequence such that z(., 7 ), ¥’ = 1,2,... converges to a
solution z(.,7.) of P(7.), because of our compactness result above. Now the
decisive question remains: For which class of coefficient functions A, ..., hy
is the set T open? This would imply T' = [0, 1] and the problem P(1) would
be solved.

This again raises the question of stability for the boundary value problem
above. To my knowledge, even the uniqueness question for this system with
Dirichlet boundary values is completely open! To establish a maximum prin-
ciple similar to W. Jager’s result from Section1 in Chapter 12 is highly de-
sirable! Even conditions on the Darboux system (17) within the next section,
associate to the Weyl embedding problem, which guarantee uniqueness and
continuous dependence from the boundary values via a maximum principle,
are not known to this day!

In this context we pose the intricate question, for which class of Lewy-Heinz
systems does the topological boundary behavior enforce the nonvanishing of
the Jacobian in the interior of the unit disc — without prior knowledge of the
one-to-one character for the mapping? Here the only positive answer known
has been given by H.Kneser in his paper [Kn] for harmonic mappings with
the coefficients h;y = ... = hy = 0. Only in the case of harmonic mappings
with respect to Riemannian metrics, where the uniqueness of the Dirichlet
problem has been established by W. Jager and H. Kaul, do the investigations
by J. Jost cited above provide a result.

These circumstances render it even more admirable that E.Heinz managed
to show the existence of diffecomorphisms of the system (1) under Dirichlet
boundary conditions via the Leray-Schauder degree of mapping in Banach
spaces (see Chapter 7). For these topics we would like to recommend the
study of the following treatise by

E. HEINZ: Existence theorems for one-to-one mappings associated with elliptic
systems of second order. Part I: Journ. d’Analyse Math. 15, 325-352 (1962);
Part II: Journ. d’Analyse Math. 17, 145-184 (1966).

Moreover, we refer to the survey article [H11] (see the next paragraph) with
highly interesting open problems.

Finally, we mention that one can exclude the vanishing of the Jacobian for the
systems (1) on the boundary, having controlled the differentiable boundary
behavior before, via the boundary point lemma by E. Hopf. Here we refer the
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reader to the proof of Theorem 1.7 in Section 1, where a comparable situation
is treated.

For mappings in the class I",(B, ag, a1, az, o, N), we know from (21) that the
Jacobian remains positive in the interior — but we do not yet have a common
explicit bound, depending only on the given quantities! We shall strengthen
this statement (21) to an a priori estimate of the Jacobian from below, which
is independent of the quantities as and « and consequently without Holder-
bounds on the coefficients. This feature is decisive in order to gain valuable a
priori estimates for Monge-Ampére equations in Section 7. On account of the
inclusion (19), one is tempted to transform the estimate for the gradient from
below within the class T(B, 4ag,0,N) to an estimate for the Jacobian from
below. This strategy was possible in Section 7 and Section 8 from Chapter 12
for conformal mappings with respect to a Riemannian metric, since we could
build upon the conformality relations there. In the case of the Lewy-Heinz
mappings, no conformality relations are at our disposition — and the estimate
for the Jacobian from below has to be achieved independently! With the aid
of the similarity principle by L. Bers and I. N. Vekua, we shall now prove the
following stupendous result [H9], which we again owe to E. Heinz.

Theorem 6.9. (A priori estimate of the Jacobian)

For the given quantities ag,a1, N € [0,400) and all radii 0 < r < 1, there
exists a constant T, (ag,a1, N,r) € (0,00), such that the following estimate is
valid:

A(z,y)
Jz ) = Z * ) ) N,
(00 = Bty 0) Ly = T+ (0001 o)
for all (u,v) € B with u?+0v? <r? (24)

and for all diffeomorphisms z = z(u,v) € ['.(B,ag,a1,N).

Proof: 1.) At first, we utilize the inclusion (19) and follow the parts 1. — 3. in
the proof of Theorem 5.4 from Section 5 of Chapter 12, quoting the formulas
there with the superscript *. Thus we choose the radius r € (0, 1) sufficiently
large and the quantity

5:5@y:1;Te(mi)

correspondingly small, such that (34)* is satisfied. From (37)* we obtain the
gradient estimate

|Vz(u,v)| < A(4ap,0,N,7), (u,v) € Brys :={w=u+iv € B‘|w| <r-+d}.

(25)
Now we choose d(r, N) € (0, ) sufficiently small, such that the inequality
(38)* holds true. Consequently, the covering property By C z(B;) is realized,
which implies the estimate



6 One-to-one Solutions of Lewy-Heinz Systems 431

// Jz(u, v) dudv > % (26)
for the integral of the Jacobian. Therefore, we arrive at the statement:
1 -
Iz (wy) > 1 is valid for one point w, € B, at least. (27)
If the latter were false, we could estimate
ar? 7w
(u,v) dudv < - dudv =T <7 (28)

in contradiction to (27).

1_
2.) Diminishing § = (r, N,ap,a1) = TT > 0 in the subsequent part 4.)
for the last time, we derive a Harnack-type inequality for the Jacobian
with the a priori constants A(ag, a1, N,r) > 0 and v(ag, a1, N,r) > 0 in
the following estimate:

JaCuo,m0) > (Mao,ar, Nor) Jy(u,)
z\U0,V0) = ag, a1, N, 1) Jz(u,v

0500 0, a1 (29)
for all (u,v) € Bwith (u — uo)? + (v — vg)? < 62 and all (ug, vo) € B,.

With the aid of this Harnack-type inequality, we complete the proof of the
estimate (24) as follows: We join an arbitrary point w € B, by the straight
line

w=w+tlw, —w),0<t <1

with the point w, from (27) within the convex set B,. Then we choose the
integer n = n(r, N,ag,a1) € N so large that the equidistant points

satisfy the inequalities
|wi — wg—1] < 6(r, N,ap,a1), k=1,...,n
With the aid of (29) and (27), we estimate as follows

v(ag,a1,N,r)
Jz(w) = Ju(wg) > (A(ao,al,N’T) Jz(wl))

> )\(ao, ai, N, T)2V(ao,a1,N7r) Jz(wg)l’Q(aO’al’N7T> > ..
> )\(ao, ay, N, 7‘)""(‘107&1,1\777”) Jz(wn)l/"(ao,al,N7r) (30)
= A ag, a1, N, T)”V(ao,al,Nﬂ“) J, (w*)u”(ao,al,]\/m)

> 4_1,71 (ao,a1 ’N’T))\(a(), ai, N, r)nu(ao,al,N,T) = 7; (a(), ai, N, 'I’) > 0.
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3.) In order to establish (29), we only have to consider the point
wo = (uo,vo) = (0,0),

due to the invariance of the following arguments w.r.t. the necessary transla-
tions. We shall refine part 1.) in the proof of Theorem 6.4 and consider the
auxiliary function

|00 5.(0,00) (-5
v(e, B) == |<$v(070) yv(0,0)> ( o )

Obviously, we can select a direction (o, 3) € S* such that

2
>0, (o, B) € St

(e, B) < JZ(O>O)

is fulfilled. According to Proposition 6.2, we perform a rotation with the given
directional vector (a, 8) and can assume

0 < [Vy(0,0)]* < J,(0,0). (31)

4.) Our Proposition 6.3 provides a function, with the radius € = €(ap,a;) > 0
for its disc of existence, namely

flz,y) =y —g(x) : K. = R € C*(K.) with f(0,0) = 0and V £(0,0) = (0,1),
such that the nonlinear combination

b(u,v) := f(z(u,v),y(u,v)), (u,v) € K,

is subject to the differential inequality (8) and satisfies $(0,0) = 0. Therefore,
its nonvanishing gradient

Dy (U, ) = Yo (u, v) — ¢’ (2 (1, v)) T (u, v) # 0, (u,v) € K,

yields a pseudoholomorphic function. From Theorem 5.1 in Section 5 of Chap-
ter 12 we find a constant u(r, ag, a1, N) > 0 and an exponent v(ag, a1, N,r) >
0 such that the following a priori estimate is valid:

@0y (1, 0)] < pu(ry ag, ar, N) [84,(0,0)[> oet M)y v) € K. (32)

5.) Now we consider the locally bent mapping Z(u,v) from formula (16) in
the proof of Theorem 6.4, whose determinant is estimable via a constant
¢(ryag, a1, N) > 0 equivalently. With the aid of (25), (31), and (32), we deduce
the following inequality:
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Jz(u,v) < e(r,ap, a1, N) Jz(u,v)
= c(r,a0,a1, N) [VP(u,v), —Va(u,v)]
< 2¢(r,ag, a1, N) | Py (u, )| - |V (u, v)]

< 2¢(r, ag, ay, N) p(r, ag, ay, N) [©,,(0,0)|20  (@0,01.N1) . A(4q4,0, N, 7)
= 2¢(r, ag, a1, N) u(r, ao,al,N)|yw(0,O|2”71(a07a1’N”) - A(4ag,0, N, )

<X (ag,a1,N,r)- JZ(O,O)"A(“U’““N’” for all (u,v) € K.
(33)
Here we have introduced the constant

A((7“()70417‘7\[7 T) :
. 1 (34)
= {QC(r,ao,ahN) w(r, ag, a1, N)4=" (ao’al’N’T)A(élao,O,Nm)} .

Thus we have established the Harnack-type inequality (29), and the proof of
our theorem is complete. q.e.d.

7 On Weyl’s Embedding Problem and Elliptic
Monge-Ampere Equations

Applications of the theory for nonlinear elliptic systems to the Weyl embed-
ding problem and the associate Monge-Ampére equations opens a new domain.
Here we refer the reader to the very valuable lecture notes [Sc] by Fried-
mar Schulz. Furthermore, we recommend the excellent survey article [H11] by
E. Heinz. This lecture was held in connection with the Cantor Medal awarded
to Professor Erhard Heinz by the Deutsche Mathematiker- Vereinigung on the
DMYV-Jahrestagung 1995 at the Universitdat Ulm.

Let us consider the following partial differential equation in the Monge nota-
on p = 25, ¢ = 2y, T = Zzq, S = Zgy, t = Zyy, Namely

0= F(z,y,2,p,q,1,5,t) =1t — s> + A(z,y, 2,p, )1

(1)

+23($,y72’ap7 q)S + C(x,y,z,p, Q)t - E($>?J7Zap7 q)
This Monge-Ampeére equation (1) is elliptic for a given solution
2z =z(x,y), (x,y) € 2 of the class C?(£2)

on the bounded domain 2 C R? of the topological type of the disc, if the
following condition for the discriminant is satisfied:



434 Chapter 13 Boundary Value Problems from Differential Geometry

D(z,y) := F,.F; — iFs,Q
=(A+t)(C+7)—(B—3s)?
= Ar +2Bs+ Ct + (rt — s?) + AC — B?
=AC - B2+ E >0, (z,y) € 2.

Now we introduce isothermal parameters into the Riemannian metric

2

= {Ftdaj2 — Fydxdy + FTdyQ}

(z(u,v),y(u,v)) (z(u,v),y(u,v))
= {(C +7)dx?® — 2(B — s)dzdy + (A + t)dyQ}

= A(u,v)(du® + dv?), (u,v) € B,

(z(u,v),y(u,v)) (3)

where A(u,v) > 0, (u,v) € B holds,
with the following uniformizing mapping
z(u,v) = z(u,v) + iy(u,v) : B — 2. (4)

As is usual, we take the symbols B for the interior and B for the closed unit
disc, without fearing any confusion with the coefficient function B = B(...).
In Proposition 9.4.2 from Section 9.4 of the interesting book [Sc] by Friedmar
Schulz, the following plane elliptic system (5), (6) has been derived for the
uniformizing mapping:

Az(u,v) = hy(z(u,v),y(u,v))|Va(u,v)|? + ho(z,y)Vz - Vy(u,v)

ow,y) )

+ha (@ (u, ), y(u, v)[Vy(u,v)* + h4(x(“’”)’y(u’v))6(u v)’

Ay(u,v) = fbl(gc(u, v),y(u,v))|Va(u,v)|? + ﬁg(x, y)Vz - Vy(u,v)

ow,y) (O
A(u,v)’

+ha(@(u,v),y(u, 0)) [V, 0) 2 + ha(z(u, ), y(u, v))

Here the coefficient functions are defined by the identities
1
kl(xvyaz7p7Q) = Bq - @(DT +sz7 DPC+D(1B)
1
— —(Dy+ D.q+ D,B — D,A)
kS(xvyaZ7p7Q) = Ap k4(x7yvz7p7Q) :
1

1
- 75 (Au+ By + Aup+ Bag— AyC + (A, + B,)B — B,A— D)

k2($7y727pa q) = _Aq - BP

and
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kl(xa Y,z2,p, q) = Oq

- 1

ko(z,y, 2,p,q) == —By — Cp — E(Dm +D.p—D,C+ D,B)

~ 1

k3(mayvzap7Q) :Bp_ﬁ(Dy+DZQ+DpB_DqA) (8)
];74(557%2’27"]):

1 1
_ 7ﬁ(cy + By + Coq+ Bup — ByC + (By + Cp)B — CyA — 5Dq),

when we insert the given solution

hi(x,y) =k (ffs,yw(w,y),p(w,y)&(w,y)) and

_ _ (9)
hi(z,y) ==k (:c,y,z(x,y),p(x,y),q(aj,y)) for [=1...4.

For later use we note the following identities:
ki =Cy, ki —ke=Cyp+2B,, ko —ks=—-A,—2B,, ki=4, (10

Due to the Proposition 9.4.2 from [Sc], the second derivatives r,s,t of the
Monge-Ampere equation have the following representation:

\/l_) JZ(U7U)7 \/5 B Ja(u,v) 7 \/l_) B Ja(u,v)
d(z,y)
O(u,v)

here we see the determinant as the alternating bilinear form in the arguments
of the bracket [.,.] again. When we want to control the second derivatives for
solutions of the p.d.e. (1) via the uniformization method in the subsequent
Theorem 7.1, we have to prevent the Jacobian for the uniformizing mapping
(4) from vanishing and to estimate the Jacobian from below.

A+t |Va? B—-s Vz-Vy CH+r  |Vy]?

(11)

with the Jacobian J,(u,v) := = [Vz,Vy|, (u,v) € B;

The Weyl embedding problem requires the determination of an isometric
embedding x : $? — R? for an elliptic metric

ds* = E(u,v)du®+2F (u,v)dudv+G(u,v)dv? on the unit sphere S* (12)

of positive Gaussian curvature K (u,v) > 0 as a closed convex surface.
Therefore, one has to solve the following nonlinear system of first order

%y (u,0)|* = E(u,v), Xy (u,v) X, (u,v) = F(u,v), |%,(u,v)|* = G(u,v) on S2.
(13)

x(u,v)?

Equivalent to this first order system (13), the function p(u,v) := 3

satisfies the Darboux differential equation
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1 2 1 2
(puu — Iy pu — IT1p0 — E) (Pm; = Isopu — I'5p0 — G)
2
- (Puv - F112Pu - Flzzpv - F) (14)
= K(u,v){Zp(EG — F?) — (Gp? — 2F pup, + Ep%)} on S2.

Here the Christoffel symbols I'}; appear (see [K], Section 3.8 or [BL]), which
depend only on the coefficients F, F, G of the given first fundamental form
ds? and their first derivatives. However, the Gaussian curvature K addition-
ally depends on the second derivatives of the given metric. This p.d.e. (14)
represents an elliptic Monge-Ampere equation in the normal form (1), substi-
tuting x = u, y = v, 2 = p, p = pu, ¢ = py- This equation possesses coefficients
which are linear in p and ¢ as well as independent of z, and a right-hand side
involving the Gaussian curvature as follows:

A(u,v,2,p,q) = =Ly (u,0)p — T3 (u, v)q — Glu,v),

B(u,v,2,p,q) = Iy (u, 0)p + Iy (u, v)q + F(u, v),

C(u,v,2,p,9) = =T (u,v)p = Ity (2,y)q = E(u,v), (15)
E(u,v,2,p,q) := K(uw){Zz(E(u,v)G(u,v) - F(u,v)2>

- (G(u, V)p? — 2F (u,v)pq + E(u, v)q2)} ~ (AC - B?)

(u,v,2,p,q)

The ellipticity condition (2) reduces to the inequality
D(u,v) = K(u,v) (x(u,v),xu(u,v),xv(u, v)) >0 on 52 (16)
where the origin of our coordinate system lies within the closed convex surface.

The characteristic metric (3), associated with the Darboux equation (14),
stands in a conformal relation with the second fundamental form of the surface
x(u, v). Thus we introduce as characteristic parameters the so-called conjugate
isothermal parameters («, 8), rendering the second fundamental form of x
isothermal. The uniformizing mapping solves the Darboux system

K, K,
Au(a, ) = - (I + ﬁ) Vuf? - (21 + ﬁ) Vu- Vo — I [Vof?,

K K
— 12 2_ (92 4 Bu vy (2 4 B 2
Av(a, B) = =17 |Vl <2F12+2K) Vu - Vo (F22+2K>|Vv| .
(17)
Remarks:

a) This is a special case of the system (4) — (6), replacing (z,y) with (u,v)
and (u,v) with (o, ). Here the coefficient functions ki (u,v), ko(u,v),
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ks(u,v), l%l(um), ]:}g(U,’U), ]:}g(U,’U) are independent of the variables z, p, ¢
and ky(u,v) as well as kq(u,v) vanish. Therefore, the combinations from
(10) depend only on (u,v) and not on z,p,q, which can also be deduced
from the identities (15) for the Darboux equation.

b) For these profound results, we refer our readers to the article [H11] by
E.Heinz and the underlying publications. Here we recommend the clas-
sical book [B] by L.Bianci and the comprehensive four volumes [D] by
G. Darboux. They both show the excellent level that differential geometry
enjoyed at the turn of the 20th century!

¢) Moreover, we recommend the study of Chapter 10 in the book [Sc| by
F.Schulz. There in section 10.3, an equation applicable only to graphs
is called a Darboux equation; in Proposition 10.4.1 the Darboux system
differs from the system (17) above.

d) For surfaces with positive Gaussian curvature K (a,8) > 0 in conjugate-
isothermal parameters (o, ), Franz Rellich has found an elliptic system in
divergence form for the position vector x(«, §) in the treatise [R], namely

0

S VE@ Dl 0) o { VR xa)

= 2VK X0 XXp . (18)
«

(e, 8) (a,8)

These p.d.e.s are similar to the well-known H-surface system; however,
they belong to the inner geometry of the surface x. Both systems were in-
vented by the academic teacher of E. Heinz, G. Hellwig, J. Moser, E. Wien-
holtz and many others.

A general result for Monge-Ampere equations [Ni] by L. Nirenberg implies that
one can derive a Holder-estimate for the second derivatives of their strictly
elliptic solutions from a bound on their second derivatives. This interesting
theorem has been derived in Section 3.4 and Theorem 3.4.3 of the book [Sc]
by F.Schulz via a technique due to S. Campanato.

Now we shall only require a C''~bound on the solution and thus estimate the
second derivatives — and consequently their Holder norm as well: Then an
intricate structure condition appears additionally, which selects those strictly
elliptic solutions of the Monge-Ampere equation estimable in that sense!

On the basis of Section 6 this profound Theorem 7.1 shall be proved by the
uniformization method — and the Holder estimates for the second derivatives
follow via potential-theoretic arguments.

Theorem 7.1. (Interior estimates for elliptic Monge-Ampére equa-
tions due to E. Heinz)
Assumptions:

i) Given the bounded domain 2 C R?, the coefficient functions
A= A(z,y,2,p,q), B = B(z,y,2,p,q), C = C(z,y,2,p,q) of the p.d.e.
(1) belong to the class C1T(2 x R3), with the arbitrary Hélder coefficient
a € (0,1), and E = E(x,y,2,p,q) to the class C*(£2 x R?). Moreover,
they satisfy the growth condition
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| AL, B, [C, | EJ; |Asl, - -, | Bl < A(R) for(z,y) € 2 and |z, |p|, |q| < R

with0 < R < 400, where A = A(R) : (0,400) — (0, +00) is monotone.
(19)
ii) The solution z = z(x,y) : 2 — R € C3t*(2) of the p.d.e. (1) is bounded
inclusive of its first derivatives according to

|zllcr(o) == sup |z(z,y)[+ sup [Vz(z,y)| <~y with the constanty > 0

(z,y)€R (zy)en
(20)
and is strictly elliptic for the Monge-Ampére equation in the sense that
D(z,y)={AC - B>+ E >
(@y) =1 } (z,y.2(z,9),0(z.y).a(z.y)) s (21)

forall (x,y) € 2 with a constant p > 0.

111) For the combinations

= Cy(z,y,2(z,y),p(z,y), 4(z,y)),

w1 (x, =k
(@) ! (z,y,2(z,y),p(z,9),q(,y))

wo(x,y) = (k —k
2@ )= (k= Ra)| e

= Cp(z,y, 2(2,9),p(2,9), ¢(,y)) + 2By(z, 9, 2(2, y), p(x, y), ¢(x, v)),

ws(zx,y) = (k —k
3@ ) = ke = ka)| e

= —Ay(z,y,2(z,9),p(z,9),q(x,y)) — 2By(2,y, 2(z,y), p(2,9), ¢(x, y)),

wa(z,y) := k3 = Ap(z,y,2(2,y),p(2,9), 9(x,y)),
(:E,y,z(a:,y),p(w,y),q(a;y))
(22)
we require the structure conditions
lwi(z1) —wi(z2)| < o |21 — 22| forall z,2€B
(23)

and 1=1,...,4 with the constant o > 0.

Statement: For sufficiently small d > 0, we can estimate the C*TV-norm in
the interior set

0[d] := {(x,y) € N: dist((m,y), 80) > d}
for all exponents 0 < v < 1 by an a priori constant O(...) as follows:
||z|\cz+u(9[d]) <OA(),o0,v,7,d) < oo. (24)

Proof:
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1.) We consider the standard domain 2 := {(z,y) € R?|2? + y*> < 1} and
then obtain the estimate (24) via a localization argument. For our solution
2(x,y) : 2 — R e C37%(2) of the p.d.e. (1) we introduce isothermal para-
meters into the associate C''*®—metric (3); please see Section 7 and Section 8
in Chapter 12. The uniformizing mapping z from (4) with f(0,0) = (0,0)
satisfies the conditions (5) — (9) and constitutes a Lewy-Heinz system in the
sense of Definition 6.1 from Section 6. We shall find out admissible constants
ag, a1, N such that f € I'.(B, ag, a1, N) is valid.

2.) We look at our coefficients hy(z,y), ..., ha(z,y) from (9) for the Lewy-
Heinz system (5) and (6), which are generated by the functions k1 (z, v, 2, p, q),
..., ka(z,y, 2,p,q) from (7) and (8). Taking (19), (20), (21) into account, we
find a constant ap = ag(A(7y), ) > 0, such that we have the following estimate:

ha(z,y)l, - (e y) < @0, (2,y) € 2. (25)

The structure condition (3) in Definition 6.1 of Section 6 is fulfilled with @y :=
o, as we infer from (22) and (23) immediately.

Finally, we estimate Dirichlet’s integral for the uniformizing mapping. From
the formulas (11) we deduce the identity

(A+t)+(C+r)
VD

Then we estimate, without explicitly noting the double integrals, as follows:

/ Vz(u,v)[* dudv = % < Ju(u,v) dudv +
B B

§L{/B(A—FC)~Jz(u,v)dudv+/(t+r)

B

|V (u,v)|* + |Vy(u,v)]* = - Jg(u,v), (u,v) € B.  (26)

t+r
— - Jy(u,v) dudv
s VD )
- Jg(u, v) dudv}

z(u,v)

{2/\(7) /B Jz(u,v) dudv + /Q (zm(x, Y) + zyy (2, y)) dxdy}

\/E{QW)\('y) + /{m %

with the a priori constant

oy B ) | < KOG

~

NAO), p,7) = ! {27TA(7)+27W}-

Vi
Here we have used the derivative w.r.t. the exterior normal v = v(z,y) to the
domain {2 and the line element do(x,y) on 0f2. The necessary exhaustion of
the disc is left as an exercise for the reader.

3.) With the aid of (25) and (27), we can estimate |Vz(u,v)| in the disc
Bi(q) of an adequate radius r = 7(d) € (0,1) from above by a constant,
depending only on A(y), i, v and d. This result is contained in Theorem 5.4
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of Section 5 from Chapter 12. When we require the structure conditions (22)
and (23) additionally, we can estimate the Jacobian J,(u,v), (u,v) € By
from below by a positive constant, depending only on A(Y), u, d, v and o.
Invoking the formulas (11) for the second derivatives of our solution, we attain
the fundamental estimate

(@, y)l, [s(z, 9)], [t y)] < OA(y), 01,7, d) forall (z,y) € 2[d] (28)

with the a priori constant 6(...).

4.) Disposing of a modulus of continuity for the uniformizing mapping (4) on
the closed disc B, we can estimate this mapping via Theorem 2.7 in Section 2
of Chapter 12 for all 0 < v < 1 as follows:

HZHCIJ”’(BT(@) < C()\(’}/) y Vs by 7Y d) (29)

With the aid of our estimate for the Jacobian from below, a similar estimate

holds true for the inverse mapping w(z,y) = (u(z,y),v(z,y)) : 2 — B,
namely

[[Wllc1+v(@ra) < c(AY) v, 1,7, 0d); (30)

here the quantity o naturally appears! On account of (28) with the Assump-
tions i) and ii) above, the coefficient functions

A(z,y) == Az, y,2(2,y), 2 (2, 9), 2y (z,y)),  Blz,y):=B(...),
C(x,y) = C(x,y,2(2,y), 2(2,y), 2y (2,9)), and  D(z,y)

have the following interior C'*-bounds:
1A, Y)llevey - D@ 9)llor oy < OAG) 0,7, d). (31)

We return to formulae (11), and we rewrite them into the following resolving
identities for the second derivatives within 2[d] namely

Vyl?
) = C(
r(x y) Jz(U7 U) u=u(z,y), v=v(z,y) \/Ty x y
Vz-Vy
__ Yt vy /D B 2
s(2,y) Jz(u)’U) u=u(z,y), v=v(z,y) \/W+ () (3 )
|Val|®
' - VD — A(
(z,9) Ja(u, ) lu=u(@,y), v=v(z.y) (:3) = 4le,9).

Now the Holder estimate for the second derivatives follows from these iden-
tities (32) in combination with (29) — (31). Thus we arrive at the a priori
estimate (24) with the constant ©(A(y), o, v, 7, d) stated in our theorem. q.e.d.

Remarks:
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The class of Monge-Ampére equations with real-analytic coefficients, where
the functions ki, ..., ks, ki1,..., ks from (7) and (8) only depend on z, y,
has been treated by H. Lewy. Then E. Heinz considered differentiable coef-
ficients and transformed the compactness results of H. Lewy to these more
profound a priori estimates. Moreover, the peculiar structure conditions
from (22) and (23) were discovered by E.Heinz for this general class of
Monge-Ampere equations. This requires prior intensive study for the class
I'.(B,ag,a1,N) in the Section6. H. Lewy had already given an example
(see [Sc] Section 9.5) that the estimate of the second derivatives is not
possible by the solely use of the ellipticity condition!

In the Darboux equation (14), the coefficients A, B, C' from (15) depend on
p and ¢ linearly. Therefore, the structure conditions (22) and (23) involve
neither the unknown solution z = z(z,y) nor its derivatives p(z,y) and
g(z,y). This is in accordance with the Darboux system (17), where the
coefficients depend only on the characteristic parameters — and neither
the solution w nor the gradient Vu appear there.

Prescribing a Riemannian metric (12) of the class C'3(S?) on the sphere,
Theorem 7.1 yields a compactness result for the realizations (13) of this
metric by strictly convex surfaces via the Darboux equation. Here we ob-
serve that the growth condition i) is satisfied for the coefficients (15) of
the Darboux equation (14), since the Gaussian curvature K still possesses
bounded derivatives. Via Remark b) we see that the structure condition
iii) is valid for the Darboux equation as well in this situation of a C3-
metric. When we consider the Darboux system (17) directly, we observe
that the terms involving the derivatives of K cancel in the structure con-
ditions! Thus one can solve the Weyl embedding theorem by a continuity
and approximation method.

The Weyl embedding problem under the optimal regularity condition
ds?> € C?T° has been independently solved by F.Schulz and I.Sabitov.
Finally, we would like to recommend for further studies the inspiring sur-
vey article [H11], in which the boundary behavior and boundary estimates
[H10] by E.Heinz are presented as well. We hope that these investiga-
tions will encourage further research of the associate geometric embedding
problems.

8 Some Historical Notices to Chapter 13

B.Riemann was the first to solve Plateau’s problem for a quadrilateral in
1867, treating a very special Riemann-Hilbert problem. In 1866 and 1887,
K. Weierstrafl elaborated the close relationship between the theories of holo-
morphic functions and minimal surfaces, respectively.

In the case H = 0, Plateau’s problem has been solved independently by
T.Rad6 and J.Douglas, and later R.Courant created the approach using
Dirichlet’s principle. R. Courant’s book on Dirichlet’s Principle, from 1950,
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was very influential in this context; Courant personally built the bridge be-
tween Germany and the United States of America — in mathematics and
beyond. The treatise above, inspired already by D.Hilbert, gives a simpli-
fied solution of Plateau’s problem by J. Douglas and T.Radd, the first Fields
medalists, from 1930.

Furthermore, we would like to emphasize the great influence of J. C. C. Nitsche
with his 1975 monograph Vorlesungen iber Minimalflichen and his inspiring
lectures in the Oberwolfach conferences on the Calculus of Variations, which
initiated a new flourishing of the classical minimal surface theory.

The pioneering solution of Plateau’s problem for branched immersions of con-
stant mean curvature by E.Heinz in 1954 was followed by a quantitative
improvement of H. Werner. In 1966, S. Hildebrandt investigated the behavior
of minimal surfaces at the nonanalytic boundary. Moreover, Plateau’s prob-
lem for prescribed variable mean curvature was solved by S.Hildebrandt in
1969/70.

The Dirichlet problem, for the nonparametric equation of prescribed mean
curvature H, was originally treated by T.Radé in 1930 for the case H = 0
and by J. Serrin for variable H in 1967. The latter result holds even in arbitrary
dimensions and is described in the well-known book [GT] by D. Gilbarg and
N. Trudinger.

The isoperimetric problem shows that uniqueness questions might be much
more profound and intricate than existence questions: Although we have
known since antiquity that the sphere solves the isoperimetric problem, an-
swers to the associate classification problem were given throughout the last
century: H. Liebmann in 1900, H. Hopf in 1950, A.D. Alexandrov in 1958,
J.L.Barbosa and M. do Carmo in 1984, H. C. Wente in 1986 made their inter-
esting contributions from Section 5 in this context.

Weyl’s embedding problem, realizing the first fundamental form, asks for the
solution of the most natural system of p.d.e.s; however, this problem leads to
the most profound nonlinear partial differential equation, the Monge-Ampere
equation. The admirable contributions by H.Weyl, H.Lewy, L. Nirenberg,
A.V.Pogorelov, E. Heinz, F. Schulz and others laid the foundations for the
entire theory. The really important open questions concern the uniqueness
and stability problems again! The duality between analytic and geometric as-
pects, which this theory shares with the minimal surfaces, possesses a high
potential for future research.
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Figure 2.11 MINIMAL SURFACES SPANNING VARIOUS CONTOURS
taken from the title-page of the 1975 monograph Vorlesungen iiber Mini-
malflachen by J. C. C. Nitsche within the Springer-Grundlehren.
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